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In this arxiv-post I present my solutions (published or not) to Problems that ap-
peared in Amer. Math. Monthly, Math. Magazine, Elemente der Mathematik and
CRUX, that were mostly done in collaboration with Rudolf Rupp. Some of them (in-
cluding a few own proposals which were published) were also done in cooperation with
Rainer Briick, Bikash Chakraborty, Pamela Gorkin, Gerd Herzog, Jérome Noél, Peter
Pflug, Amol Sasane and Robrto Tauraso.

A few of these contributions to “Recreational Mathematics” actually were the base
for interesting generalizations that led to some of my publications (partially co-authored)
in research journals ([4, 5, 6, 7, 8, 9, 10, 11]).

The content will surely be attractive to all undergraduate/graduate students in
Mathematics who want to solve challenging problems in Analysis by calculating explicit
values of funny looking integrals, sums and products, by deriving astonishing inequal-
ities and by solving functional equations. It is also a valuable source for teachers in
mathematics in preparing exercise sheets for their students. Moreover, I think that it
is worth to see in most cases quite different solutions than those already published in
the above listed journals.

My main reason to post this collection of (mainly unpublished solutions), is to keep
also for future generations an archive for historians in Mathematics, interested in the
work of one of the very few mathematicians with Luxembourgish Nationality. With-
out this digital archiving, these contributions to education and science would for ever
disappear in a few years.

Some technical remarks: The first items for each journals are still hidden, as the
submission deadline has not yet occurred. Regular updates are planned. Own proposals
are presented with a yellow background.

We obtained permission from the MAA, the EMS, Math. Gazette and CRUX to post
a scan of the original statements and to reproduce our published (and non-published)
solutions.

14.9.2025 Raymond Mortini, Pontpierre (Luxembourg).
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12550. Proposed by Ovidiu Furdui and Alina Sintdmdrian, Technical University of
Cluj-Napoca, Cluj-Napoca, Romania.

(a) Evaluate lim, .o [/* |sin” (x) — cos” (x)l”" dx.

(b) Evaluate

/2
lim n’ (L —f |sin” (x) — cos” (x)| " dx) :
n—0o0 0
where L is the limit in (a).

Solution to problem 12550 in Amer. Math. Monthly 132 (2025), p. ?
Raymond Mortini and Rudolf Rupp



12540. Proposed by Robert Dragomirescu, Stanford University, Stanford, CA, and
Cezar Lupu, Tsinghua University, Beijing, China. What is the maximum value of

1 1
f P fx)tdx — f x2f(x)dx
0 0

over all continuous functions f: [0, 1] — [0, o0)?

Solution to problem 12540 in Amer. Math. Monthly 132 (2025), p. 592
Raymond Mortini and Rudolf Rupp



12537. Proposed by Jinhai Yan, Fudan University, Shanghai, China. Let f(x) be a con-
tinuous real-valued function on [0, 00), differentiable on (0, 00), and satisfying f(0) = 0
and f'(x) = (f(x))* forx = 0. Prove that f(x) =0 forall x = 0.

Solution to problem 12537 in Amer. Math. Monthly 132 (2025), p. ?
Gerd Herzog, Raymond Mortini and Rudolf Rupp



12535. Proposed by Necdet Batir; Nevgehir Haci Bektag Veli University, Nevsehir, Turkey.
Let x be a real number and n a nonnegative integer. Prove

" sk M\ (nHExy
L)) -

Solution to problem 12535 in Amer. Math. Monthly 132 (2025), p. ?
Raymond Mortini and Rudolf Rupp



12534. Proposed by Maridn Stofka, Bratislava, Slovakia. Prove

| s . 21
fo ;{6(][1(1 +2)In(1 — 0)* + (n(1 +x)*) dx = £(5),

where ¢ is the Riemann zeta function.

Solution to problem 12534 in Amer. Math. Monthly 132 (2025), p. ?
Raymond Mortini and Rudolf Rupp



12527. Proposed by Said Attaoui, University of Science and Technology of
Oran—Mohamed Boudiaf, Oran, Algeria. Prove

/2 tanh (tan” 6) o 7¢(3)
j.; sin(20) (1 + cosh (2tan>6)) 872’

where £(3) is Apéry’s constant.

Solution to problem 12527 in Amer. Math. Monthly 132 (2025), p. ?
Raymond Mortini and Rudof Rupp
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12521. Proposed by Maridn Stofka, Bratislava, Slovakia. Let a be a real number greater
than 1, and let m be a nonnegative integer. Prove

o0
(Inx)™ e a”
.[o T+ dx = (E) [dx’” csc(x)]

x=mfa

Solution to problem 12521 in Amer. Math. Monthly 132 (2025), p. ?
Raymond Mortini and Rudof Rupp



12518. Proposed by Paolo Perfetti, Tor Vergata University of Rome, Rome, Italy. Evaluate
o (VE+1)R=2(V3+1)k+3v3-1
lim nsin | 4 Z arctan )
e k=1 (ﬁ—l)kz—Z(ﬁ—l)k—3—J§

where the limit is over integer values of n.

Solution to problem 12518 in Amer. Math. Monthly 132 (2025), p. ?
Raymond Mortini and Rudof Rupp

11
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12515. Proposed by Robert Smyth, Cooper Union, New York, NY. Determine the set of
accumulation points of the sequence [(sinn)”}:i,.

Solution to problem 12515 in Amer. Math. Monthly 132 (2025), p. 181

Raymond Mortini and Myriam Ounaies



12510. Proposed by Hideyuki Ohtsuka, Saitama, Japan. Forc = O and n = 1, let

R,,(c):\/c+‘fc+-,fc+---+ﬁ

n n ]

with n radicals. Evaluate

lim .
n—00 R:(c
k=1 j=k 1(€)

Solution to problem 12510 in Amer. Math. Monthly 132 (2025), p. 180
Raymond Mortini and Rudolf Rupp
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12509. Proposed by Lawrence Glasser, Clarkson University, Potsdam, NY. Let n be a non-
negative integer and a a positive real number. Prove

oo

In(ax) _ox n 1)k q
0 H;;o (x2 + 2k + ])2) dx = 22n+1 g n+k+1)n—k)! ln((-k + ])a)_

Solution to problem 12509 in Amer. Math. Monthly 132 (2025), p. 90
Raymond Mortini and Rudolf Rupp
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12501. Proposed by Hervé Grandmontagne, Paris, France. Prove

00 4 3 17
] (In(x/(1+x))) In (x*(1 +x) )dx _ 240¢0),
0 l—i—x

where ¢ (3) is Apéry’s constant 3 -, 1/n°.

Solution to problem 12501 in Amer. Math. Monthly 131 (2024), p. 906
Raymond Mortini and Rudolf Rupp

Substituting /(1 + z) =: t, equivalently x = t/(1 — t) with ¢ €]0, 1] yields

1loght (3 log (ﬁ) + 17log (ﬁ)) di

o] T 4
= lo log (z3(1 4+ 2)'7) dz = /
/0 (glJr:z:) g( ( ) ) 0 %_t (1—1)2
1 log® t<3 logt — 201log(1 — t))
:/ dt
L og® ¢ Yogh ¢ log(1 —¢
3/ o8 dt—20/ log ¢ log(1 1) ,,

= 3[1720[2.

Now, as the integrands have constant sign, [ >~ = >" [, and so, using 5-times integration by
parts,

1 o0 0 1
I, = /Zt”logf’tdt:Z/ " log® t dt
0 n=0 n=0 0

= - Z CE i!1)6 = —120¢(6).
n=0

Let H, =1+ % + % 4+ 4+ % denote the k-th harmonic number. Using that for 0 < x < 1,

log (1-1x)
1—=x = ZHka?

(Cauchy-product), we obtain

1 00 00 1
—/ log*t )~ Hyt dt:—Z/ tFlogh ¢ dt
0 k=1 0

I, =
k=1
- kz k + 1
Due to Euler’s formula (see [23, p. 416], [24]),
> Hk B n—2
2; G M- > C(n—k)C(k+1), (n>2)
we conclude that
— Hy 1 )
S — 5 (K0~ R — @) - (K@)

5 Lo a2
= 50(6) = ¢(4)¢(2) = 5¢3)%

6

Since ((6) = 97% and ((4)((2) = 55 %2 =I5 = 232¢(6) = 1¢(6), we deduce that



[ =30 201, = —360¢(6)+20- 24(%((6) —C(4)(2) — 34(3)2)
— ((6) ( — 360 + 1200 — 840) —240¢(3)?

—240¢(3)%
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12494. Proposed by Joseph Santmyer, Las Cruces, NM. Let ¢ be the Riemann zeta function,
H, the harmonic number Y ;_; 1/k, and H® = Y7} _, 1/k* Prove

ii 1 ~J2¢03), if r = 0;
m*n+mn?+rmn | L((H)? + HP®), ifrisapositive integer.

n=1 m=1

Solution to problem 12494 in Amer. Math. Monthly 131 (2024), p. 815
Raymond Mortini and Rudolf Rupp

We additionally show that for r € N=4{0,1,2,3,...}

X 2¢(3) if r =0
S(r)y= / " og?(1 — )dx = = (r — 1) S22 i
) -1y —— ifr#0.
0 JZ::O i )T Grp
If, more generally, > 0 is a real number, then this formula also holds in the form
— (r—1 2
S(r) = ( , ) ) .
0=3("7) Ve
1.1. The calculations. Let m,n € N* := N\ {0} and » € R, > 0. Then
1 11 11
m2n+mn2+rmn  mn m4+n+r mm+r)\n n+(m+r)
1 1
— / (znfl - xn+m+r71)dx
m(m+7r) J,
1 1
= — / 2" N1 — 2™ d.
m(m+r) J,

Since all terms considered are positive, [ >~ = >" [. Hence, by partial integration,

o) 1 1 1 =
1 - = | q=gmtr "
o ;m2n+mn2+rmn m(m+r)/0( ’ )nz:;x ’
1 1 1— m-4r
- / 33 dx
m(m+r) J, 1-x
1 1
_ - xm+r7110g(1 _ :E)dl‘
m . Jo

Consequently, if » > 0, r € R,

S
SN—
Il
|
S
2
8
S
|
—
N
8
3%
~__—
—
@]
PEN
—
|
oy
jSH
8
Il
\H
8
'
|
-
5}
o
[\v]
—
|
=
S—
jsH
8

(3) = /0 (1 — )" log® x dz.



18

Hence, if r € N*,

2\
) Z( e

where the latter identity is shown using twice partial integration.

If r = 0, we have the convergent integral (two singularities),

1 1 oo (%) 1
S = /(lfx)*llongdx:/ Z:cjlongdx:Z/ 27 log? x dx
0 (s =00

Str) = i(r;l)(—l)j/olleogZxdx
- i(tl)(‘”j@fn?

=
Next, if r € N*, we derive the desired equality from 2. We do this using the following trick:
consider the function
fla):=(1—-2)""a>0.

Then
L — et = L et log(l ) = (1 - ) Hog?(1 — 2)
12 T == T og T) = T og x).
In particular,
2 d? 1
log?(1 — 2) = — (1 — 2)*~
og'(l—a)=—5(1-a)*"
For a > 0, let

The continuity of G on ]0, 00| and (x,a) — xr’1%(1 — )% ! on |0, 1[x]0, 00| yields that

lim/:/lim.

Hence

a—1 0 da2
1
= / " tlog?(1 — z)dzx.
0

Now, in view of the definition of the Eulerian beta-function, B(r,a), and the fact that

2 2
dor | ==
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G = & [
a = da,2 o X X XL
d? d? T(r)T'(a)
= w2 E T

= %22 (a(a+ 1)(7.0.12):—7‘ - 1)) .

For a > 0, put
r—1
1
L(a) :=log ——5—— = — ) log(a+j).
M) =
Then B
F(a) := (r,a) =L@
(r—1)!
Hence
G = (r = (W) = (-~ DIFEO (W) + () = T )2+ 12)
Remark. Using that for r € N*
1 L1 - gmtr 1 pmir
/ < dr = ——— / Z a2k dx
mm+r) J, 1—=z m(m+r) J, prs
_ Hm+r
 om(m+r)’
> Hm+r

we also have that, in view of (1), S(r) = Z —
m
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12490. Proposed by Cezar Lupu, Tsinghua University, Beijing, China, and Tudorel Lupu,
Decebal High School, Constanta, Romania.

(a) Let f:]0,1] — R be a continuously differentiable function that is nondecreasing.
Prove

2 sm{Zmzx}f(x)dx <0.
n

n=1

(b) Let g: [0, 1] — R be a twice continuously differentiable function that is convex. Prove

% ]
Z[ cos(2rnx)g(x)dx = 0.
n=1 0

Solution to problem 12490 in Amer. Math. Monthly 131 (2024), p. 814

Raymond Mortini and Rudolf Rupp

al) We prove that Y [ is well defined and that

L) 1 .
Z/o w f(z) dx <0.
n=1

As f’ > 0, partial integration yields

L sin 1 !
f(0) — f(1) 1ot _
2mn?2 + 2mn? /0 f(@)de =0.

Since |I,| < ;5 the series converges S := ) I,, and so S < 0.
a2) We prove that [ > is well defined and that

1 S
/0 (Z 7sm(2;mm) f(z) ) dx <0.

n=1

A standard exercise in Fourier analysis tells us

oo . 2 _2
S(x) ::ZSIH(;LTMC) == 27730 for0 <z < 1.

n=1

Since f' >0,

/01 F@)de — 2/01xf(x)dq:)

- /01 zf(x)dx —ng(x)‘; +/01 362f/($)d37>

/ S ) =

VS

7 N
=
~
—
K
—

[}

0

2)f(rc)\1 + /01(x2 - x)f’(x)dx)

—
B
|
&

x? — x)f'(x)dx < 0.

[ I O I R Y N e

o\
>
—
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b) Since ¢” > 0,

1 1
1
Jn = / cos(2mnz)g(z)dr = ——— [ sin(2mnx)g’(z)dz
0 2mn 0
1 L "
= 2 cos(2mnx)g (a:)‘o ~ e ), cos(2mnx) ¢" (z)dx

<1
S0 g0) _J0-d0)
- 4m2n? 42n? '

Since |J,| < %, the series S* := )" J,, converges and so S* > 0.

Second proof of b)

Extend g 1-periodically to R. The Fourier series for g is given by

ag

5 + Z (an cos(2mnz) + by, sin(27wnx))

n=1

9()

with a, =2 fol g(x) cos(2mnz)dxr and b, = 2 fol g(x) sin(2mnz)dz. Since g is smooth, Dirichlet’s
rule yields

a o 1 o0 1
(4) M - 30 + Za" = /0 g(x)dx + 2;/0 cos(2mnx)g(z)dx.

n=1

Now M > fol g(z)dz since the convexity of g implies g(z) < g(0) + x(g(1) — ¢(0)) and
SO
1
1 0)+g(1
/ g(w)dz < g(0) - 1+ Z(9(1) — 9(0)) = M'
0

oo 1
Hence, in view of (4), Z/ cos(2mnx)g(x)dx > 0.
n=1"70

Second proof of a)

This follows from b): Given f in a), put g(z) := fox f(t)dt. Then g"” > 0; hence g is convex.
Now, by partial integration,

! in(2m 1 ! sin(27
/()g(x)cos(%m:c)d:c g(x)sm(Qﬂnnx)’O—/O Wg'(x)dx
! sin(2mnz)

Thus b) implies a).
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12487. Proposed by Raymond Mortini, University of Luxembourg, Esch-sur-Alzette, Lux-
embourg. Let f: [0, 1] — R be continuous on [0, 1] and differentiable on (0, 1) and as-
sume that either f(0) = f(1) or f(1) is not an extremal value for f.

(a) Prove that for any real A except A = 1, there are distinct ¢y, ¢y € (0, 1) such that
f(er) = Af' (ca).

(b) Prove that, whenever 0 < 5, < 5§, < §3 < &4, there are distinct ¢, ¢z, ¢3,¢4 € (0, 1)
such that sy f' (cy) + 52 f" (c2) + 53" (c3) + 54" (cs) = 0.

Solution to problem 12487 in Amer. Math. Monthly 131 (2024), p. 723
Raymond Mortini

(a) Suppose that f is not constant. Due to the hypotheses, f takes at least one of its extrema
inside ]0, 1[. By Rolle’s theorem, there is xy €]0, 1] for which f’(z¢) = 0. Now f’ must also take
negative as well as positive values, since otherwise f is decreasing, respectively increasing, on
[a, b], contradicting the assumption that f(0) = f(1) or that f(1) is not an extremal value. Say
f'(z1) < 0 and f'(z3) > 0. By the intermediate value property for the derivative (or Darboux
property, see [25, Theorem 5.12, p.108])), f’ takes every value n with f'(x1) < n < f/(x2). In
particular, every value n with small modulus is taken, say || < e. Now let 11 # 72 be taken
so that |r;| < € and 71/re = X (this is possible: for instance, if |A| > 1, choose r1 = ¢ and
ro = ¢/, and if |\| < 1, choose 71 = Ae and 75 = €). Now let ¢; €]0, 1[ be such that f’'(c;) = r;.
Then ¢; # ¢; and

flle)/f'(e2) =r1/r2 = A
(b) Let 0 < s1 < $3 < s3 < $4. By i) there are ¢y, co €0, 1[ with
fler)/f (ec2) = A= —sa/s1 =11/r2
and c3, ¢4 €]a, b with
f(e3)/ f'(ca) = A= —s4/s3 = 13/74.
Since the modulus of r; can be taken to be arbitrarily small, the proof above guarantees that
all the ¢; are distinct. We conclude that Zj‘:1 sjf'(¢;) = 0.

If s; = 0, we choose c3,cs as above, then c; := xy and c¢; arbitrary, but different from
C2,C3,C4.

Remark This was motivated by problem 4779 Crux Math. 48 (8) 2022, 484.
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12481. Proposed by Bernhard Elsner, Université de Versailles Saint-Quentin-en-Yvelines,
Versailles, France, and Eric Miiller, Villingen-Schwenningen, Germany. Let f, ..., f, be
holomorphic functions on U, where U is an open, connected subset of C. Suppose that the
function g : U — R givenby g(z) = | fi(z)| + - - - + | fu(z)] takes a maximum value in U.
Must each function f; be constant on U?

Solution to problem 12481 in Amer. Math. Monthly 131 (2024), p. 630
Raymond Mortini, Peter Pflug and Rudolf Rupp

The answer is yes, and this is an easy classical exercise in a complex analysis course; see [27,
p. 168], [28, p. 353], [26, p. 161], [30, p. 164, Ex. 300/302], [32, p. 41], [33]. Since the modulus
of a holomorphic function is subharmonic, it satisfies the maximum principle. Thus, if the
maximum value of f € H(U) is taken inside the domain U, then f is constant. This establishes
the problem for n = 1. Now if n > 2, we use that the finite sum wu of subharmonic functions is
subharmonic again, a fact best seen by using the definition via the mean-value inequality

1 2m i
u(zg) < 5/0 u(zo + re')dd

for all closed disks D(xg,7) € U. Thus g = 2?21 |f;] is subharmonic, and so is constant c
under the assumption of the problem. Next, fix jo € {1,...,n}. Then

| fiol = — Z | fi] -

i#io
——
I=v

The subharmonicity of v implies that —v is superharmonic. Hence, by adding the constant c,
¢ — v is superharmonic, too. Consequently, |f;,| is superharmonic, as well as subharmonic. In
other words, |fj,| is harmonic. Any holomorphic function f in a domain U whose modulus is
harmonic, is constant though. In fact, let D be a closed disk in U such that f has no zeros in
D. Then f admits a holomorphic square-root ¢ in D; that is ¢*> = f ([16, p. 816]). Now |q|? is
harmonic by assumption. Since A|q|? = 4|¢/|? (where A is the Laplacian [16, p. 222]), we get
that ¢’ = 0 in D, and so ¢ is constant in D. Consequently, f = ¢? is constant in D. By the
uniqueness theorem for holomorphic functions [28, p. 347, f is constant in the connected open
set U.

Remark 1. A more direct, but not so elegant way to prove that the harmonicity of | f| implies
constancy, is purely computational and uses the J-calculus, that is the Wirtinger derivatives
Ou = u, and du = uz (see [16, sect. 4]):

Let s(z) := |f(2)|, f Z0. Then s? = ff and 9s?> = 2s0s = f'f. Hence, outside the discrete

zero set of f, Os = %, and so

o 4 I f1 s — /77f
As = 4005 = 5 s Fig fo% 20 = |fPES—f?) =0 < |fPIfP=0 < f =0
S
This could of course also be established via the ”real”-method by calculating s, + sy, with
s(z) ~ s(x,y), z = x + iy and s = vu? +v2, where f = u + v, and applying the Cauchy-
Riemann equations in their ‘real’ form, instead of the shorter form fz = 0 above.

Remark 2. An analysis of the proof shows that one obtains the same conclusion replacing
doimn [f51 by 2201 |17, where o > 0. Just note the following two points:

1) if f # 0 is holomorphic, then u := alog|f| is subharmonic, and so its left composition
e" with the exponential function yields the subharmonicity of |f|* (see [29, Chap.1, §6] or [31,

p.44]).
2) The square root g of f above is replaced by an «/2-root of f, so that ¢? = f°.
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12479. Proposed by Marc Chamberland, Grinnell College, Grinnell, IA. Evaluate
300 %, where 1, r, . . . are the real roots of 2 cos (ﬁx) = —e3%,

Solution to problem 12479 in Amer. Math. Monthly 131 (2024), p. 630
Raymond Mortini, Peter Pflug and Rudolf Rupp

For technical reasons, we use the new enumeration rg,71,72,... to denote the real roots of
the equation 2 cos(v/3z) = —e™3%. We show that

Recall the Bourbaki notation N :={0,1,2,...} and N* := N\ {0}.
Let
g(2) :=2cos(V/3z) + e,

and, by multiplication with 32,
f(z) := 2¢* cos(V/3z) + 1.
Note that f also writes as
f(z) = e(3+iV3)z + e(z—i\/ﬁ)z 1.

Depending on which is best adapted to the computations, we shall use in the sequel all these
variants. Note that the functions f, g have the same zero sets.

Property 1 Let

; 1
ez27r/3 _ =

%

o= +1

Then
flaz) = =3V 1),

In fact, by using that

<_; +Z\é§> (3+i\/§) = -3+ V3i

and

(; + ff) (3 - m/é) — 213,

we obtain
flaz) = 6(73+\/§i)z+62i\/§z+1

— V3iz (6—32 + ei\/§z> 1

— V3iz <673z 1tV efi\/§z) 141
= Y3z (e_gz +2 cos(\/gz))

= e‘/gize*:szf(z).

As an immediate consequence we have the following useful property:

Property 2 f(z) =0 if and only f(az)=0.



25

Property 3 The function f has infinitely many positive zeros and no negative one. More
precisely, for every n € N each interval

I [Qnﬂ' 2(n+1)7r}
LV B
5+2nm 37"+2n7r:|

contains exactly two positive zeros of f, one contained in the left part of the interval [ N BV

and one in the right part.
Proof. e Let us first show that ¢ (hence f) has no negative zeros. In fact if f% <z <0,

then cos(v/3z) > 0, and so g(z) = e™3* + 2cos(v/3z) > 0. If v < 55 then e 3% > V35
15.1909 - - - > 2, and again g(z) > 0.

e Now we deal with the positive solutions to g(z) = 0; or equivalently f(z) = 2€3* cos(v/3z)+
1 = 0. Consider the points

2nm b 2nm + 5 2nm+ d 2nm + 37” 2nm + 27

= n = T = Cp = —F—, n=— =, €Eph=—F——.

V3 V3 V3 V3 V3

To achieve our goal, we study for x > 0 the variation of f(z) = 2¢3* cos(v/3x) + 1. Note that

f'(z) = 2€3* (3 cos(V3x) — V3sin(V3z)).

Ay —

. 1+
In particular, f'(z) = 0 <= V3 = tanv3z <— z = z, ;4: arctan\/\gg+m _ 3\/?’
.. . Z+2nm . Z+2nm 2 42nw . .
n € N. Thus f is increasing on [22£, £ decreasing on [ 3 | and increasing on
VRV V3 T V3
[477'+2n7r 27r+2n7r}
i s
Now
f(an) = 2¢%%n +1, f(bn> =1, f(cn) = —2¢3r +1<0, f(dn) =1, f(en) = 2¢%" + 1
x ax 3z
Since a,, < 34:/2;# <b, < ”*\/25”” =c, < 2 \-;gm < =2 j;m = d,,, we see that there are exactly

two zeros on [an, e,], namely one between b,, and ¢,, and one between ¢,, and d,, L

Let us denote the zeros by r,, in increasing order (n € N). Note that r, is eventually close
to the zero
5 tnm

Sp =
V3

of 2cos(\/§x), since e 737 tends rapidly to 0 as x — oo, and that for n € N,

(5) Son < Top < Topt1 < S2p41 < S2p42 < T2p42

(because the cosinus values at r,, must be negative). O

Here are some numerical examples:

ro ~ 0.924906.. . ., s0= 325 ~ 0.9068996 ..., |so —ro| ~ 0.0180064 < 0.125 = 1/8,
Py~ 2720616677, st = 2% ~ 27206990 .., |r1 — s1] ~ 0.00008223- -,

ro~ 453449876 .., sy = 22~ 453449841 ..., |ry — s3] ~ 0.00000035 - - -

Iry — 70| ~ 17957107+, |y — 71| ~ 1.81388208 - - -

The items (1)—(4) below are nice additional properties of the real zeros of f. We do not need
these, though.

1Using only the information f(a,) > 0, f(cn) < 0 and f(en) > 0 (so without studying the variation
of f), allows us to conclude that f has at least two zeros in I, = [an, €x]. Using Rouchés theorem and
the additional information that in the right half-plane the complex zeros of cos(v/3z), all simple, are
T 42nm 3T L onnw . e e1e
exactly the real zeros 2 J:/Qg and -2 j; , gives us the possibility to conclude that f has no other zeros
in the strips {z € C: Re z € I,} (see Property 6).
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Property 4

(1) |rn —snl < ﬁ < % for all n € N.
(2) |rn — sn| — 0.
(3) |rn —rn—1| > 1 for all n € N*.

(4) Irn = rnoa| = 5 ~ 1813799

(5) 73 ~ cn?, for some constant c.

Noticing that {ra,,ron+1} C I, one can easily show that |ro,4+1 — r2,| increases to % and

|ron — ron—1| decreases to %

Proof. Recall that f(z) = 2e% cos(v/3z2) + 1.
(1) For n = 2m even, it is sufficient to prove that s, < r, < s, + Tﬁ/ﬁ =: p,, where s,,,7, €
§+2m7r 4,7"-5-217177

75 5] 2 [sn,pnl, this
proof is done by showing that f(p,) < 0. Now, noticing that the cosinus term is negative,

I,,. Since f(s,) =1 and f(r,) =0, and f is decreasing on |

™ 1
Flpn) = 2GBTS cog (g + 16) +1

. 1
< 2eV3GE+T) cog (g + 16) 41~ —1.114587. ...

For n = 2m + 1 odd, it is proved in the same way that ¢, = s, — ﬁ < rp < Sn, where
SnyTn € Inyy. In fact, f is increasing on [%WT/Z;W, %] 2 [qn, Sn]. So, by noticing that the
cosinus term is negative,
x 37 1
L) = 2 V3 +(n=1)7m—15) nog [ 2L _ 1
flan) e cos{ 5 ~ 16 +
V3(3E— 1) 3 1
< 2e 2 716/ cos > " 16 + 1~ —391.97708---

(2) This works in the same way as above; just replace 1/16 be an number £ > 0 arbitrary
close to 0. Then the cosinus term, still negative, may be very small. But the power n in the
exponential factor can be made sufficiently big (depending on ), so that f(p,), resp. f(gn) is
strictly negative.

(3) Let n be even. Then

Fn — Tret| = T — o1 > Sn — Sno1 = —— ~ 1.813799 - > 1.

V3
If n is odd, then by (1)
[rn — Tn—1| =rn — 11 > (5 — ——=) — (s —i—i)—l—L 1.7416305--- > 1
n n—1 n n—1 — n 16\/§ n—1 ]_6\/§ \/g 8\/§ . .
(4) Due to (2)
T —Tne1 = ("n — Sn) + (Sn — Sn—1) + (Sn—1 —Tn—1) > 0+ % +0.
(5) Using (5), we obtain that
5 +2nm - - - 37” + 2nm
e <oy < Top =
73 2 2n+1 73

Tn ™
Hence — — —= and so 73 ~ cn?.
n

V3

(6)

O

Let Z := {r,,arp,a?r,}. Combining the properties (1) and (2), we see that Z is a symmet-
ric zero-set for f, resp. g.
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Property 5 The elements of Z are simple zeros for f (hence for g) °.

Proof. Suppose, contrariwise, that for some real z,

(7) f(z) = 2€3% cos(V3z) + 1 =0,
and
(8) f'(z) = 3-2e%* cos V3z — 2 - €3*/3sin /32 = 0.
Plugging equality (7) into (8) yields
(9) 0= f'(z) = =3 — 2V/3e>*sin V/3z.
Hence
. 9 2 @3 6, 1 6 —62
1 =sin?(V/32) + cos?(V3z2) = Ze 6% 4 Ze76% = ¢762,
(7 4 4

Therefore z = 0. But f(0) = 3, a contradiction. We conclude that, due to Property 2, all
elements in Z are simple zeros for f. t

Property 6 The exact zero-set of f coincides with Z.

Proof. Numerically it can be shown that for £ € N*
L —/dz = 6k,
270 Jz=2kn/v3
which yields the assertion, as we already know that within the annuli
2(n+ )7
)

2
{ze(C:mT§|Z|S

V3

there are 2 real zeros and their rotations by o and o?.

For our genuine proof, we first restrict the calculations to the case where Rez > 0. The
other case will be deduced at the very end of the proof.

e We know that | cos z|? = (cosz)? + (sinhy)?2, where z = z + iy. In fact,
dcos|? = |ei@H) L omilHn)|2 = |omvein 4 oy emin)?

= e % 4 e® 4 2Re(e*™) = 2cosh(2y) + 2 cos(2x)

= 2(cosh®y + sinh? y) + 2(cos® x — sin® z)

= 2(1+ 2sinh?y) + 2(cos? z — (1 — cos? z))

= 4(sinh®y + cos® z).

e Recall that g(z) = e™3* + 2 cos(v/32). We now show that g # 0 on [0, 0o[x[1, o[ In fact,

19(2)| > 2| cos(V/3z)| — |e™3%| = 2\/COSQ(\/§JJ) + sinh?(V3y) — e73% > 2sinhv3 — 1 > 0.

The same proof also shows that g # 0 on [0, c0[X | — 00, —1].
Next we use Rouché’s theorem for the rectangles Ry := [2’“—;, Q(k""\/g)”} x [-1,1], k e N. If

_ 2km _ 2(k+D)7
T=gorr=Tg , then

l9(2) —2cos(V3z)| = 73 <1 < 2|cosV3iy| = 2(y/1 + sinh?(V3y) = 2| cos(v32)]
< lg(2)| + 2| cos(V32)|.

S

A

2Also note here, that Rouché’s theorem (applied as in the proof of Property 6) automatically yields
this fact, too. We preferred though a straightforward elementary proof.
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If |y| = 1, then

l9(2) —2cos(V3z)] = e <1< 2sinhV3< 2\/c052(\/§a:) + sinh?(V/3) < 2| cos(V32)]
19(2)| + 2| cos(v/32))].
By Rouché’s Theorem [16, p. 852], g and cos(v/3z) have the same number of zeros on Ry,

namely 2. As we already know that g has two real zeros in these intervals {2%, Q(kjgl)”], we

IA

are done.

e Having only the real zeros ri of f (equivalently g) in the right-half plane, the symmetry
f(2) =0 < f(e®"/32) = 0 now implies that no other zeros are in the left half-plane excepted
the rotations ’2™/3r;, and ¢“™/3r), as any ¢ := re* with 7/2 < 6 < 37/2 would yield that at
least one of the points €**™/3¢ or €*2™/3¢ belongs to the right-half plane. This finishes the proof
of Property 6. O

We are finally ready to derive the value for the desired sum S. The main idea is to apply
the residue theorem for the function

F(z):=

1
5 f(z)’
and the formula Res (h’%,p) = h(p), where p is a simple pole of f and h is holomorphic in a
neighborhood of p.
Observe that *
f'(z) 24 212 ¢ 14736 ,; 1694832 .,

942 s
7(2) ST 5% T 357 T 1925 0 175175

Thus

1 f 24
Res| —==,2=0) = ——.
es <26 7 , 2 ) 3
Note that the zeros z,, = ar,, resp. z, = &’r, have the property that zTGL =7,
Recall from (6) that for n € N the numbers 5, 2,11 belong to

{Qnﬂ—i— 5 2nm+ 32“]

VERVE]
For N € N, let C'y be the circle centered at the origin and with radius Ry := 2r(N+1) - Then

V3
the associated disk contains 7,71, ...,ran41 and

(1) Ry > Nv
(2) R} — T§N+1 > 1.
Note that (2) is a consequence to Ry — ran+1 > /2.
Due to the residue theorem

!/ /! !/
L:= lim 1 %f (Z)dz = Res (1f O) + Res <1f,§>
z z z
1
n

N—oo 271 Cn f(Z)

I
!
o 2
+
w
=[]
|

1 8
S = — = .
— r8 5
To prove this claim, we use that by Property (4), > %3 converges. Hence the infinite product
0 5 3
p(2) = H (1— (r) )
n=0 n

3 Obtained e.g. with wolframalpha.
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converges locally uniformly on C. According to Weierstrass’s factorization theorem, f = pq,
where ¢ is a zero-free entire function. Note that

) d(z)
7 T
and that ) ( )
1 f'(z _ ip’z »
/CN = 1(2) d""/cN 2 p(e) O
Now

/ > 2
P'(2) z
= —3 =
which is a locally uniformly convergent series on C\ Z (note that r3 ~ ¢-n3). Hence [ =" [
and so, by Cauchy’s integral theorem,

L), N
2miJ N = / — dz = -3 / —dz.
on 2° p(2) ,;) onTh =2
Now .
z~* Ry —4
r3 — 23 _R§’V—T§LSRN'
Thus
0<2rJy <3(2N +2)Ry*2rRy < C - N2
We conclude that L = limy_,o Jy = 0. O

Related problems are given in [36, p. 279] and [35] (cos x coshz+1 = 0) and [34] (tanz = kx)

4
Second, but more complicated proof of Property 6
Note that g(z) = e=3* 4+ 2cos(v/32) = 0 implies that
4| cos?(V/3z)| = e 0%,
and so

4sinh?(V3y) = 7% — 4 cos?(V/3z).
In particular
(10) 4cos?(V3z) < e 07,

If £ € N, equality in (10) holds if z = 7y and if z = %f/lgw = s, then trivially 0 =

4 cos?(v/3x) < e 07,
In the figure below, we display one ”branch” of the curves y;, given by

(11) Yo = 1eursinh\/le—6m — cos2(V/3z) and y; = 2cos(v/3z) + e 37,
V3 4

They are very tiny, as the coordinates show. To recapitulate, if z is a zero of g with non-negative

real part, then it belongs to these tiny arcs.

e To show that in the right half-plane ¢ has only the zeros rj, it remains to study the
behaviour of g(z) = 2cos(v/32) + e73% on the disks D(rg,1/8). A major difficulty will be to
show that the union of these disks contains the graph of the curve y5. A tool will be the
following result from complex analysis:

Zero-set criterium 1. [16, p. 365] Let ® be bounded by 1 and holomorphic in D and suppose
that ®(0) =0 as well as |®'(0)] > § > 0. Then ® has no zeros on {0 < |z| < d}.

4 Communicated to us by A. Sasane.
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FIGURE 1. The curves y; = %arsinh\/ie_ﬁm — cos?(v/3z) and y; =

2cos(v/3z) + €737 and sg = 2%

We first note that for z = x 4+ iy with > 0 and |y| < 1, g is bounded by 8 :

lg(2)] 2| cos(V3z)| + e = 2(\/0052(\/520) +sinh?(v/3y)) +1 < 2(\/1 +sinh? V3) + 1
2cosh(v3) +1<eV®+2<38.

IA

Moreover |¢'(rg)| > 1, since
g (z) = —2V3sin(V3z2) — 3¢ 737,
and so
lg'(rr)] = | —2V3sin(V3ry) + 6cos(V3ry)| — 23 ~ 3.4641 - - - .

respectively

g ()] = [(=1)F V34 — e=6mx — 3¢ 37|

>

FIGURE 2. The curves y = | + v/3v4 — e~ 6% — 3¢737|

The value of the lower branch at z = 1/6 is ~ 1.481371 - -- and the branch is increasing. So
lg'(7)] > 1 for r even. The upper branch is always bigger than 3. So, |¢'(rg)| > 1, too if r is
odd.
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We conclude from the zero set criterium 1 that g # 0 on D(ry,1/8), excepted at ry.

e The final part which remains is now the proof that the graph of the (different branches)
of the curve y; is contained in the union of the disks D(rj,1/8).

We first determine the positive zeros of y,. These are given by e~ — 4 cos?(v/3z) = 0. Of
course the 7y, the positive zeros of 2 cos(v/3z) — e™3®
given by the zeros of the function

h*(x) = 2e>® cos(V/3z) — 1 = h(x) — 2.
This works as in the proof oh Property 3; note that (h*)’ = h'.

are zeros of yo, too. The other ones are

h*(an) =2e*"—1>0, h(b,) =—1, h(c,)=—-2e>*"—-1<0, h(d,)=-1, h(e,)=2e*"—1>0.
4

Z+2n 4T 4 on 37 19on P .
3\/§ﬂ < b, < 7r+\/2§mr = < 25 T < 7 T = d,, and h* is increasing on
T 42n . Zionm 4T4on . . Am 4 om
[Q%, 2 \/gm], decreasing on [2 7 g 7 7] and increasing on [ 7 , 2’”:/25””], we see that
T+2 T+2
there are exactly two zeros on [a,, e,], namely one between =2 \/gm and b, = 2°2= and one

V3
between d,, = 212" and e, = 22T W, te these in an i ing ord x
etween a,, = T and e, = T € enumerate ese 1 an 1ncreasmg oraer, say ’I"n,

Since a,, <

and
T5n < S2n < T2, as well as rapq1 < S2pq1 < 73,41
As in the proof of Property 5 (1) we see that
|rr — sn| < L
16v/3
In fact,
For n = 2m even, it is sufficient to prove that p} := sn—Tl\/g <r} < Sp, where s, € I, =

V)

|:271'm 2rm—+2m 5 +2mm 47"+2m7r}
V3o V3 V3 T VB
[pk,sn], this is done by showing that h*(p,) > 0. Now, noticing that the cosinus term is
positive,

}. Since h(s,) = —1 and h(r}) = 0, and h is decreasing on [

w 1
RA(pr) = 2eV3ETT16) cos (;T — 16) —1

. 1
> 2¢V3(5-16) cos (” - ) —1~0.7029349 - - - > 0.

For n = 2m + 1 odd, it is proved in the same way that s, < r}; < ¢} = s, + ?1\/5, where

* * rol : A 42mm 2r42mm * sl
SnyTh € I, In fact, h* is increasing on [2 7 ,T] D [$n,q;]- So, by noticing that the

cosinus term is positive,

s 1
he(q:) = 2eV3CFTDTHG) ¢og (3); + 16> -1

%

. 1
2¢V3(5F+15) cos <32” + 16) — 1~ 486.971814 - -

Next we estimate the local maxima of y2. Since r > r§ > 7/3,

1 1 1 e "
< ——arsinhy/ ~e~67/3 = —arsinh—— ~ 0.01247381 - -- < 0.02 :=
Y2 = \/3 4 \/ﬁ 9 P

Now the rectangle

1 1
R:=|rg— ——=,10+ ——=
{ a3 83
because the vertex (81%, p) satisfies

1\ 1
—— ) +p* ~0.00568- - < 0.01562 = —.
<8\/§ > g 64
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It is easily shown that {(z,y2(x)) : 75, < x < 79, } and {(@,y2(x)) : ropy1 < @ < 13, 1} are
contained in the rectangle R. (]

e Having only the real zeros i of f in the right-half plane, the symmetry f(z) = 0 <=
f (ei2”/ 32) = 0 now implies that no other zeros are in the left half-plane excepted the rotations
e27/3y) and e*™/3ry as any ¢ := re?? with 7/2 < 6 < 37/2 would yield that at least one of the
points €*47/3¢ or €27/3¢ belongs to the right-half plane. This finishes the proof of Property 6.
([l

A detailed analysis of the zeros of the functions e®* + e~%* 4+ 1 appears in [4]. That paper is
based on the preceding methods and text.



12470. Proposed by Moubinool Omarjee, Lycée Henri IV, Paris, France. Evaluate

oo

Ziln tanh (2")
2» " \tanh (2»-1) |

n=1

Solution to problem 12470 in Amer. Math. Monthly 131 (2024), p. 536
Raymond Mortini and Rudolf Rupp

‘We show that

=1 tanh 2™
S = — 1 —— | =1 211)-2~0.1269280110- - - |.
Z on %8 (tanh 2"1> og(e”+1)

n=1

One has to transform this into a telescoping series.

tanh 2™ _ sinh 2" cosh 27! _ 2 sinh 271 cosh 271 cosh 271
tanh27-1 = ginh27~! cosh2" sinh 2n—1 cosh 27
~_(cosh2n—1)?
o cosh 27
Hence
1 tanh 2™ 1
o log (1@?1?1%_1) = 27(10g2 + 2log(cosh 2" 1) — log cosh 2”)
log 2 1 1
Oan + 1 log(cosh 2"~ 1) — on log(cosh 2™).

Note that &, := 5 log(cosh 2™)— 1 since (by using I'Hospital’s rule).

lim log(e® + e~ %)

=1.
xTr—r0o0 €T
Consequently the series below converges and
s log 2 >0 1 1
S = ; 02%1 + ; (2n1 10g(cosh2"_1) ~ o log(cosh 2”))

. el +e7t 9
= 1-log2+logcoshl —lime, =log2 + log — —1=log(e”+1)—2.

33
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12460. Proposed by Cristian Chiser, Elena Cuza College, Craiova, Romania. Suppose that
f:R— Rand g: R — R are continuous. Prove that the following are equivalent:

(1) Whenever (a,) and (b,) are sequences of rationals such that (a, + b,) converges,
the sequence (f (a,) + b,g (b,)) also converges.

(2) There are constants m and ¢ such that f(x) = mx + cand g(x) = m.

Solution to problem 12460 in Amer. Math. Monthly 131 (2024), 354
Raymond Mortini and Rudolf Rupp
(2) = (1): If f(z) = ma + c and g(x) = m, then trivially
S(n) = flan) + bng(by) = may + ¢+ bym = m(a, +b,) + ¢
and so S(n) converges whenever a,, + b,, converges.

(1)= (2): Let N:={0,1,2,...}. Fix a,q € Q. Consider the sequences

(an)neny = (@4 q,a,a+ q,a,a+ q,a,...) and  (by)neny = (—¢,0,—¢,0,...).
Then a,, + b,, = a for all n. Moreover

fla+q) —qg9(—q) ifniseven

sp = flan) + bng(bn) = {f(a) if n is odd.

As by assumption (s, ) converges, we deduce that
(12) fla+q) —ag9(—q) = f(a)
Next consider the sequences (ap,)nen = (¢,0,¢,0,...) and (by)nen = (—¢,0,—¢,0,...). Then
a, +b, =0 and
flq@) —qg(—q) if nis even

rn = flan) + bng(by) = {f(O) if n is odd.

Since by assumption also (r,) converges, we have

(13) f(a@) = q9(=q) = £(0).
Now (12)—(13) yields that for every ¢ € Q and a € Q

fla+q) = f(q) = f(a) — f(0).
Since f is assumed to be continuous, f(a+x)— f(a) = f(x)— f(0) for every 2 € R. This implies
that f is an affine function. In fact, let h(x) = f(z) — f(0). Then h(a + x) = h(x) + h(a),
that is, h is a continuous additive function. By a classical result due to Cauchy, h is linear;
that is h(z) = ma for some m € R. Consequently f(z) = mx + f(0). Let ¢ := f(0). Then the
condition on f and g has the form

Sy = f(an) + bng(bn) =ma, +c+ bng(bn) =c+ m(an + bn) + bn(g(bn) - m)
Let p, g € Q and consider the sequences (b, )nen = (9,4, P, 4q, - .- ) and (apn)neny = (—p, —¢, —D, —¢, . . . ).

Then a, + b, = 0 for all n and, by assumption,

_Je+plg(p) —m) ifnis even

"~ \e+qlglg) —m) if nis odd

converges. Hence the function x(g(x) — m) must be constant on @Q, hence on R (due to conti-
nuity). Consequently g(z) = m for every z € R.
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12459. Proposed by Hervé Grandmontagne, Paris, France. Let « be a real number greater
than 1. Evaluate

dx,

[m Liy (—x%) + Lip (—x~2)
0 l +Ia

where Li, is the dilogarithm function, defined by Li(x) = 3.7, x*/k* when |x| < 1 and
extended by analytic continuation.

Solution to problem 12459 in Amer. Math. Monthly 131 (2024), 354
Raymond Mortini and Rudolf Rupp

We prove that for a > 1

o - [ ) 2 (3 )

To start with, we use the known formula [37]

. . 1 7T2 1 2
Lis(2) + ng(;) =-% "3 log“(—2), ze€C\][0,00],
for z = —x®. So the integral to be computed is

72 [ 1 1 [ log?(z®)
Ia)=-T do— - | 22y
(a) 6/0 T+ae " 2/0 1taze

The change of variable % + ¢! now yields
2 0o - 1 00 42 -
I(a) = T O g —/ e
6a J_oo 1+et 2a J_oo 14+ et
We solve this with the help of the residue theorem. So, for m = 0 or m = 2, let

m € °
fm(2) =2z e

In order the obtained series converge and the path-integrals tend to 0 when ”blowing up” the
contours, we consider for 0 < r < 1 the auxiliary functions

) log
—iz/27 | —i2rz

up(z) =7 =e

(which converge locally uniformly to 1 as r — 1) and
Fr(2) = frm(2)ur(2),

and calculate the integral

2 ) e—irfit/%r 1 0 tQG*ér*it/zﬂ
14 Jr(a) i= —— —dt — — —dt.
(14) (@) 6a J_o 1+et 20 [ o 1+et

As |u,(t)] <1, we deduce from Lebesgue’s dominated convergence theorem that
}1_)11% Jr(a) = I(a).

Note that F,, , is meromorphic in C with simple poles at z, = in(1 + 2n) for n € Z. We
integrate [, , over the positively oriented boundary I'nyv = <1 + 72 + 73 of the rectangles
[-2Nm,2N7| x [0,2N7], where N € N*. Let sy := 2rN. Then

nt) = sy(+it), 0<t<1,
AU = syt+i), —1<t<l,
) = sn(-1+it), 0<t<l.
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By the residue theorem
N—-1

/ Fpor(2)dz = 2mi Z Res (Fpry 2n)-
I'n n=0
Now F),, = g/h and so
9(zn)
Res (Finry 2n) = W)

Moreover, / For(2)dz — 0 as N — oo. To see this we have to consider three cases:
I'n

Since on v; for j = 1,3, we have |u,(v;(t))] < eV1°8™ < 1, we see that

/ 7 (z)dz - /1 |3N(1 +Zt>‘m |e_SN(1+it)/a‘ |UT(SN(1 +Zt))|
71 ’ o 0

T oo ()] sndt

Nm+l —sn/a
C—e —0as N — oo.

- 1—e s~
1 - — —1+it)/a .
—1 4 it)|™ |e~sn(=1Hit)/ —14it
[ st < [ ltcreni o ulon (L0
v3 0 |1+ emsn(=1+t)]
CNm+1€sN/a e~ SN
- esN —1 CemsN
CNm+1 *SN(I*%)
= 1 e_sN —+0as N — oo.
— €
Next we observe that on v, we have
\U(’Yz(t))\ _ ‘e—iNlogr(t—i-i) _ eNlOgT7
and that
Nm+1eN10gr — e(m+1)logN+Nlogr S 0as N — oo.
Hence
1 . m|,—sn(t+i)/a ;
t N t
[ Furte] < [ ol lurlox G +0)]
L . [ e )
1 —snt/a
< CNmHINloEr / R
L eton
1 0 L
< CNm+1€N10gr / e—sNt/a dt—|—/ esNt(l—;) dt

<1

—0-0as N — oo,

where the property lim [ = [lim is used (Lebesgue’s dominated convergence theorem: the
integrands are bounded (in moduli) by 1 and converge to 0 on the associated open intervals).

By letting N — oo, we conclude that

n=0

‘ ’/T2 e’} 1 o
Jr-(a) = 2mi <6a 7§)Res (Fo,r, 2n) — %a Z Res (Fopy2n) | -
That the series converge will be clear in a moment. To this end, we need to calculate the
residua. Note that

_;lo

i35 in(142n) _ (\/;)1+2n.

ur(zn) =e
Hence
efzn/a efiw(1+2n)/a
— =, urlzn) = —(im(1 + 2”))mm

— (\/?)1-{-271 (’L’]T(l +2n))me—i7r(1+2n)/a.

Res (Fpr,2n) = 2 ur(2n)
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Let ¢ := e~/ Then

2ri (7: DoV g (i1 + 2”))2(ﬁ<)2n+1>

n=0 n=0

Jr(a)

. 7T2 [e%s) 772 [e%s)

27 <_6a z:(\/ij)Q"Jrl + % Z(Qn + 1)2(\/7702"“) )
n=0 n=0

It is straightforward to check the following result:

oo

24 +622+1

(15) 7;::0(271 + 1)222n+1 = ZW = S(Z)
Hence 2 i
) ™
Jr(a) = 2mi (_6@1 2 + S([C))
and so 2 ¢ )
I=lim J,(a )—2m'(—767a142 +;S(§)>.
Note that ¢ { =1, but ¢ # 1. A short calculation yields
510 - S+ E
C-¢?®

Consequently, by using that ¢2 4+ 6 + 22 =((—-0)>%*+38

¢ e+l
b 27”(6@1—4”2@ T )

_ o w1 72 ((—¢)2?+38
- 2m<_6a<—c+2a C—¢) >

_ om ™ (C=¢0? 7 (-0’ +
-2 < Ga(C_CF 24 (-0 )
)
)

_ _ﬂj (Z (—4) sin®(7/a . (—12)sin2(7r/a)+24)
3a \ (2i)3sin®(n/a (2i)3sin® (7 /a)

B _ﬂj 3 —sin*(7/a)

- 5 o)

Remark A more classical way is to compute

> log*(z*)
=—— o By
/ 1+a:ax 2/0 Traze °

”directly” without the change of variable by applying the residue theorem to the functions

T Jrlza , icfzi and llof Z for the standard branches of the power and logarithm and the boundary

of the sectors

2
{zEC:\z|<R,O§argz§§},

which contains one simple pole.
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12451. Proposed by Adam L. Bruce, Dexter, MI. Let A and B be complex n-by-n and
n-by-m matrices, respectively, let 0,, , denote the m-by-n zero matrix, let I,, denote the
m-by-m identity matrix, and let exp be the matrix exponential function. Prove

oxp [ OA B } _ [ exp(A) (fo' exp(rAJdt) B }

m.n m,m m.n '

Solution to problem 12451 in Amer. Math. Monthly 131 (2024)
Raymond Mortini and Rudolf Rupp

As usual, M? = I, where M is a square s X s matrix. Via induction

A B\* [ak a1p
o o) “\o o )

Hence
A B > 1 /4 B\" X1 [AF AR
eXp<0 0> - Zk!(O o> I”+m+zk!<0 0 >
k=0 k=1
_ (e A Y, mAY'B
0 I, '
But
o0 t o
/exp (At)dt = —
0 0 0o J! =0
Hence

exp <61 B> _ (epr (fol eXp(At)dt) B> .



12436. Proposed by Lorenzo Sauras-Altuzarra, Vienna University of Technology, Vienna
Austria. For a positive integer n, evaluate

n

Il (x + sin? (i_”))

Solution to problem 12436 in Amer. Math. Monthly 130 (2023)
Raymond Mortini and Rudolf Rupp

We show that

where Uy = 1 and

L5

—k n>1 s km
= —1 k n 2 TL 2k = — S _
U, (x) ,}:0( ) ( k )( |:| v —cos |
is the Chebyshev polynomial of the second kind

This is very easy, though.
P(x)

n

(e (57)) L (o2 (o= (7))

2" kl;[l <2x +1—cos (T)) =2 nff <2x +1—cos (T)) (22 + 1 — cos(m))

k=1
2722 (1 4 1)U, 1 (22 + 1).

39
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12433. Proposed by Etan Ossip, student, Queen’s University, Kingston, ON, Canada. For
x > 1, prove

5 Fdt = (x),

w (3 +it)

where ¢ is the Riemann zeta function.

i fm tanh(srt)

Solution to problem 12433 in Amer. Math. Monthly 130 (2023), ?
Raymond Mortini and Rudolf Rupp

Let G :={z € C:Imz < 0.5} be the shifted lower half-plane, and let log z = log |z| 4+ i arg 2
with —m < arg z < 7 be the standard holomorphic branch of the logarithm. Since for z € G we
have Re (0.5 4 iz) > 0, the function

(05 +Zz)x _ ezlog(0‘5+iz)
is well defined and holomorphic in G. Consequently, the function
tanh(mz)
1@ =G5t
is meromorphic in G with simple poles at z := —i(0.5+ k) € G, where k € N={0,1,2,...}.
We apply now the residue theorem to f. To this end, we integrate for N > 1 the function

f along the positively oriented boundary I'y of the rectangles Ry := [-N, N] x [0, —N] and
conclude that -
f(2)dz = 2mi Z n(Cn, zx)Res(f, zk),
I k=0
where n(T, z) denotes the number of times the point z is surrounded by I'. Observe that at
most a finite number of terms in this sum are not equal to 0 as

1 ifk=0,1,...,N
n(FN,zk) = {

0 ifk>N.
Let us calculate the residue now. We use the formula Res (#,a) = 5,(‘;)), whenever a is a simple
inh
zero of h. That is, when we choose g(z) = m and h(z) = cosh(rz),
sinh(7z) 1 1 1

Res(f, z) =

(14 k)* msinh(mz) lz2=—i(0.5+k) T (1+k)="

It remains to show that the integral along the three parts ng of I'y that are contained in
the lower half plane Im z < 0 tends to zero. First note that
e — 1
i) Let z(t) = —N —it, where 0 < ¢ < N. Then for n > Ny,

tanh(rz) =

6727\'N672i7'rt -1 14 67271'1\/'
[tanh2(t)] = | "y | S T oeew S 2
Moreover,
[0.54+4z(t)]" = 10.5—iN+¢t" > N”.
ii) Let z(t) = N —it, where 0 < ¢ < N. Then for n > Ny,
eQ‘n'Ne—QiTrt -1 eQ‘n’N +1
[tanh 2(t)] = N Bl 1| S N 1 = 2.

Moreover
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0.5 +iz(t)]° = ]0.5+iN +t[* > N=.
iii) Let z(t) =t — N where —N <t < N. Then
6271‘7:6721;7TN -1 2wt 1
‘tanhz(t” - e27rte—2i7rN + 1‘ = e27rt +1 S L.

Moreover

[0.5 4+ iz(t)|" |0.54 it + N|* > (N +0.5) > N*.
Since x > 1, we conclude that for N > Ny

3 N
S [ e < Z / 0)ldt + / 1 (za(0))lde
j=1 'y N
2N 1 6
< 2. 4+ 2N — = —— N .
< N N7 Nx_1—>()as — 0

We conclude that
i [ tanh(ﬂ't)
2/,00 (0.5 + it)* mz 1+k = (@)

Note that the minus sign comes from the fact that the upper boundary of the rectangle Ry is
run through from the right to the left.
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12422. Proposed by Mohammed Aassila, Strasbourg, France. Let a, b, ¢ be integers such

that @ # 0 and an® + bn + ¢ # 0 for all positive integers n.
4ac = k*a?, then

(a) Prove that if there is a positive integer k such that b* —

is rational.

* 1

X}an2+bﬂ+c

n=

(b)* Is the converse of (a) true?

Solution to problem 12422 in Amer. Math. Monthly 130 (2023), 862

Raymond Mortini and Rudolf Rupp

We solve (a). Put

b? — dac = k?a? for some k € {1,2,3,...

= 1
R := _.
;aHQ—&—bn—l—c

Let 71 and r5 be the zeros of the polynomial p(x) = ax? + bz + c¢. Suppose that a # 0 and

}. Then
—b—ka

r =
2a

and ry =

2a

—b+ ka

and r;1 —rg = —k. As an example we mentiona =1, b=5and c=4, k=3, =
Now the partial fraction decomposition of 1/p(n) reads as
1 1 1 1 1
an? +bn+c a(n—rl)(n—rg):a(rl—rg) (n—rl_n—m)'
Hence, for n > ng > 1 and ng chosen so that n —r; —1 > 0,
- 1 n—rg=1 _ ,n—ri—1
S::nzznoan2+bn+c a(rg —ry) Z/ . T )de

Hence S is rational, and therefore R is rational, too.
Note that in (1) the interchanging [ Y>> = Y [ is possible, since x™~!(x~"2

constant sign.

1 oo

- 77”2
a2 ),

i/ no— 11‘ Pz
k 11—z
i/ nog—re— 1 xk
k 1—a
1 1
akaono—rz—&—j'

—r1

dr =

_ (1 _
T1 d T2 _
ak/
1

1

ak J

no—lm—TQ 1- z

_43 o =

n=

r2—T1

1—2x

1k1

E o~ 1—ro+j dz

—

—1.

77‘1 § Pl 1d$

no

dx

) has
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12415. Proposed by Roberto Tauraso, University of Rome Tor Vergata, Rome, Italy. For a
nonnegative integer n, evaluate

2 / 2n+2\/n+1
E Y )G

J=0k=1j/2]

Solution to problem 12415 in Amer. Math. Monthly 130 (2023), 765
Raymond Mortini and Rudolf Rupp

Let n € N={0,1,2,...} and let
2n J
2n+ 2 n—+1
S”'_,Z Z (2k+1) (2kj>‘
J=0k=[j/2]

First we interchange the two summations.

We show that

lsk

4 O O O O
3 O 0
2 o]

FIGURE 3. k<j<2k+1,k=0,1,2,3,4,0r |j/2]

IN

k

IN

jfor j=0,1,2,3,4

2n 2k+1 2n 2k
2n + 2 n—+1 2n + 2 n-+1
Sn = Z_:Z<2k;+1) (Qk;—j)kz_% <2k+1>j_zk<2k—j)
2n + 2 Z’“: n+1
2k +1 = m

2n + 2
2k + 1

It is well known that Z < ) = 22"+l In fact
k=0

2n+2 2n+2
2n + 2 2n + 2
42 _ _ 42 _ k
2 Z( A > and 0= (1+(=1)) Z(1)< A >
k=0 k=0
Substraction yields that
2n+2 n
2n + 2 2n + 2
22nt2 — 9 =2 .
2 () 2 (om i)
k odd
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FIGURE 4. k< j <2k, k=0,1,2,3,4,0r [j/2] <k

< jfor j=0,1,2,3,4

Also,
n+1 k n+1
1 1 1
j=0 J j=0 J j=k+1 J
- i( N Z (i7t)
= o n+1—j
k n—k
n+1 n+1
e 2 -)+Z( )
A SN i—o N ¢
Hence

Fon+l " 2n + 2 e Gy
mz—:()< m )k n— JZ(QTL—Qj-l-l)z_;( 0} )

~.

J
- on + 2 "Zj n+1
S \@n+2)-@2n-2j+1)) &
& 242 ”Zf n1) _ 2n 42\ = (n+1
B 1425 JIk —\2k+1) &=\ i )

=0 i=0
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Addition yields

" 42\ o /n 41 " (on 4 2\ -
25 = Z(2k+1)2( j >+Z(2k+l>.

()

k=0 §=0 k=0 i=0
" /on+ 2 F 1\ e

S EaE I DG ED S G
= 7=0 1=0

_ 22n+1 . 2n+1 — 23n+2

Hence S,, = 23711,
Remarks
(1)Note that

n k
2n + 2 n+1
5 j=k_—mz (2k+1)jz_:(k—j>

k=0 0
0o k
This has the form Z ag Z bi—j, which is a little bit different from the Cauchy product
k=0  j=0

£ () e

k=0 j=0
(2) Replacing |j/2] by [j/2] yields the same result
2n 7
2n + 2 n+1 3
= = 93n+l
=3 Y (i) (5sy)
J=0k=[3j/2]
(see below), alhough the associated index-grid is different (see figure 3 and 4).

Just note that
2n 2k 2n 2k+1

2n+2 n+1 2n + 2 n+1
fin = kz_()jz_;(%—kl) (2k—j) =22 <2k+1> <2k—j) =5

k=0 j=k
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12407. Proposed by an anonymous contributor, New Delhi, India. Let r be a positive real
number. Evaluate

o0 xr—l
dx.
J () (1 +a2)

Solution to problem 12407 in Amer. Math. Monthly 130 (2023), **
Raymond Mortini and Rudolf Rupp

Given r > 0, let

0= | e

I(T):;ir.

First it is clear that the integral converges since at oo we have that the integrand f,.(z) is similar

to 1/2"™2 and at 0 f.(z) is similar to 2”71, where r — 1 > —1. We make the change of the
variable  — 1/y. Then

I(r) = ][“) - gg,::/[“) v dy
o I+y2)A+y2)y?2  Jo (A+y?)A+y%)

0 201 -1y ! 0o r—1
/ y +2 )y2 dy:/ Y 5 dy — I(r).
o (1+y)A+y*) o 14y

We show that

Hence

1 © T
2I(r) = - arctan(yr)) = —
r

o 2r
from which we deduce that I(r) = 7 /(4r).
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12406. Proposed by Raymond Mortini, University of Luxembourg, Esch-sur-Alzette, Lux-
embourg, and Rudolf Rupp, Nuremberg Institute of Technology, Nuremberg, Germany. For
fixed p € R, find all functions f: [0, 1] — R that are continuous at 0 and 1 and satisfy

f (x?) +2pf(x) = (x + p)* forall x [0, 1].

Solution to problem 12406 in Amer. Math. Monthly 130 (2023), 679
Raymond Mortini and Rudolf Rupp

Let p € R. Consider the functional equation

(16) f@@®) +2pf(x) = (z +p)*

We claim that all solutions of (16) on [0, 1] and continuous at {0, 1} are actually continuous
on [0, 1] and are given by
P2

1+2p

fla)=z+
whenever p # —1/2.

e If p=—1/2, then f(2?) — f(z) = (z — 3)? has no solution on [0, 1] (independently of being
continuous or not) since for z = 1, we would get 0 = f(1) — f(1) = 1/4.

o If p =0, then f(2?) = 22 implies that on [0, 1] one has f(z) = .

o Let p # —1/2. We first determine the polynomial solutions. So let g be a polynomial
solving (16). Then the degree of ¢ is at most 1. Say ¢(z) = ax + b. Pulling into the functional
equation yields

az® + b+ 2p(ax + b) = 2 + 2px + p?
or equivalently
(a—1)z% + 2p(a — 1)z + b(1 + 2p) — p* = 0.

2

Hence a =1 and b = 5.
It is straighforward to check that ¢(z) = = + % is indeed a solution to (16). We conclude

that all polynomial solutions are given by the linear function ¢ above.

Next we determine the general solution (16). So let f be a solution on [0, 1] continuous
at 0,1. Now put h(z) := f(x) — q(z). Then h satisfies on [0,1] the functional equation (of
Schroeder type)
(17) h(z?) = —2ph(x).
Of course this implies that h(0) = 0.

i) Let p < —1/2 or p > 1/2. Via induction

h(z*") = (=2p)"h(z).

Since h is continuous at 0, and 22" — 0 for 0 < = < 1, h(0) = 0, and |2p|” — oo respectively
(—2p)™ = (=1)"™ if p = 1/2, we deduce that h(z) =0 for 0 < z < 1, too.

i) If 0 < |p| < 1/2, we rewrite (17) as

1

(18) h(VE) = ~-h(@)
Via induction "
n 1
h(zt/?") = <_2p> h(zx).

n
Since h is assumed to be continuous at 1 and k(1) = 0 by (17), (i) — oo implies that
0=h(1) =oc0- h(z),
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and so h(z) = 0 for z > 0.

We conclude that for p # —1/2, the general solution to (16) on [0, 1], and continuous at 0, 1,

is given by our poynomial
2
p

q($)=x+1+2p.

Thus the solution is completely established.
The Schroder type functional equations f(z™) = rf(z) are analyzed in detail in [6].
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12398. Proposed by Lawrence Glasser, Clarkson University, Potsdam, NY. Evaluate

i csch (2”) )
n=0

Solution to problem 12398 in Amer. Math. Monthly 130 (2023), 587

Raymond Mortini and Rudolf Rupp

We suppose that this agglomeration csch of letters is nothing but 1/sinh. So let

=1

= Z; sinh 27

We prove that
S =

e—1
This is very simple though. Since 2sinhx = e* — e™* and

(" +1)(e*" —1) = 2,
we obtain

oo o0 n
1 e2"+1 -1
S = 2§m=22ﬁ

n=0

o0
1 1 2
2 — = .
7;(62”—1 62"“—1) e—1

Another possibility would be to use the formula

= coth(z/2) — cothx.

sinh z
Then
26_1/2

2

S = Z (coth(2"7') — coth2™) = coth(1/2) — 1 = Sy RSy

n=0

e—1
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oo
12389. Proposed by George Stoica, Saint John, NB, Canada. Let f(x) = Z | sin(nx)|/n>.
n=1
Prove lim f(x)/(xInx) = —1.
x—0t

Solution to problem 12389 in Amer. Math. Monthly 130 (2023), 386

Raymond Mortini and Rudolf Rupp

1
Our tool will be the fact that for H,, := Z - we have H, —logn \, v, where 7 is the

j=1
Euler-Mascheroni constant. First note that
> N = N
Do S
= (N +5)? o INHHIN+G—1)
o0
1 1
= N )
; N+j—-1 N+j

= 1.

1
Fix 0 <z <1 andlet N := N(z) := {J Let € €]0,1/2]. Since |siny| < y for y > 0, we
x

obtain for
oo . N oo N
| sin(nz)| na 1 1 1
2 S et 2 mst) oty
n=1 n=1 n=N+1 n=1
1
< x(HN—logN—'y>+x'y—|—xlogN+N.

Hence, for x small enough, N is big, and so

e I T T 1
zlog(l/xz)  ~ log(1/x) =~ log(1/z) = log(1/x) = zlog(l/z)|L]

We conclude that

H(x):=

0 <limsupH(z) <04+0+1+0=1.

z—0

Now we estimate liminf, ,o H(z). Let € €]0,1/2]. Since = + (sinz)/x is decreasing on
[0,7/2], we see that for 0 < u < e

sinu sine
> —.

u €

For 0 <z <eput N := N(z) := {EJ Then, N > 0 and for n < N we have
x

€ €
nxSN:c:LszSfxze,

x x
and so
sin(nz) _ sine
2
ne €
Hence
00 . . N . N
Z | sin(nz)] . sine nx sine 1
E i E it
2 = 2
n=1 n € n=1 n € n=1 n
sine
> x ——1logN.
€
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We deduce that for 0 < z < ¢
sine log [£] sine log(s —1)

H(z) e log(l/z) = ¢ log(1/x)
sine log(e — x) — logx
T e —logx '
Since
lim M =loge -0
z—0 —logx
we conclude that

liminf H(z) > iy
z—0

Now ¢ — 0 yields that lim i(I)lf H(z) > 1. Consequently lim,_,q H(x) = 1.
r—r
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12388. Proposed by Antonio Garcia, Strasbourg, France. Let a be a real number. Evaluate

f’” (Inx)? arctan(x)
0

1 —2(cosa)x + x?

Solution to problem 12388 in Amer. Math. Monthly 130 (2023), 385
Raymond Mortini and Rudolf Rupp

For a € [0, 27], let

o0 2
I(a) = / (log x)* arctanx
0

x.
1 —2xcosa+ x2
We prove that
o0 — _
7r,a @ —a)(r—a) if0<a<2m a#m7
sina 12
3
I(a) = a ifa=0ora=2r
3
T if a =m.
12

If a is arbitrary, we replace a by a — 2kw, where k € Z is chosen so that 2km < a < 2(k + 1)7.

First we let "disappear” the arctangent: the substitution u = 1/x, dv = —1/u? and the
formula arctan(1/x) + arctanx = /2 for = > 0 yield

Ia) = /Ooo (log u)? (% — arctan u) du - /Ooo (log )2

S .t
172%cosa+# u? + 2 1 —2zcosa + x2

dx,

and so

Ia)=" /0 T (logz) dz.

4 1 — 2z cosa + z2

Using again the transformation v = 1/x, we obtain that

1 2 00 2
1 1
/ (log ) dx:/ (log ) i,
o 1—2zcosa+ z? 1 1—2zcosa+ a2

1 2
7r (log x)
I(a) = = dx.
[(a) 2 /0 1—2xcosa+ 2 l]
Next we use that for a ¢ {km : k € Z}

1 A A

and so

1—2xcosa+a2 x—ela g—eia’
1
where A = —

. Hence, in that case,

I(a) = 2Re (f A /0 " (log)? da;)

2 T — ele

1 2
1
_ T Im/MdI
2sina 0 T —ew

, L 2
= _T Im(_em)/ _(logz)®
0

2sina 1—zeia

2sina
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Since Y o ;2™ (log z)? is an L'(0,1)-majorant, we have [ > =3 [. Thus

o0 1
_ 7 —ia(n+1) 2 )
I(a) = Ssna Im (7;)6 tatn ; 2" (logz)” dx ).

By twice partial integration,

1
2
(1 2 = .
/Oz (log x)* dx CFEE

We conclude that

v = 2 T ~=sin(n +1)a
I — _ I ( ia(n+1) ) — )
(a) 2sina Ze (n+1)3 Z

o sina <= (n+ 1)
Let
=, sin(n + 1)a
h(a) =Y .
= (n+1)
Then
=, cos(n + 1)a
hl(a) = Z W
n=0

Since $7% 4+ 437 | <SPL s the Fourier series of the function (z — )2, 0 < & < 27, extended
2m-periodically, we see that for 0 < a < 2,

(l—7'('2 7T2
h/(a):( ) _

As h(0) = 0, we deduce that for 0 < a < 2,

12 12 12 12
Consequently, for 0 < a < 2w, a # 7,

h(a) = (a—m)3 B ﬁa ™ a3—37ra2+27r2a.

a (2r —a)(m—a)
I(a) = .
@ =7 G 12
(log 33)2 . . . (log x)?
Now let a, \, 0 and f,(a) := TR Fpv—— As f, is positive and increases to T=n)7

we deduce from Beppo-Levi’s monotone convergence theorem that I(a,) — I(0). Hence I(0) =
73 /6.

Moreover, I(b,) — 7{—; as b, / w. This is also the value of

o ! (logz)?
I(ﬂ)fgfo mdm

Just write
logz)? el e
((1+:v))2 = Z(—l) a1t (log x)?,
n=1

and use again that [ > =" [. Finally, I(27) = I(0) = n3/6.
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12380. Proposed by Dorin Mdrghidanu, Alexandru loan Cuza National College, Corabia,
Romania. Let m, n, and p be positive integers, and let a, b, and ¢ be nonnegative real
numbers witha 4+ b + ¢ = 3. Prove

’{fa+,"p‘b+ e+ 'yb+\"fr:+ a + \"J#c+{'fa+ Ub < 31+ V2,

and determine when equality occurs.

Solution to problem 12380 in Amer. Math. Monthly 130 (2023), 285

Raymond Mortini and Rudolf Rupp

Lemma Let f, g, h be positive increasing functions on [0, oo satisfying for every ; > 0 and
0 <t; <1with 3 7, t; =1 the concavity inequality

n n
(19) F(3tiw) = Y tif()
j=1 j=1
and similarily for g, h. Let My, P; € [0, 00[x [0, 00[. Then the function G given by

G(Mz) := G(x,y) := f(z +9(y))

also satisfies
n n
G( > tij) >N t,G(Py),
j=1 j=1
Similarily, if M3, Q; € [0, 00[x [0, 00[x[0, co[, then the function H given by

H(M3) = H(z,y,2) == f(z + g(y + h(2)))

satisfies

H(En:thj) > En:th(Qj)o
j=1 J=1

Proof

G(itjxj,f:tjyj) = f(f:tj%'*g( i)
j=1 J=1 !

J Jj=

—

3

n

f(thxj + thg(yj))
j=1 j=1

= f(th(xj +9(yj)))
j=1

v

3

> tif(x+ g(yy))

Jj=1

= itjG(Pj)-

Y%
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Now applying this, we get

n

H(zn:thj) = f(thjJrg(thyﬂLthzj ))
j=1

> f(Zt x; +thg(yj +h(zj))>
j=1 j=1

= f(ztg(l“j +9(y; + h(zj)))
j=1

> Zt Flaj + gy; + h(z))))

= thH@j).

Now we are ready to give the solution to the problem. Let

S(a,b,c) == W\L/(H— WJr ”\”/b+ Vet Ya+ \et+ Va+ Vb

For M := (z,y,2) € R3,z,y,2 >0, let

FO1) = ) = ot iyt 05

By Lemma, for P := (a,b,c), Q = (b,c,a) and R = (¢,a,b) we have

(20) SUEI+ Q)+ 1) < 7 (PR,
Since a + b + ¢ = 3, we deduce that

fP)+ f(Q)+ f(R) <3-f(1,1,1) zgm

In case mnp > 1, at least one function /z for r € {m,n,p} is strictly concave and we have
strict inequality in (19) whenever not all the z; are the same and 0 < ¢; < 1. The proof of
the Lemma in particular then yields that equality holds in (20) only if P = @ = R, and so
a =b=c. Thus, due to a + b+ ¢ = 3, we deduce that a = b = ¢ = 1. Hence

S(a,b,c) =311+ V2
if and only if (a,b,c) = (1,1,1).

If m =n=p=1, then f(M) is linear in R*, and so for all a,b, ¢ with a + b+ ¢ = 3 we have
equality:

S(a,b,c) =3(a+b+¢c)=9=3711+ V2.
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12372. Proposed by Ovidiu Furdui and Alina Sintdmdrian, Technical University of Cluj-
Napoca, Cluj-Napoca, Romania. For ¢ > 0, evaluate

Il_r:r_l__cr
jnlr ( i}ld
0 X

Solution to problem 12372 in Amer. Math. Monthly 130 (2023), 187
Raymond Mortini and Rudolf Rupp

For a > 0, let I := -
singularities at 0,1/2). V\?e show that
a®+2
12a
To this end, we first note that z* < (1—2)® if and only if 0 < 2 < 1/2. Hence, by substituting

x — 1 — x in the second integral

I=—

1/Qlog((l—ac 1/210g 1—3;) )
I = d d
J “/0 :
_ /1/2 log ((1 — a)” dg; . /1/2 log ((1 — x) — %) i
0 X 0 1—2x

B 1/210g((1—av) —z%) .
- e

/1/2 log (1 - (—Z)a) + alog(l — x) ;

0 z(1—x)
Next We substitute z/(1— x) = y. Equivalently, = y/(1+y). Note that 0 — 0 and 1/2 — 1,
dyand 1 —x = ﬁ Hence

;o= / log(1 — y%) — a log(1 +y) 1 .
0

(lfyﬂ (1 +y)2

1 _ .
]:/ 110g<15”> de
0oz (1+z)°

Using partial integration for f;i with «’ := 1/2 and v = log ((1+ac)“)’
limits €,7 — 0, we obtain

dr = gy

Consequently,

and passing to the
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Note that I has the form I = [ Y. Now let us calculate J := 3" [.

To do this, we apply for § > —1 the formula
1
1
B _
z’logr de = ————,
/0 (B+1)?

winicn can easi € obtalne artial mtegration v = logx,v = I ). ence
hich ily be obtained by partial integrati logz,v' = zf). H

1 & 1 = 1
_ n+1
ey o = —@ X e T LV
n=0 n=0
1 72 72
(22) = 2% 1
a?+2
(23) T T 122 T

To finish the proof, we need to show that [ > =3 [. As the summands in the first sum
ZZOZO 221z Jog x do not change sign, we may use Beppo-Levi’s theorem. In the second sum,
Zzozo(fl)”x” log z, we have absolute convergence, in particular any rearrangement converges
(to the same function), and so we apply Beppo-Levi to the sum over the odd integers and the
sum over the even integers. Thus [> . . =>_ [ and [ 40 = Ypaq ) Similarily to

(21), it can be shown that the values of > ., [ and >"_ [ are finite. Hence

[s-ss-xf /5]

even even
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12375. Proposed by Hongwei Chen, Christopher Newport University, Newport News, VA.

Let
oo 1 n
I, :f (1 — x?sin? (—)) dx.
0 X

Problem 12288 [2021, 946] in this MoNTHLY asked for a proof that I = z /5. Prove that
I, is a rational multiple of = whenever n is a positive integer.

Solution to problem 12375 in Amer. Math. Monthly 130 (2023), 77
Raymond Mortini

A change of the variable x — 1/x yields that

[eS) n o) 2 Gl \n
J :z/ (1 — 2% sin? <1>) dx :/ @2& dx.
o T 0 €T n+2

Now we ”linearize” the trigonometric powers: using sin®z = (1/2)(1 — cos 2z), we obtain

J 1/00 (2% = 3 + g eos(22))"

2 r2n+2

— 00

L[> 1 <(n\1l/, Lyn=i .
— 0o =0

Noticing that

1~ [
cos’ (2) 2]2()(308 (j — 2k)x),

k=0
we finally obtain that with [ :=2J

= / szm pe(w) cos(20z) dz

> y—0
where py is a polynomial of degree at most 2n and with rational coefficients.

Next we consider the functions
n

f(Z) — Z Zgn% pz(z)e%&

=0
and
_ p(2)
F(Z) T f(Z) - 22n+27
where ;;(—i)? = ZZSQQ + L is the principal part of the meromorphic function f. Note that

degp <2n+1,degg<2n,and r € Q+1:iQ.

In particular F has a holomorphic extension to the origin, hence is an entire function.
Therefore fr z)dz = 0, where T" is the boundary of the half-disk |z| < R, Im z > 0, consisting
of the half circle F r and the interval [—R, R]. Hence, by letting R — oo and taking real parts,

0 = Re lim F(z)dz+ I

R—o0 Tr

By Jordan’s Lemma, lim supp_, ‘ fFR emzdz‘ < 0o. Hence, by noticing that the differences
of the degrees of the polynomials in the denominator and numerator if f is bigger than 2,
lim F(z)dz=04+0+ lim Ldz=irm.
R—o00 'r R—o00 I'r %

We conclude that the value of the original integral J is rational.
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12362. Proposed by Antonio Garcia, Strasbourg, France. Evaluate

n
dx.

lim

"_}Dofo (ﬁms x)" + (ﬁsin_r)"

Solution to problem 12362 in Amer. Math. Monthly 129 (2022), 986
Raymond Mortini

We reduce the present problem to Problem 12340, telling us that for each f : [0,1] — R
continuous,

1
..n fx) T 1
24 lim — —— —dr=— — .
24 nvoo 21 0o "+ (1 —a)" ! 4f(2>
First we note that one may replace of course n by ¢, t — co. Later we shall take t = n/2.
As a result we obtain

n s
do = =

25 li "
(25) retoo /0 (ﬁcosx)n + (ﬂsinx)

To see this, let u := sinz. Then, dz = (1 — u?)~/? du and so with

i dx

/2
/0 (\/icosx)n + (\@Sinx)n 7

1, =

we obtain

1 2y-1/2
1
I,=n / ( u’) dx
0 on/2 (1 _ u2)n/2 + on/2 (u2)n/2

Now let 3 := u?. Then du = ﬁ dy, and so

_ /1 y~1/2(1 — y)~1/2

2.9n/2 o (l_y)n/2+yn/2

Let g-(y) = (y +¢)"/2(1 —y +&)~"/? and g := go. Then

1
n 9=(y)
26 dy < I,.
( ) 92.9n/2 /0 (lfy)n/2+yn/2 Y=

Next we estimate from above. Let z € [0, 1] satisfy | — 1/2] > 4, where § > 0 is small. Then,
fort>1,

L,

ot (1—2)t > (1/2+0)" + (1/2 - 6)".

Hence
t 1 t

— <
2t gt + (1—xz)t — (1+25)+ (1 —20)
Now for € > 0, choose § so small that |g(x) — g(1/2)| < € for |z — 1/2| < §. Then
t ! t 1/2
= e 9(z) ; dx o 7f( / )+€t dermt/ g(x) dx
2t Jo ot +(1—x) 28 Jjz—1/21<s 0+ (1 — ) le—1/2|>6

t [t og(1/2) +e¢ T
27 ), md$+mt”9||l P 1(9(1/2)"‘5)'

=my —0ast— o0

IN

<
Together with (26), we obtain that
% g:(1/2) < liminf I, < limsup I,, < %(9(1/2) +e).

Hence, by letting ¢ — 0,
lim I, = Z 9(1/2) = /2.
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12347. Proposed by Marian Tetiva, Gheorghe Rosca Codreanu National College, Birlad,
Romania. Let a and b be real numbers with 0 < a = 1 < b. Find all continuous functions

f: R — R suchthat f(0) =0and f(f(x)) — (a+b)f(x) +abx =0forallx € R.

Solution to problem 12347 in Amer. Math. Monthly 129 (2022), 786
Raymond Mortini

We show that on R there are exactly 4 continuous solutions to the functional equation

(27) f(f(@)) = (a+b)f(x) + abr =0,
whenever f(0) =0 and 0 < a < 1 < b. Namely

ar ifz <0
bx ifxz>0

br ifz<0

Fi(z) = ax, Fy(z) = bz, F3(x):{ ar ifz>0

and F3(z) = {

It is easy to check that F} are solutions. Now suppose that f is a solution.
1) f is injective: let f(x) = f(y). Then
abr = —f(f(z)) + (a+b)f(z) = =f(f(y)) + (a+b)f(y) = aby

and so x = y.

11) f is strictly increasing: monotonicity implies that M* := lim, ,1. f(z) exists in
[~00,00]. Now M™% cannot be finite, since (1) and continuity would imply that f(M*) —
(a+ b)M* + 400 = 0, which is impossible. But M+ # —oo, either, since otherwise

f(f(z)) +abx = (a+b)f(x) = —o0 as © — oo,
and so lim f(f(z)) = —oo. Hence, with y := f(z) — —o0, we deduce that

lim f(y) = —o0 = lim f(a),

Yy——00 T—00
contradicting the monotonicity of f. We conclude that f is strictly increasing, f(x) > 0 for
x>0, f(z) <0 for x <0, and lim, o f(x) = —00, lim,_,o f(x) = o0.

111) The inverse h := f~! : R — R satisfies the functional equation

(29) () = (5 +3) o+ 35 v =0.

Just take x := h(h(y)) in (27) and note that ho f = f o h =id. Then

y — (a+b)h(y) + ab h(h(y)) = 0.
Now divide by ab. We also deduce the following identity:
(29) [f(y) — ay] +ab[f~(y) = (1/a) y] = 0.
In particular f~! is increasing, too.
iV) The only fixed point of f is 0: let f(s) = s. If s # 0, then, by (27) s — (a+b)s+abs = 0.

Thus 1 4+ ab = a + b, or equivalently, b(a — 1) = a — 1. That is, b = 1 (since a < 1). A
contradiction. We conclude that for z > 0 either f(z) < z or f(z) > z for every x > 0.

V) Let f, := fo---o f be the n-th iterate of f °.
—

n-times

5 We never use the exponent n to designate the n-th iterate when working with functions, as the
risk to mix it up with the n-th power is too big.
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e Suppose that there is g > 0 such that f(z¢) < zg. Then f,(z) — 0 for every z > 0.
Indeed, by iv), 0 < f(z) <  for z > 0. Hence

fra(@) = f(fu(2)) < ful2)

and so M(z) = limy,_o0 fn(z) exists for every z > 0. Plugging f,(x) into the functional
equation (27), yields

M(x) — (a+b)M(z) + abM(z) = 0.
Consequently, M (x)(1+ab—(a+b)) = 0. But 1+ab—(a+b) = (1—a)+b(a—1) = (1—a)(1-b) # 0.
Hence M (z) = 0.
e Suppose that there is ¢ > 0 such that f(xg) > xg. Then, by iv) f(z) > = for every z > 0
and the sequence (f,(x)) of iterates is increasing for each x > 0. As its limit M (z) can’t be
finite, in particular not 0, we see that lim,_,« fn(2) = oo for every z > 0.

Vl) For each = € R we obtain the following three terms difference equations:

fn+2(x) - (a’ + b)fnJrl(x) + abfn(x> =0,
with initial condition fy(x) := x and fi(z) := f(z).
The associated characteristic polynomial is p(z) = 2% — (a + b)z + ab, which has as roots a
and b. Hence, there exist real coeflicients A, and B, depending on the initial value z such that

(30) fu(x) = Aga™ 4+ Bb".

If f(z) < « for every > 0, then lim, f,(z) = 0 implies that B, = 0, because b > 1 and
0 < a < 1. Hence f(x) = Aza. As the initial value fy(x) equals z, we deduce from (30) that
A, = z. Thus, for z > 0, f(z) = axz whenever there exists ¢ > 0 with f(z¢) < xo.

If f(z) > x for every z > 0, then & > f~!(z) (note that by iii) h := f~! is increasing).
Hence, the difference equations,

1 1 1
(31) hn+2(l‘) — <a + b) hn+1(217) + % hn(x) =0
with initial values ho(x) = = have for x > 0 the solutions
1 1

for real coefficients C, and D,. Using (31), we see as above that lim, . h,(x) = 0. Hence
Cp = 0. Thus h(z) = hi(z) = Dy 3. As ho(z) = x, we deduce from (32) that D, = x.

To some up, f~(x) = h(z) = /b and so f(z) = bx for every z > 0 whenever there exists
xo > 0 with f(l'o) > xg.

Vll) The case for negative arguments follows from the observation that if f is a solution to
(27), then the function g given by g(x) = —f(—=) is a solution, too:

9(9(a)) — (a4 b)gle) - abe = —f(—f(~a))+ (a+b)f(~z) + abe
- - (f(f(—x» (@t D)f(-) + ab(—x>) 0.
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12340. Proposed by Antonio Garcia, Strasbourg, France. Let g : [0, 1] — R be continu-
ous. Prove that

1
lim —j Ldr =Cg(1/2)
o X"+ (1—x)"

for some constant C (independent of g) and determine the value of C.

Solution to problem 12340 in Amer. Math. Monthly 129 (2022), 686
Raymond Mortini and Rudolf Rupp

As g :[0,1] — R is continuous, ||g||cc = max{|g(z)]|: 0 <z < 1} < co. Let

[ Yog(a)

We claim that lim, o I, = (7/4)g(1/2).
To see this, we split the integral into two parts and use two different change of variables:

dx.

1/2 1
Lo~ 9(z) dz 4 9(x) de
r=:1-= r=13+5
n 1 s n 1 s
1_ s 1 5+ 5= 1
- [T e g [ s
2" Jo (53—325) +(5+3;) 2 2 Jo (g )"+ (3 —g3)" 2n
_ 1/”g<§—;,,>+g(§+2;) i
2/ Q=2+ @Q+2)

Note that n +— (14 )" is increasing; so the integrand is dominated for s > 1 by
[lgloo s
— < 4s™°.
iy s < lollets
Hence, as n — oo,
. 1 *  ds

eS

- o) [
= g(1/2)[arctanes]go =9(1/2) (E _ %)

2
= T9(1/2).

Generalizations appear in [8].
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12338. Proposed by Istvdn Mezd, Nanjing, China. Prove
@ cos(x) — 1 1
f costr) — 1 dx = 3 In(r csch(r)).
0

x (ef —1)

Solution to problem 12338 in Amer. Math. Monthly 129 (2022), 686
Raymond Mortini and Rudolf Rupp
Let f(x) := m and I := [° f(x)dz. Note that lim,_,o f(z) = 1/2, that f is bounded,
and that the integral converges (absolutely). Using the Laplace transform of f, we are going

to show that
Vs

I= %log (sinhﬂ') '
F(s):= /0OO e % f(x)dx

Also this integral converges absolutely and uniformly in s > 0, as the integrand is dominated on
[1, 00 by 4e~*. Moreover, F is continuous on [0, oo with F(0) = I. Now, by a similar reason,

G(s) = — /O " e f(2)da

is absolutely convergent, as the integrand is dominated on [1, co[ by 4ze~*. Hence F'(s) = G(s).

Moreover, by considering for 2 > 0 the geometric series for (1 —e™%)~1,

© —(s+1)z
G(s) = f/ eliﬂ(cosxfl dxf/ Ze (sH14+k)z(1 _ cosz) da.
0 — e

As all the summands are positive, Beppo Levi’s monotone convergence theorem for Lebesgue
integrals implies that [>~ =" [. Hence, by using that for a > 0

e a
e *ceoszdr = 5—,
0 a*+1

So let

we obtain

= [ = 1 s+1+k
— E : —(st1+k)z (| _ de — B
G(s) k_o/o ¢ (L= cosz) du kz—0(8+1+k (s+k+1)2+1)

oo

n=k+1 1
B ;(s+n>3+(s+n)'

The convergence being absolut and uniform on [0, o[ (a majorant is given by Y oo, n™3), we
can integrate termwise to re-obtain F. Note that a primitive P of G on [0, oo] is given by

s+n
ds = lo
Z/ 5+n3+ (s+mn) Z SV CESD R (s+n)2+1

- _721 Sl_—tn Zlog( s—i—ln))

Now F' = P + ¢ for some constant ¢. Since P is uniformly convergent, it easily follows that
lims oo P(s) = 0 (just take a tail uniformly small, and use that the limit of the remaining finitely
many summands is 0). But also lim,_, F(s) = 0, because |F(s)| < ||f]loo [5~ € = || f]loo/5.

P(s)

1 o 1
Hence ¢ = 0 and so F(0) = ~5 g log (1 + 2). Next we use that
n
n=1

o0 2
sinh(7z) = 7z I | (1 + 22) .
n

n=1
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So,
. Nt 1
log sinh(7) = log 7 + Z:llog (1 + n2> .
Hence 1 1 1
T
F(0) =1 = —=logsinh -1 = -1 .
(0) 5 og sinh(m) + 5 ogmT 5 og .
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12338. Proposed by Istvdn Mezd, Nanjing, China. Prove
@ cos(x) — 1 1
f costr) — 1 dx = 3 In(r csch(r)).
0

x (ef —1)

A different solution to problem 12338 in Amer. Math. Monthly 129 (2022), 686
Raymond Mortini and Rudolf Rupp

Let [ := / ST We show that
o x(e®*—1)

1 T
I=21 ( )
2 8 sinh 7

Recall that N = {0,1,2,...}. First we develop for z > 0 the integrand into a double,
absolutely convergent series (so this is independent of the arrangement):

( ) cost — 1 cosx — 1 e i (_1)n 2n—1 f: —kx i i (_l)n 2n—1 —kx
xXr) = = = T e = T &
g z(e® — 1) x l—e® (2n)! (2n)!
n=1 k=1 k=1n=1
=agn
_ i i 1 xQn—l e—k:w _ i i 1 x?n—l e—kw
(2n)! (2n)! '

k=1n even k=1n odd

Note that lim, o g(z) = 1/2, but that both absolutely convergent double series at the right
vanish at 0. Beppo Levi’s monotone convergence theorem for Lebesgue integrals applied twice,
gives

. T P

As the calculations below show, the sums Y., 44 [ lakn| and >, . .. [|akn| converge for
k > 2, but diverge for k = 1, though Y, [ a1, converges. Moreover, > ;<5 >, .qq ) and

Zkzz > oven | are finite; hence (by (33)) ,

(3) Yy [-/ey

k>2 n k>2 n

So, at the end, by adding in (34) the term Y, [ a1, respectively [ > a1, (which coincide,
too; see addendum) we see that

/ k n n k /
To complete the calculations, we use that for m € N and k& € N\ {0},

o0
/ zme M dy = m! kML
0

Hence
2 ()7 /°° etk o (—1)" (20— 1)
"t eV dy = =
22 Gy Jy 22 G
(N D) 1 1
Z(Z o k2n - QZIOg 1+k2 ’
k=1 \n=1 k=1

where the last identity comes from the fact that for 0 <y <1

hy) =) (;;)ny% = —% log(1 +y?)
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(note that for y = 1 there is no absolute convergence). Next we use that

o0 2
sinh(7z) = 7z H <1 + ;2) .

n=1
So,
. — 1
log sinh(w) = log 7 + Zl log (1 + 712> .
Hence ! 1 1
71'
5 logsinh(r) + 5 log m = 5 log =
Addendum
° _,cosx —1 = (=) 1
35 J = Tre——dx = = ——log2.
(35) /0 ¢ T “ ; 2n 2 ©8
First we note that, as above, > [a1, = >0 (_213 = —1log2. To show that J =
—1log 2, we interprete this as the Laplace transform L( )( ) of the function ¢(z) = (cosx—1)/x
evaluated at s = 1. By a well-known formula, if L(F(t))(s) = f(s), then
Lia)(s) = / fu
where - )
= “Heost —1) dt = .
£(s) / e eost — 1) dt = ——
Hence L(g)(s) = —3log(1+ s72) and so J = L(q)(1)) = — 3 log2
Another way to calculate the Laplace transform J(s) := L(q)(s) of g is to take derivatives:

J'(s) = —/ e ' (cost — 1)dt = f(s).
0
Note that & [ = [ 4L since both integrands are locally (in s) dominated by L*[0, co[ functions.

Remark This integral J appears also on the web, see [38].



12312. Proposed by Martin Tchernookov, University of Wisconsin, Whitewater, WI. Find

all continuous functions f : [0, 00) — R such that, for all positive x,

£&) (f(x) - i f N0 dr) = (Fo — 1)~
0

Solution to problem 12312, AMM 129 (3) (2022), p. 286

Gerd Herzog, Raymond Mortini

’ We show that the constant function 1 is the only solution
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Let y = y(z) := [; f(t)dt and suppose that the continuous function f : [0, 00[— R satisfies

on ]0, 00|

) (@)= 1 [ i) = (760 - 17
Then
(36) y (2 - %) >1for z > 0 and y(0) = 0.

Note that this implies that 3’(0) = 1, because, by letting = — 0,
y(0)2-y'(0)21 < (y'(0)-1)*<0
Let the function w : [0, 00— R be given by

y@
w(m)::{w ifz>0

y'(0) ifx=0.
Then w € C([0,00[) N C1(]0, 0[). We claim that
(37) w(z) =1 for every x > 0,

from which we conclude that y(z) = z and so f(z) =3/'(z) =1 for x > 0.

To see this, note that by (36), w(x) # 2. Since w is continuous on [0, o], w(0) = 1, and w

does not take the value 2, we have that w(x) < 2 for each « > 0. Hence, for z > 0,

, _oay(e) —yle) 1 1
w'(z) = p. zx(Q_w(x) ())
_ 1 (A-w@)?
(38) o 2—w(x)

Thus we may deduce from (38) that w’ > 0; that is w is increasing °.
Now suppose that (37) is not true.

Case 1 There is zp > 0 with w(zg) < 1. This is not possible, though, as w is increasing,

but w(0) = 1.

Case 2 There is 2p > 0 with w(xp) > 1. As w is increasing, w > 1 for > xy. Note that

we already know that w < 2. Since the map ¢ — (12:tt)2
(38) that for x > xg

Hence, by integration, for x > xg,
w(z) > w(xg) + clog(x/xg) = oo (x — 00).

An obvious contradiction.

6

in the weak sense; or funnily called nondecreasing, a very ambiguous word.

is increasing on [1, 2[, we deduce from
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- - w o

12308. Proposed by Cezar Lupu, Yanqi Lake BIMSA and Tsinghua University, Beijing,
China. What is the minimum value of fol (f’('.wr))2 dx over all continuously differentiable
functions f: [0, 1] — IR such that fol f(x)dx = fol X2 f(x)dx =17

Solution to problem 12308, AMM 129 (3) (2022), p. 285 , by
Raymond Mortini

We show that the minimal value is given by 105/2 and is obtained by the polynomial
f(z) = —105/16x* + 105/8z% — 33/16

Let p be any polynomial. Then, by Cauchy-Schwarz,

([ ) = ([ ) ([ 7).

A primitives of f'p is given by fp — [ fp'dz. Now choose p so that p(0) = p(1) = 0 and
p'(z) = az? + B. To this end, put

p(z) = ax(z* - 1).

Then
1 . 1
I ::/ flpde = fp}o f/ f(3ax? — a)dz = —3a+a = —2a

0 0

Moreover,
/1 2d$_d2/1($6+x2—2x4)d:ﬂ—a2 1—4—1—2

0 b B 0 B 7 3 5)°

Hence

4a” 105
[Pz > 5y =
/ @?(z+5-3) 2
Equality in the Cauchy-Schwarz inequality is given whenever f’ = p. Thus

f(z) = e

4 2
Now a and ¢ have to be chosen so that [ f = [2?f = 1. This yields the linear system
—T7a + 60c = 60

—27a 4 140c = 420
whose solution is a = —105/4 and ¢ = —33/16. Consequently
f(z) = —105/162* 4 105/8z* — 33/16.

Note that 105
f'@)? = (- =@ - 1)
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12326. Proposed by George Stoica, Saint John, NB, Canada. Let f : R — R be a con-
tinuous function such that, for every fixed y € R, f(x + y) — f(x) is a polynomial in x.
Prove that f is a polynomial function.

Solution to problem 12326, AMM 129 (5) (2022), p. 487
Raymond Mortini, Peter Pflug, Amol Sasane

By considering the symmetric function p(z,y) := f(x +vy) — f(z) — f(y) we get from the
assumption that as well p(-,y) and p(z,-) are polynomials in their variables separately. Hence,
by [39], p(x,y) is a polynomial.

Case 1 f € C*(R). Write p(z,y) = > a; jz'y’ with symmetrical coefficients and ago =
—f(0) (the sum being finite of course) If we take y = 0, then for all

—f(0) = f(x +0) = f(z) = £(0) = aoo + ) asor".
Hence a;o = 0 for all ¢ > 1. Due to symmetry, we also have ag; = 0 for all j > 1. Thus we
have only coefficients a; ; for 4, j > 1. Consequenlty
z+y)— flz) - — f(0 i il
He )= 0) = () = SO _ 5 i

1,521
As f is assumed to be differentiable, we may take y — 0 and get
f(x)— f(0) = Zamxi.
i>1
Integration yields

z+l
f(x)_f( _l'f Zall +1

i>1
Thus f is a polynomial.
Case 2 f € C(R). Let F(z) := [ f(t)dt be a primitive of f. Then with

G(z,y) = F(z+y) - Fz) - Fy)

Gley) = /Oﬂy f(t)dt — /Ox f(t)dt — /Oyf(t)dt
s z fly+s)ds — /Ox f(t)dt — /Oy f(t)dt
/(; fly+ s)ds + /Ox (fly+s)— f(s))ds — /y F(t)dt
t=yts /Oyf(t)dﬂr/ow (fly+s)— ds—/ )

= [ pws)ds+ 1we
0
which is a polynomial in z. Again, by symmetry, and the Carroll argument, G is a polynomial.
Hence, by Case 1, F' is a polynomial and so does f = F”.

A detailed analysis of the functional equation f(x +y) — f(x) — f(y) = p(z,y) (and based
on these methods) appears in [5].
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12290. Proposed by Walther Janous, Ursulinengymnasium, Innsbruck, Austria. Find all
analytic functions f: C — C that satisfy

|fx+iv)? = [F @)+ 1 F )

for all real numbers x and v.

Solution to problem 12290 in Amer. Math. Monthly 128 (2021), 946
Raymond Mortini and Rudolf Rupp

We show that all solutions are given by az, bsin(kz) and csinh(kz) where a,b,¢c € C and
ke R.

First we note that any solution f necessarily satisfies f (0)
(ff)(2). Since f, = f' and f, =if, = if’, we see that f,, =
(f)z = fz Hence

— 0. Now let h(z) = |f(2)]* =
(f ) =4(f")z = if"”. Moreover

= 2Re(fuyf) +0=2Re(if"f) = —2Im(f"f).
Now |f(2)|> = |f(x)|* + |f(iy)|? implies that the mixed derivative of the right hand side is 0.

We conclude that Im(f”f) = 0 in C. Let U = C\ Z(f), where Z(f) = {z € C : f(z) = 0}.
Then on U, this is equivalent to

1 5 f//
0:Im<f>—1m< >
7V 7
Thus, a necessary condition for f # 0 being a solution is that f”/f is a real constant )\ The

differential equation f” = Af in C has the solutions az + d if A = 0, or ae¥V>* + Be~ VA= if
A >0, and e’ i/ = +ﬂe*’ﬁ if A < 0. Since f(0) =0, we have d = 0 and 8 = —a. So, with

=V AL,
f(z) = az, csinhkz if A > 0 and csinkz if A < 0.
It is now easy to check that these are solutions indeed (wlog for k = 1):

sin(z +14y) = cos(iy)sinx + coszsin(iy)
67.7:/ + ey . . efy — ey
= ———sinz—icosr————
2 2

= coshysinz + icosxsinhy

|sinz|? = sin®zcosh?y + cos? zsinh?y

= sin?zcosh®y + (1 — sin? z) sinh? y
= sin? z(cosh? y — sinh? ) + sinh? y
= sin?z +sinh?y

= sin®z + | sin?(iy)).

as sin(iy) = isinhy
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12288. Proposed by Sedn Stewart, Bomaderry, Australia. Prove

[(-ru(2)e-

Solution to problem 12288 in Amer. Math. Monthly 128 (2021), 946

| A

Raymond Mortini and Rudolf Rupp

A change of the variable z — 1/z yields that

00 2 00 (2 2 .\2
J:z/ <1—x2sin2 <1>> de/ de.
0 T 0 T

2 — 22%sin? z + sin? .

Note that

(2% —sin® x)? =
Now we ”linearize” the trigonometric powers: sin®z = (1/2)(1 — cos 2x) and
sin® x = (3/8) — (1/2) cos 2z + (1/8) cos 4x. Thus J = I/2, where

- / % +at— a2+ (22 — %) cos(2x) + %COS(ZLI) .
R

26
Next we consider the meromorphic function
3 4_ 2 2 1\,.2z | 1_4iz
gt =24 (27— g)e"" + ge

f(z) = 2

26

Then we add in the numerator the polynomial

that is we consider the function ()
p(z

Note that this polynomial is chosen so that F' has a removable singularity at z = 0 (in other
words, —% is the principal part in the Laurent expansion of f around the origin). Hence
Jr F(z)dz = 0, where T' is the boundary of the half-disk |z| < R, Imz > 0, consisting of the

half circle ' and the interval [—R, R]. Hence, by letting R — oo and taking real parts,

0 =Re lim F(z)dz + 1.

R—o0 I'r

By Jordan’s Lemma, limsupg_,. 5. le?"?||dz| < oo. Hence,

2,5 27
lim F(2)dz=0+0+1i lim Sdz=——.
R—o0 I'n R— o0 T'r z 5

We conclude that the value of the original integral J is 7/5.
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12256. Proposed by Paul Bracken, University of Texas, Edinburg, TX. Prove

f] log(1 + x) log(l — x)
i}

5
. dx = —2£03),

where ¢ (3) is Apéry’s constant y - | 1/n’.

Solution to problem 12256 in Amer. Math. Monthly 128 (2021), 478
Raymond Mortini and Rudolf Rupp

Using that 4ab = (a + b)? — (a — b)?, we obtain

1 1 2 2 1 2 142

log(1 + z)log(1 — log?(1 — lo

4/ 0g(1 + ) log( x>d$:/ M(m_/ LR N Y
0 x 0 x 0 t

For I, we make the substitution 1 — 22 = ¢2. Hence, due to —adx = tdt,

Using that [y =3 [ (Lebesgue), and twice integration by parts,

11742/ e tdt78z . on +2) = £(3).

For the second one, I, we make the substitution ¢t = %w Then z = =% and dz =

1 t+1 dt.

_2
(t+1)2
Hence

® log?t | = /s log? s 9 7
I, =2 dt ds =2 "1 ds =4 =£(3).
2 /1 112 /0 1-s2 Z/ og" s ds Z 2n+1 = 45¢0)
Consequently, 41 = (1 — 1)¢(3) = —2£(3) and so

"log(l+z)log(l—=) , 5
/0 - dx = 85(3).




11684. Proposed by Raymond Mortini, Université Paul Verlaine, Metz, France, and
Rudolf Rupp, Georg-Simon-Ohm Hochschule Niirnberg, Nuremberg, Germany. For
complex a and z, let ¢,(z) = (a — z)/(1 — az) and p(a, z) = |a — z|/|1 — az|.

(a) Show that whenever —1 < a,b < 1,

max ¢a(z) — ¢5(2)| = 2p(a, b), and
max |¢,(2) + ¢5(2)] = 2.
(b) For complex «, 8 with |¢| = |8] =1, let

m(z) = Mg pap(2) = lag.(z) — Bds(2)].

Determine the maximum and minimum, taken over z with |z]| = 1, of m(z).

original statement
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Given a,b,a, f € C with |a| < 1, |b] < 1 and |a| = |8] =1, let p,(2) = (a — 2)/(1 — @z) and
p(a,b) = |a —b|/|1 — ab| the pseudohyperbolic distance between a and b.

i) Show that whenever a,b € ] — 1,1],

and

M~ = max |pa(2) - p4(2)| = 2p(a,b)

|z[<1

Mt = . lea(z) + @u(2)] = 2.

ii) Determine

and

M= = lopa (2) — B (2)]

m := min |, (2) — Bes(2)].

|z]=1

Solution to problem 11684 AMM 120 (2013), 76
Raymond Mortini, Rudolf Rupp

i) That MT = 2 is easy: just take 2 = 1 and evaluate:

lea(l) + (1) =] —1—-1] =2.

Since M+ < 2, we are done.

ii) We first observe that ¢ is its own inverse. Let ¢ = (b—a)/(1—ab) and A = —(1—ab)/(1—
ab). Since ¢y is a bijection of the unit circle onto itself,

e lapa(z) — Beos(2)] = e |aBpa(pp(2)) — 2| = s |aBA@e(2) — 2.

The same identities hold when replacing the maximum with the minimum.

Put vy := af\ and let —7 < argy < 7. For |z| = 1 we obtain

where

HG) 1= hoo®) -2 = [ 22 -
1—cz

1—=cz

w
:")’ +1‘:"7+1)7
w

1
w=1—cz=1—c—.
z
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If z moves on the unit circle, then w moves on the circle |[w — 1| = |c|. Let w = |w|e®.
Then (see figure 5) the domain of variation of 6 is the interval [—0,,,6,,] with |0,,| < 7/2 and
sin6,, = |c| = p(a,b). Now

H(z) = |ve* + 1] = 2| cos(252 +0)|.

Hence,
M= lmlax H(z) = 2max{| cos(*5* 4 0)| : || < arcsin(p(a, b))}
z|=1
and
m = ‘rrlunl H(z) = 2min{]| cos(*52 4 0)| : |§] < arcsin(p(a,b))}.
=
In particular, if a,b € | — 1,1[ and o = 8 = 1, then v = —1, and so (using the maximum
principle at *)

M- = max H(z) = 2max{|sind| : |§| < arcsin(p(a, b))} = 2p(a, b).

||
Ifa,be]—1,1]and a = 1,8 = —1, then v = 1, and so
Mt = |m|axH(z) = 2max{|cosf)| : || < arcsin(p(a, b))} = 2.
z|=1

We note that m = 0, that is H(z9) = 0 for some zg with |z9| = 1, if and only if y¢. has a
fixed point on the unit circle (namely zg). This is equivalent to the condition |cos(*57)| < |c|.
Moreover, M = 2 if and only if |sin(*=52)| < |c|.

FIGURE 5. The domain of variation of arg w

Solution by the proposers.
(b) Observe that ¢, is its own inverse. Let ¢ = (b — a) /(1 — ab) and let

1—ab

h=— .
1—ab

Since ¢, is a bijection of the unit circle onto itself,

max g, (z) — Bés(2)| = max laBo.(¢s(2)) — z| = max laBrd.(2) — z|.

lzl=



The same identities hold when the maximum is replaced by the minimum. Put
y =afi,andlet —m < argy < w.For |z]| = 1, let H(z) = |p¢.(z) — z|. We have
z(-::E—l)_ il 1—ecz

H)=ly ———-z|=|y — —1‘=|yi+]
1—¢z T 1—ez w

L]

where w =1 — ¢z = 1 — ¢/z. As z moves around the unit circle, w moves around the
circle |[w — 1| = |¢|. Write w = |w|e™. Note that 6 varies on the interval [—8,,, 6,1,
where |6,| < /2 and sin8,, = |c| = p(a, b). Now

H(z) = |ye* +1| = Z‘tzus(mgy +8)‘.

Hence

ll'glf?]{ H(z) = Zmax”ms (ar'iy —I—G)‘ c|E] = arcsinp(a,b)l» (%)

and
ImjrllH(z) = 2min ”cus (% +G')| : |8] < arcsin p(a, b)] .
zl=

(a) Specialize (*) by taking @, b € (—1,1) and @ = 8 = 1, so that y = —1. By the
maximum principle, the maximum on the disk is achieved on the boundary, so

H:llij_}flfi?u(Z) — #,(2)] = 2max {|sin@| : |0| < arcsin p(a, b)} = 2p(a, b).

For the other part of (a), instead specialize (*) by taking a, b € (—1,1) and @ = 1,
B = —1, sothat ¥ = 1. This gives

max 4, (z) + ¢, (2)| = 2max {| cosd] : 0] < arcsin p(a, )} =2

Also solved by P. P. Dilyay (Hungary) and R. Stong. Part (a) only by A. All, D. Beckwith, D. Fleischman,
0. P. Lossers (Netherlands), and T. Smotzer.
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11584. Proposed by Raymond Mortini and Jéréme Noél, Université Paul Verlaine,
Metz, France. Let (a;) be a sequence of nonzero complex numbers inside the unit
circle such that [, |ax| converges. Prove that

00 2
il—la,;lz R e 1 Y1
_ %) .
o= a; ]_[J-zl laj|
Solution to problem 11584 AMM 118 (2011), 558

Raymond Mortini, Jérome Noél

By the Schwarz-Pick inequality, % < 1 for any holomorphic self-map of the unit

disk. Then, if we let B be the Blaschke product

H ‘an‘ -
an 1 — Ap 2

n=1

associated with the zeros (a,), we get:

/
Ol _,
1—[B(0)]>
But
(2) i 1-— |a]\2
(2) — ( )a; — 2)
Hence

oo 2
S L-lol| _1BOI 1= 1BOF _ 1T el
= @ 1B(O)| = [B(0)] I1;=1 lay]
Motivation for posing this as a problem to AMM: We are interested in a direct elementary
proof.
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11578. Proposed by Roger Cuculiére, Clichy la Garenne, France. Let E be a real
normed vector space of dimension at least 2. Let f be a mapping from E to E, bounded
on the unit sphere {x € E: |x|| = 1}, such that whenever x and y are in E, f(x +
f(») = f(x) + y. Prove that f is a continuous, linear involution on E.

Solution to problem 11578 in Amer. Math. Monthly 118 (2011), 464
Raymond Mortini

Lemma 2. Let 0 < ||z|| <1 and s € S. Let s’ be the (second) uniquely determined intersection
point of the half-line starting at s and passing through x with S. Then the map @ : S —
[0,00], s+ ||z —s]||/||x = §'|| is a nonconstant continuous map.

Proof. @ obviously is continuous. If we suppose that @ is constant k, then this constant is
necessarily 1 (just interchange s with s’). Now z = (1 —t)s +ts’. Thus z — s = #(s’ — s) and
x—s =(1—1t)(s—s)and so Q(s) =t/(1—1t). Hence 1 =k = 1. So t = 1/2 Now a/||z||
and —z/||z|| belong to S and with ¢t = (1 — ||z||)/2 we have z = (1 — O+t Sot = 1/2
implies that = = 0. O

IIxH

Lemma 3. The unit sphere S is connected whenever dim E > 2.

Proof. Let x,y € S, © # y. If x is linear independent of y, then the segment {tx + (1 —t)y :
0 <t <1} does not pass through the origin; hence
tr+ (1—t)y
Itz + (1 —t)y]|

is a path joining y with x on S.

If y = Az for some A € R, then we use the hypothesis that dim F > 2 to guarantee the
existence of a vector u linear independent of . Thus v := u/||u|| € S. By the first case, we
may join x with v and then v with y by a path in S. (|

The first step is to show that f(0) = 0.

(1) Let z = 0, y = — f(0). Then f(f(—f(0))) = f(0) = f(0) = 0;

(2) Let z =y = 0. Then f(f(0)) = f£(0);

(3) Lot = = — f(y). Then £(0) = f(~f(3)) +y. With y = 0 this gives £(0) = £(~£(0).
(4) Applying f yields f(£(0)) = f(£(=£(0))) £ 0. Thus, by (2), f(0) =0.
(5) Let x = 0. Then f(f(y)) = f(0) +y = y. Hence f is an involution.
(6) f is additive since

flz+y) 5 fla+ f(F) = @)+ f(y)-

(7) Next we show that f is Q-homogeneous by induction. Indeed, by (5),
Fl(n+ 1)) = flna -+ ) = F(na+F(f(x))) = F(ne) + f(z).
x

Thus f(mz) = mf(x) for every m € N.
Now

0=7(0)=f(-z+x) 5 f=z+ f(f(2)) = f(=2) + ().

Thus f(—z) = —f(x). Hence, for p € Z, we have f(px) = pf(z).
Next, if n € N, then

nf(Z) = F(C)+ - DFC) = FC) + f(5
+f(f(n1r))> =/ (x+ "1m> = f(@)

n n

-1

x)
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Hence f (£) = 1 f(x). Therefore f (2) = 2f(z) for p € Z and n € N.

(8) By hypothesis, ||f(s)]|| < C for every s € S. Let 0 < ||z|| < 1. Consider, as in Lemma
2, the map H : S — [0,00[, s = ||z — s]|/||x — §'||. H is continuous and non-constant. Since
dim F > 2, S is connected by Lemma 3. Hence H(S) is an interval. In particular, there is
s € S such that r := ||z — s||/||z — §'|| is rational. Thus, with ¢t = r/(1 + r),

x=(1—-1t)s+ts
is a rational convex-combination of two elements in the sphere.
Since f is Q-linear, we conclude that
If @[ < @A =D +EfS < (1-t)C+tC =C.

Now let x € F be arbitrary. Choose a null-sequence ¢, of positive numbers so that g, :=
||z + €n is rational. Then, ||z/g,|| < 1. Since f is Q-linear, we obtain

L @) = anllf (z/qn)]] < anC.
Letting n tend to infinity, we get
Lf (@) < Clz]]-
Thus f is continuous at the origin. Since f is additive, we deduce that f is continuous
everywhere; just use f(zo + ) = f(zo) + f(z) = f(xg) if z — 0.

(9) It easily follows now that f is homogeneous: if a € R, choose a sequence (r,,) of rational
numbers converging to a. Then, due to continuity,

flaz) = 1irrlnrnf(x) = af(x).
To sum up, we have shown that f is a continuous linear involution.

Remarks

If n = 1, then the unit sphere S is just a two point set, and so every function is automatically
bounded on S. There exist, though, non-continuous linear involutions in R. To this end, let B
be a Hamel basis of the Q-vector space R, endowed with the usual Euclidean norm. We may
assume that B is dense in R. Fix two elements by and by € B. Let f be defined by f(by) = b1,
f(b1) =bo and f(b) = bif b € B\{bg, b1}. Linearly extend f (in a unique way). Then, obviously,
f is a linear involution. But f is not continuous at by. In fact, let (bg)n>2 € BY converge to by.
Then f(by) = br, — bo = f(b1) # f(bo)-
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11548. Proposed by Cezar Lupu (student), University of Bucharest, Bucharest, Roma-
nia, and Tudorel Lupu, Decebal High School, Constanta, Romania. Let f be a twice-
differentiable real-valued function with continuous second derivative, and suppose that

£(0) = 0. Show that
1 1 2
f(f”(x))zdle()(f f(x)dx) )
-1 -1

Solution to problem 11548 in Amer. Math. Monthly 118 (2011), 85

Raymond Mortini and Jéréome Noél

Let f € C?([-1,1]), £(0) = 0. Then

(/ fla dx) R

Moreover, the constant 1/10 is best possible.

Solution We consider the auxiliary integral

I % [/Ol(t SRyt + /_01(1 +t)2f”(t)] .

We first show that I = f f(t)dt. In fact, twice integration by parts yields:

/ (t— 12" (t)dt = —f'(0) — 2 / (t— 1)f ()t = —f'(0) +2 / F(t)dt
0 0 0

as well as

0 0
/ (t+ 127" (t)dt = f'(0) — 2 / (t+ 1) f ()t = 1(0) +2 / 50

-1
This proves the first claim. Now we use the Cauchy-Schwarz inequality to estimate I:

([a-viroa) < [a-va [ wora=} [cora

and similarily for the second integral. Hence, by using that (A + B)? < 2(A? + B?), we obtain

rool (L wpast [ rora) -5 [ rora
—"4\5/, 5/ 10/, '
The constant 1/10 is obtained for the function
£(t) = Sttt A2 i -1<t<0
Sttt L2 ifo<t <1,

2

Indeed, this follows from the fact that in the Cauchy-Schwarz inequality we actually have
equality if the functions are colinear: p”’(t) = (1 + )2 if —1 <t < 0 and p”(t) = (1 — t)? if
0 <t <1. A computation then shows that

(/llp(x)dz>2 - % /11 (p"(x))*dx = %

Remark If f € C?([—1,1]) satisfies f(1) = f(—1) = /(1) = f'(—=1) = 0, then the inequality
above holds, too. In fact.

/f dx—[l f(@)de = xf( )|1_1—/11xf’(a:)da::

1
sy [ erea=g [ 2w

2 ~1
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Thus, by Cauchy-Schwarz,

( / 11 f(x)dx)2 <1/ 11 s [ 11(f”(rf))2dx -1/ 11<f"<x>>2dx.
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11456. Proposed by Raymond Mortini, Université Paul Verlaine, Metz, France. Find
2 1 5
li 1—-—+ .
nl»HD]E. " I—[ ( m 4??12)

Solution to problem 11456 AMM 116 (2009), 747
Raymond Mortini

== T P e

m=1 m= m=1 m=1
| (m + i) (2n)"* T (ﬁ + 1) (2n)!?
4n(nl)4 - 167 (n!)4 ’

Now, by Stirlings formula,

(2n)! (2n)%"e=2"\/4mn 1

qnpiz (nme—nv2mn)222n  \J/an’
Since cos(mz) = ]2 (1 i), we have

n=1

 (2n—1)2

n .
. cos(mi)  coshw
lim n H Ay, = = .
n ™ ™
m=1

We note that
2 |+ D(0)]
NARCES )

where f(z) = (1 — 2)"*2, an interesting function in the Wiener algebra (its Taylor coefficients
behave like n=3/2 by the above calculations).

‘—(n+1)




82

11402. Proposed by Catalin Barboianu, Infarom Publishing, Craiova, Romania. Let
f: [0, 1] > [0, 00) be a continuous function such that f(0) = f(1) =0and f(x) >
0 for 0 < x < 1. Show that there exists a square with two vertices in the interval (0,1)
on the x-axis and the other two vertices on the graph of f.

Solution to problem 11402, AMM 115 (10), (2008), p. 949
Raymond Mortini

The problem obviously is equivalent to show the existence of two points 0 < a < b < 1 with
f(a) = f(b) = b — a, or in other words, find 0 < a < b < 1 with b — f(b) = a and f(b) = f(a).

To this end, consider the function h(z) := f(z — f(z)) — f(z), where we have continuously
extended f by the value 0 for x < 1 and x > 1. Then h is continuous. We have to show that h
admits a zero b in |0, 1[ with f(b) < b. Then a :=b— f(b) € ]0,1[ and b —a = f(b) = f(a).

To do this, we prove that h takes positive and negative values on [0, 1]. Since h(0) = h(1) =0,
the continuity of h implies that h has a zero b in ]0,1[. Our construction will guarantee that
f(b) <b.

Let &, be the largest fixed point of f (note hat 0 < & < 1). For later purposes, we note
that f(z) < x whenever §, < a < 1. If § = 0, we let 2o be the be the smallest point for which
f(wo) = M := maxgep,1] f(x). Note that zq € |0,1[. Finally, let x; € [£p, 1] be the largest
point with f(z1) = My := max,efe, 1] f(2). Then 0 < 29 < 21 < 1. Since the function  — f(z)
is 0 at £y and 1 at 1, the intermediate value theorem for continuous functions implies that there
exists y1 € |&o, 1] such that y; — f(y1) = 1. Since f > 0, y; > x1. Thus

h(yr) = flyr — f(v1) — fya) = fz1) = F(yr) = My — f(y1) > 0.

On the other hand, h(&) = f(& — f(&0)) — f(&) =0 — f(&) < 0if & > 0, and if §; = 0,
then, h(zg) = f(zo — f(x0)) — f(zo) < 0 (since xg — f(xo) is left from the smallest maximal
point zq of f.)

In both cases, there exists b such that h(b) = 0. Since §; < b < y1 if § > 0 and 0 < 2 <
b <y if & = 0, we see that f(b) <b



11333. Proposed by Pabio Ferndndez Refolio, Universidad Auténoma de Madrid,
Madrid, Spain. Show that

ﬁ (H: _ i)l{n'—!ﬁ (” g 1 n B
gk n’ n—1 -

Solution to problem 11333, AMM 114 (10), (2007), p. 926
Raymond Mortini

a) We have the following equalities:

Nonto\TTH vV
H n2 = NN(N+2) (N) )

n=2
b)
ﬁ n+1\" (N +1)NNN+!
e\n—-1) 2(N1)2 '
Hence
(N )Nty (N 4 1)N/2 NV+D/2
/Py = v (V) VeI -
N+1 N2_1 NNQ*l ' (N+1)N/2N(N+1)/2
N+1 N2_1N' (N+1)N/2 N(N+1)/2NN/2 B
N " NN/2,/2 N2N+1
N\ )Y N
N ' V2 NN+

We are now using Stirling’s formula telling us that n! ~ e™"n"/27mn. Hence

2
Ve n n —(N+1\"V " VN
V V2 € 4 N NN+

N+1>N21

vevrey (2

N+l NZ-1

But ay :=e <N> — 7 as N — oo; in fact, by taking logarithms we obtain
e

loga, = (N? —1)log(1+ %) — N ~ N%log(1 + &) — N = N*(

Hence /Py — /7 and so Py — 7.

1 1 1
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11226. Proposed by Franck Beaucoup, Ottawa, Canada, and Tamds Erdélyi, Texas
A& M University, College Station, TX. Let ay, ... , a, be real numbers, each greater
than 1. If n > 2, show that there is exactly one solution in the interval (0, 1) to

[Ta-x»=1-x
j=1

Solution to problem 11226, AMM 113 (5), (2006), p. 460
Raymond Mortini

Let h(z) = [[j_,(1 —2%). Then W'(z)/h(z) = = >7;_, a{x(:a;l and hence

Zaj 4 1H (1 —x%

k#j

Clearly h'(0) = h'(1) = 0. Let
fl@y=(01-=x) H (1 -2z

if 0 < z < 1. Note that f(0) = 1 and lim,_,; f( ) = —h/(1) = 0. Thus, if we show that
f/(0) > 0 and that the derivative of f has a unique zero in the open interval ]0, 1], we are done
(that is we can then conclude by the intermediate value theorem that there is a unique x¢ with
0 < zp < 1 so that f(zg) =1, and hence h(zg) =1 — zo.)

Now, f'(z)/f(z) = & + I'(z)/h(z). In particular, f/(0) = 1. Thus we have to look for

x €]0,1] so that g(x) := 27:1 ajz®i—! 1130 - = 1. But ¢g(0) = 0, and, by de I'Hopital’s rule,

lim, 1 g(z) = n. The intermediate value theorem yields the existence of z. The uniqueness of
such an x follows from the fact that g is strictly increasing. This is due to the fact that the

function £°=2" is strictly increasing on ]0, 1] whenever a > 1.
The latter follows from the fact that
d o1 — ga x“*2((a— 1)+ z° —am)
dz 1—z0 (1—z2)2
and that k(z) :=a—142%—ax >0 for 0 <z <1, because k(0) =a—1> 0, k(1) =0 and
K'(x)=a(z"t-1)<0.
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11210. Proposed by Michael S. Becker, University of South Carolina at Sumter, Sumter,
SC. Show that

e (2n + 1)* _ 2esec(1)
g @n+D* = @2/m)*  e2+1

Solution to problem 11210, AMM 113 (3), (2006), p. 267
Raymond Mortini

L @n+ )t (2/mt 2 N\
SR (1‘ ) )‘

(“wzfm) (”w?@fm)'

Multiplying in the numerator and denominator (which is 1) with the "missing” factors
4 4
1—-—— 14+ ——
(1= w) (1 727)

& 0= z) (L + =)
P .= n = X = .
=1l =y
Using the standard infinite product representation of the sinus

. 0o 2
S z _ H 1— z
z ( 7r2k2> ’
k=1

We note that

we obtain

we obtain

sin 2 sin(24)
P=-2_2_ — coslcoshl = (cosl)
sinl sin¢
1 A

e2+1
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11202. Proposed by Grahame Bennett, Indiana University, Bloomington, IN. Prove
that if (a,) is a sequence of positive numbers with 3"~ a, < oo, then for all p in
O,

lim n'-VP (af +---+af)up =0.

H=>0Q

Solution to problem 11202, AMM 113 (2), (2006), p. 179
Raymond Mortini

The assertion is an immediate consequence of Holder’s inequality: Wlog let 0 < a; <1 and
let ¢ €]0, 1] be such that p + ¢ =1 (note that p €]0,1[.)

n N n
nP~! E a? =np~! E al + E al 1] <
j j j
Jj=1 Jj=1

j=N+1
n p n 4
Yo S @y S o] Lo
nl=p . J ) ni-r —
j=N+1 j=N+1
[e%S) P ) P
A S o) <
nl-p ) J nl—p nl-p . J e
j=N+1 j=N+1

if N and n > N is sufficiently big.
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11185. Proposed by Rainer Briick, University of Dortmund, Dortmund, Germany, and
Raymond Mortini, University of Metz, Metz, France. Find all natural numbers n and
positive real numbers « such that the integral

I(fx,n):f log (l—f— — x) dx
0 x

CONverges.

Solution to problem 11185 AMM 112 (2005), 840

Rainer Briick, Raymond Mortini

We claim that

I(c, p) converges if and only if (a,p) € ]1,00[ x N or (o, p) € |3,1] x (2N +1).

First we discuss the behaviour of the integrand at the origin. For av > 0 we have ’10g (1 4= Sl:#) ‘ <
log (1 + 2~%). Substituting L by ¢, we obtain

1 00
log (1 + t¢
/log(1+x7a)dx:/ %dt,
0 1

and this integral is convergent. Hence, our integral I(«, p) converges at 0 for every a > 0 and
p € N.
Now we discuss the behaviour at infinity. Since }in(l) M = 1, we see that at infinity
—

inP WP
A(z) := log (1 + Sl;f) ~2 % . Ba).

;COC

Hence f . x) dx converges absolutely if and only if f . B(z)dx does. Note that by Riemann’s
convergence test [ |B(z)|de < [° 9% < oo whenever a > 1. Hence, [~ A(z) dz is absolutely
convergent for av > 1.

Now suppose that 0 < @ < 1. On the intervals Jy := [% + 2km, 5 + 2k7r], k > 1, we have

|sinz| > 1 and 2 > 1. Hence 8222 > 22 > 2" Therefore,

z = 2mw(k+1)
1 27p-1
B d
Jk| ()] x_3 E+1°

Since [ |B(x)|dz > 3732, [, |B(x)|dx, we see that [ |B(z)|dz and hence [;*|A(z)|dx
diverges (absolutely) for 0 < o < 1. In particular, floo A(z) dx diverges whenever p is even,
since in that case |A(z)| = A(z).

To continue, we may thub assume that p = 2n + 1 is odd. We use that for every a > 0 and

n € N the mtegral f LARE I converges. Indeed, let I,,(x) := 11 sin™t gt and let F,, be

a primitive of sin™ ¢ with F (1) = 0. For m odd, F, is periodic, hence bounded By partial
integration we obtain

Fs, T Fopyq(t
2+1()+a on+1(t)

Iny1(z) = pors T dt,

and we conclude that I, 1(x) converges as & — oco.
Now we use the Taylor development

m=1  \k—1 _1ym—1
o1+ =Y S+ U (e
k=1

where ¢ is a continuous function of u and £(0) = 0. In particular, |e(u)| < 1 whenever |u| < ¢

with 0 > 0 sufficiently small. Now, we set u = u(z) = sin® 7 , where = > 0 is so large that

T
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|u| < 4. Then for sufficiently large real numbers M > N, we have

M o 2n+1 m=1, \k-1 M /. 2n+1 k
1:/ log (1452 @ dxzzi/ SN
N T =1 k N T
o m m—1
(—=1)m-1 /M sin?" ! ~
1 dr =: I A gy
L - (1+e(u(x))) da ; kot

Choosing m € N such that ma > 1 and (m — 1)a < 1, the boundedness of £(u) yields the
absolute convergence of the last integral fm If % < a <1, then m = 2 and hence I = I; + fg
But I; and fg converge, and hence I converges. If 0 < o < %, then m > 3 and at least a third
integral I> above appears. That integral is divergent, since the exponent of the sin is an even
one (note that by the choice of m, the exponent of x is still at most 1). Since all those divergent
integrals Iz, come up with the same sign, we finally get the divergence of Iy + Io + -+ + L, —1,
and thus I diverges.

Finally, we note that the example p = 1 and o = % yields examples of functions f and g such
that at infinity, f ~ g, but for which fooo f(x) dz diverges and fooo g(x) dx converges, namely

f(x) =log (1 + Si%”) and g(z) = %
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11147. Proposed by Pamela Gorkin, Bucknell University, Lewisburg, PA, and Ray-
mond Mortini, Université Paul Verlaine, Metz, France. For each nonzero integer n let
a, = inn/(irn — 1), and a; = 1/a,. Note that a; is the reflection of a, in the unit
circle. Show that the expression

1 1 1
_+ —
N e

n#)

converges uniformly on compact subsets of C\{1} to a zero-free meromorphic func-
tion.

Solution to problem 11147 AMM 112 (2005), 366

Pamela Gorkin, Raymond Mortini

Let S(z) = exp (— H‘Z) be the atomic inner function. Put

T—2
1/e—S
F=qz (1/e)S
Then f is an inner function (that is it has radial limts of modulus one almost everywhere).
Since f does not have radial limit zero, it must be a pure Blaschke product (see Garnett, p.76),
that is

T M ap — 2
S H ap 1—a,z’
n€Z\{0}

Its zeros are exactly the numbers a,, for n € Z \ {0}, including the the origin. Since the
derivative of S is S'(z) = —S (z)ﬁ, it follows that the derivative of f does not vanish either.
bue Sz 1 1 |

z
S(z) =7 Z (z—an - z—ajl)'

neZ\{0}
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11136. Proposed by Raymond Mortini, Université de Metz, Metz, France. Prove that
there exists a sequence (A, ) of distinct complex numbers in the closed unit disk D and
a summable sequence (a,) in £' such that, for every continuous function # on D that
is harmonic on the interior of D and satisfies u(0) = 0,

Za,,u(kn) =0.

Solution to problem 11136 AMM 112 (2005), 181
Raymond Mortini

Let D,, = D(\,,r,) be a sequence of pairwisw disjoint, closed disks contained in the open
unit disk D such that the area measure of D\ | J D,, is zero. Noticing that by the mean-value
area theorem for harmonic functions

// u(2)dA(2) = mriu()),
D(\r)
we obtain the assertion

0 = u(0) = / /D w(z)dA(z) = Xn: / /D u(z)dA() :wzn:r,%uu).

Remark The problem was motivated by the question, circulating in England, and communi-
cated to me by Joel F. Feinstein, whether the set of exponentials {¢** : A € C} is countably
linear independent! The method for the proof above presumably appeared for the first time in
a paper of J. Wolff [Comptes Rendus Acad. Sci. Paris 173 (1921), 1056-1058].
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11070. Proposed by Roberto Tauraso, Universitd di Roma “Tor Vergata”, Rome, Italy.
Let f and g be two commuting analytic maps from a nonempty open connected set
D < Cinto D. Suppose that zp € D is a fixed point of both f and g, and that neither
f'(zp) nor g'(zp) is a root of unity. Suppose also that there exists an integer N > 1
such that f®(z¢) = g®(z¢) =0for1 <k < N — 1, while f®™ (z¢) = g™ (z0) # 0.
Prove that the restrictions of f and g to D are equal.

Solution to problem 11070, AMM 111 (2004), p. 258
Raymond Mortini

Let N={1,2,---} and f,g € C™(€2). Then the result follows from the following formula:

(Foa) () = 3 106N (3 e, (Mo,)
=t il
where k = (ki,ks,...,k;) € N is an ordered multi-index with k; < ko < -+ < ky,
. 1 n
k=37 _ ki, g% = gkglka)  4ki) and Op = < ) Here A (i) denotes

the cardinal of how often ¢ appears within the ordered index k and (Z) = W
Tkl !

This formula has many advantages vis-a-vis the Faa di Bruno formula

n @\
oo =3 (M) e I (1)
p i\ !

where p; € {0,1,2,---}, p=pi1+p2+---+pn and p1 +2pa+- - - +np, = n, since one immediately
can write down all the factors that occur without solving the above equations for p;.

Case 1: Let f(z0) = g(z0) = 20, A := f'(20) = ¢'(20) #0, AP #1VpeNand fog=go f.

In order to show that f = g it is enough to prove that f(™(z5) = g™ (%) for all n. The
proof is done inductively:

n=2: Since (fog)" = (f"0g)g”+(f'0g)g” and fog = go f we get: f"(z0)A%+Ag"(z0) =
g"(20)A% + Af"(z9). Hence f"(z0)(A —1) = ¢”(20)(A —1). Since A # 1 we obtain that
f"(z0) = 9" (20).

n—n+1:
(fog)™™ =(fog)g™ ™ +> (fDog) > Crttg® + (1 og)(g)H
j=2 lkl‘ceNj
=n+1

Evaluating at zy and noticing that, by induction hypotheses, all derivatives appearing in the
middle term coincide at zy with those when f is replaced by g, we get that

Ag(nJrl)(ZO) + f(n+1)(ZO)An+1 _ Af(nJrl)(ZO) +g(n+1)(zo)An+1.

Hence f("+D(z9)(A™ — 1) = gtV (2)(A™ — 1), from which we conclude that f"*1(z) =
FHD (), because A™ # 1.

Case 2: f(z0) = g(20) = 20, f9(20) = g (20) = 0 for 1 < j < mg, but f("0)(z) =
g")(20) # 0 and fog=gof.

Suppose that fU)(z5) = g¥)(2y) has been shown to be true for j < n, where n = png + ¢,
with 0 < g < ng and p > 1. We show that this holds then for j = n.

Let N = nZ + (p — 1)ng + ¢ and consider (f o g)N)(xq). All the terms in (Mo)y with j < ng
disappear, since fU)(g(z0)) = fU)(29) = 0. Moreover, as we are going to show, all other terms,
excepted the term for j = ng and the index k = (ng,- - ,ng,pno + q) € N, coincide for f
and g; hence can be thrown off when regarding the equality (f o g)¥) = (go f)™). Thus that
equality is equivalent to

£ (g(20))(g1") "0~ (20)g P+ D (20) = g0 (f (20)) (F)) "0~ (20) S P09 (20)



92

But this implies of course that f(Pr0+49)(z) = g(Pro+49)(24) which is what we were after.

That one can restrict to this single index k = (ng,- - ,ng, pno + q) € N is seen as follows:
Let k' € N™_ be an ordered index with |k'| = |k| = (ng — 1)ng + png + ¢ = N. Suppose that
the last coordinate of k' (which is the maximum) is strictly bigger than the last coordinate of
k. Then at least one of the previous coordinates of k& must be strictly smaller than ng. But
the associated derivatives of g (resp f) vanish at zg. Thus this term does not appear in the
formula for (f o g)™)(20). On the other hand, if the last coordinate of &' is strictly less than
pno + ¢ (hence all of the coordinates of k'), then by induction all the associated derivatives of
g (in (f o g)™) coincide with those for £ (in (go f)")) at zp. Thus these terms can be thrown
away.

Now let &' € N/ with ng < j < N and |k’| = N. Then the maximum of the coordinates of &’
is strictly less than png + ¢, since otherwise |k’| > (j — 1)ng + pno +q¢ > n2 +png+q > N, a
contradiction. Thus, as above, also these terms can be thrown away.



10991. Proposed by Raymond Mortini, Départment de Mathematiques, Université
de Metz, Ile du Saucy, France. For complex a,z € D = {s5: |5s| < 1}, let F(a,z) =
(a+2z)/(1 + az) be amap of D onto . Let p(a, b) = |(a — b)/(1 — ab)| be the pseu-
dohyperbolic distance.

(a) Prove that there exists a function C: I — R™ so that p(F(a, z), F(b,z)) <
C(z)p(a, b) forevery a, b,z € D.

(b) Find the minimal value of C(z) for which this bound holds.

No own Solution to problem 10991, AMM 110 (2003), p. 155

93
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10890. Proposed by Raymond Mortini, Université de Metz, France. Let d; and ds be
two metrics on a nonempty set X with the property that every ball in (X, d;) contains
a ball in (X, ds) and vice versa. Must d; and ds generate the same topology?

Solution to problem 10890, AMM 108 (2001), p. 668
Raymond Mortini

Let d denote the Euclidean metric on R and let f be an injective real-valued function on
R. Tt is easy to see that the function p(x,y) = |f(z) — f(y)| defines a second metric on R, i.e.
satisfies the axioms

(D1) p(z,y) 2 0,p(z,y) =0 <=z =y,

(D2) p(x,y) = p(y, z)

(D3) p(z,y) < p(x, z) + p(z,y) for all z,y,z € R.

Let Bg(xo,€) resp. B,(zo,€) denote the open balls of radius € and center zy with respect to
the distances d and p.

Let us now additionally assume that f is increasing, one-sided continuous but not continuous,
and has only a finite number of discontinuities. This guarantees that I := f(R) is a union of
non-degenerated intervals, with pairwise disjoint closures. The inverse function f=!: I — R
then is continuous on I. Fix . Hence for every € > 0 there exists 6 > 0 such that B,(zo,d) C
Bd(xo, 6) 5

Let xg be a point at which f is, say, left-continuous. Then for every € > 0 there exists § > 0
such that for all z < z, d(z, z9) < & implies p(z,z0) = |f(z) — f(z0)| < e. Let z1 = ¢ — 36.
Then By(z1,6/2) € Bp(zo,€).

Thus each ball in the d-metric contains a ball in the p-metric, and vice-versa.

It is clear that the identity map id: (R,p) — (R,d), although being continuous, has no
continuous inverse. Note that id : (R,d) — (R,p) is continuous at z¢ if and only if f is
continuous at xg. Thus the two topologies are distinct.

Remark If we additionally assume that (X, d;) are topological vector spaces, then the answer
is yes. This is due to the fact that these topologies can be generated by translation invariant
metrics dj and dj. In feat, Ve > 030 > 0: By (w0,9) € By, (0,6/2). In particular, 2o and —zg
are in By, (0,¢/2). Hence

By, (0,0) = —xo + Ba, (z0,0) C By, (0,e/2) + By, (0,e/2) C By, (0,¢e).

The problem was also solved by Matthias Bueger and Dietmar Voigt (Germany).
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10857 [2001,172]. Proposed by Harold Diamond, University of Illinois, Urbana IL.
(a) Show that

+ x3 + + x2}r—] + + + ..n+l
X ET) te oY X
3;2 Qiml)' < tanhx < 3 22;” .
1+§+"'+m 1+2|+ +m
(b) Show that
J53 x29|—] 2r|+] J53 Jc2r|+]
x+?+"'+(2n 1]!+2(2n+l *+5++ G
1 x2n <tanhx < 1 x2 x2n x2n+2 °
+ 3 21 + -+ 2n)! +3+-t 2n)! + 202n+2)!

whenever n 1s a natural number and 0 < x < 2n.

Solution to problem 10857 (a), AMM 108 (2001), p. 172
Raymond Mortini

Con=) T and S S how that, f h
Let = —— an = ——— . We show that, for every z > 0, the sequence
2n par 27! 2n+1 par 27 + 1)1 y q
(S%Q“) is strictly decreasing, whereas (S%;) is stricly increasing. Since both sequences con-

verge to tanh x we get that 52#71 < tanh < S%;l

i) We have the following equivalences:
2n+1

2n
Son—1 + (2n+1)' < Con—a + én)'

Sont1 Sont1 . Cop
< — —
( CQn ) \ S2n71 02n72 S2n71 Cv2n72
p2ntl 227
e 1 B gy B s s < (204 1) a1 ==
Sgn_l C2n—2
2]+1 2]+1

;(2) 2n+122j+1 (1)

But ﬁ < (2n+ 1)m <= 2j+1 < 2n + 1, which is true. Since z > 0 we get (1).
ii) That (Sz’;nl) is stricly increasing, is shown in exactly the same way.

To sum up, we get

Conyo < Sont1 Can
Con, Son—1 Cap—2
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Continuous Additive Functions.

10854 [2001,171]. Proposed by Wu Wei Chao, Guang Zhou Normal University, Guang
Zhou City, China. Find every function f: R — R that is continuous at zero and sat-
isfies

fE+2fON=fER)+y+ )

for all real numbers x and y.

Solution to problem 10854 AMM 108 (2001), p. 171
Raymond Mortini

Suppose that f: R — R is a function, continuous at the origin, and satisfying

flx+2f(y) = fl=)+ fly) +y (1)

for all z,y € R. First, we shall show that f is continuous everywhere. In fact,

Fla+2f(e+2f(y) = fl@+2[f (@) + fy) + o)) = [ ([l + 2y + 2/ ()] + 2/ () =

= f((@+2y) +2f () + f(&) + 2 = fx+2y) + f(y) +y + f(z) + 2. (2)
On the other hand:

fle+2f(x+2f)) = fx)+ f(@+2f(y) + =+ 2f(y) =
= f(x) +[f(x) + f(y) +yl + =+ 2f(y) = 2f(x) +3f(y) +y + = (3)
By (2) and (3) we get that f(z + 2y) = f(z) + 2f(y) V(x,y) € R%

In particular, by setting x = y = 0, we see that f(0) = 0.
It easily follows that f is continuous at every point x € R.

So, in order to continue, we may assume that f is a continuous solution of (1).
Let x = y. Then
fly+2fy) =y+2f(y) (4)
First we shall determine all continuous solutions of (4). Let g(y) = y + 2f(y). Since g is
continuous, g(R) is either a singleton or a nondegenerate interval I. If g is constant, say g = c,
then f(y) = 5 and so ¢ = f(y +2f(y)) = f(c), from which we conclude that ¢ = 0. Hence
f(y) = —4%. If g is not constant, take z € I; that is y + 2f(y) = g(y) = 2 for some y. Then
f(2) = z. Hence f is the identity on I. It follows that 3z = z + 2f(z) = f(z + 2f(2)) = g(2).
Therefore 3z € I and so I = (m, oo for some m € RU{—oc}. Thus f(z) = x for every z > m.
Since g > m, we have that f > ™

52 on | —oo,m.

To prove the converse, choose m € R. Let f* be any continuous function on | — oo, m] such
that f*(y) > ™5¥ for y < m and so that f*(m) = m. Then

F) = {f*(y) ify <m

Yy ify>m

()
is a continuous solution of (4).

We deduce that any continuous solution of (1) necessarily has the form (5) or equals —3y.
We shall now show that only for f* = id, we really get a solution of (1).

So let f be a continuous solution of (1). Then f = ffor some f*. Fix x < m. Take y > m
so that  + 2y > m. Then

flz+2f(y)) = f(x+2y) =x+2y and f(x)+y+ f(y) = f*(x) +2y. Hence (1) implies that
Jri@) =
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We conclude that f is a continuous solution of (1) if and only if f(z) =z or f(z) = —
R.

z
2OH
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10768. Proposed by Sung Soo Kim, Hanyang University, Ansan, Kyunggi, Korea.

(a) Show that there is a continuous function f: R — R such that f + g is not increasing
for any differentiable function g.

(b) Show that there is a differentiable function f: R — R such that f + g is not increasing
for any continuously differentiable function g.

{(c) Show that, for any continuously differentiable function f: R — R, there is areal analytic
function g such that f + g is increasing.

Solution to problem 10768 AMM 106 (1999), 963
Raymond Mortini

1
a) Let f(z) = /|z|sin— for  # 0 and f(0) = 0. Then f is continuous on R. Let g
T
be a differentiable function on R. Then, in every neigborhood of 0, h := f 4+ g — g(0) takes

negative and positive values. In fact, suppose that A > 0 on [0,¢]. Then @ > 0 on [0,¢].

But liminf,_,o+ @ = ¢'(0) + liminf,_,o+ ﬁ sin 2 = —oo0, a contradiction. Thus f + g is not

monotone on any interval centered at 0.

b) Let f(x) = x?sin % for x # 0 and f(0) = 0. Then f is differentiable on R, f'(0) = 0,
x

2 L takes arbitrarily large negative and positive values in any

but f'(z) = 2xsin—5 — 2cos 5
neighborhood U of 0. Let g be any C!'(R) function. In particular, ¢’ is bounded on every
compact interval centered at 0. Hence f’ + ¢’ takes arbitrary large negative and positive values

in U. Thus f 4+ g is not monotone on any interval centered at 0.

¢) We show that for every function f € C(R) there exists an entire function ¢ (that is a
function holomorphic on the whole plane), real-valued on R, such that f + g is increasing on
R. In fact, f' 4+ 2|f'| +2e > 2¢ > 0 on R. Let ¢ = 2|f’| + 2¢. Then ¢ is continuous on R.
By Carleman’s theorem (see [41] and [40, p.125].) there exists an entire function @) such that
lg — Ql, < e, where ||, denotes the supremum norm on R. Let G(z) = Re Q(z). Then
lg — Gl < e. Moreover, the function H(z) = 4 (Q(2) + Q(%)) is analytic in C, and H coincides
on R with G.

Now it is easy to check that f' + G > e > 0. Let g be a primitive of G. Then g is the trace

of an entire function and f + g is (strictly) increasing, since its derivative is strictly positive.
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10747. Proposed by Athanasios Kalakos, Athens, Greece. Find all differentiable functions
f: R — R that are twice differentiable on an open interval containing 0, have exactly one
real root, satisfy f(1) = 1, and satisfy f/(f (1)) = 2f(t) forevery t € R,

Solution to problem 10747 AMM 106 (1999), p. 685
Raymond Mortini

We claim that all differentiable solutions f of f/(f(t)) = 2f(¢), t € R, f(1) = 1, and having
only one real root, have the form f(t) = ¢ for t > 0 and f(t) = g(t) for t < 0, where g
is an arbitrary differentiable function, defined on | — 0o, 0] satisfying ¢(t) > 0 for ¢ < 0 and
g(0) = ¢’(0) = 0. The assumption, that f should be twice differentiable in a neighboorhood of
0, is not important.

Proof Let f be a solution of the problem. Put h = fo f — f2. Then h' = (f o f)f —
2f'f = f'(f' o f —2f) = 0. Hence h is a constant, say C. Because h(1) = 0, we see that
C =0and so fof = f2. Lety € f(R). Then f(x) = y for some z € R. Therefore
fly) = f(f(z)) = f%(z) = y*. By hypothesis, {0,1} C f(R). By continuity we conclude that
[0,1] C f(R). Since the left derivative at = 1 is 2, the differentiability of f now implies that
there exists points xo greater than 1 for which f(z¢) > f(1) = 1. Since f,;1 = f2", we obtain
that fn1(z0) = [f(20)]>" — co. Hence f is unbounded. By the intermediate value theorem,
we then get that [0, 00] C f(R). Hence f(x) = 22 for z > 0.

To determine the behaviour of f for negative values, we use the hypothesis that f should have
only one zero. Since f(0) = 0, by continuity, we conclude that either f(z) < 0 for all z < 0 or
f(x) >0 for all z < 0. But f(z0) < 0 for some (all) zo < 0 implies that f(f(z0)) = f%(z0) > 0,
a contradiction. Thus f(z) > 0 for > 0.

It is easy to check that every function of the form f(z) = 2% for z > 0 and f(z) = g(x) for
x < 0, where g > 0 is differentiable and satisfies g(0) = ¢’(0) = 0, is a solution of f o f = f2.
Hence, by differentiating, f'(f(x))f'(z) = 2f'(z)f(x). If f'(x) # 0, then we are done. If
f'(zo) = ¢'(x0) = 0 for some z¢ < 0, then we use the fact that y := f(z¢) > 0 and that for
these positive values f(y) = y2. Hence, f'(f(z0)) = 2f(x0). So we obtain a solution of our
functional equation.
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10739. Proposed by Oscar Ciaurri, Logrofio, Spain. Suppose that f: [0, 1] — R has
a continuous second derivative with f”(x) > 0 on (0, 1), and suppose that f(0) = 0.
Choose a € (0, 1) such that f'(a) < f(1). Show that there is a unique b € {a, 1) such that

f'@a) = fb)/b.

Solution to problem 10739 AMM 106 (1999), p. 586
Raymond Mortini

Let H(xz) = w = @ Since f”(x) > 0, the function f is strictly convex and
both its derivative and the quotient H are strictly increasing (see e.g. W. Walter, Analysis
1, Springer-Verlag, p. 303). Moreover, H is continuous on |0, 1]. Note that H(1) = f(1) and
that H(0) := lim,_,o f'(z) exists in [—o0, f(1)]. Hence, by the intermediate value theorem,
there exists for every value w with H(0) < w < H(1) a point b €]0,1[ with H(b) = w. Now
choose a €]0, 1] such that w := f'(a) satisfies H(0) < w < H(1) (such a choice obviously is
possible). Thus there exists b €]0,1[ so that @ = H(b) = f'(a). Choose z, €]0,a[ so that
H(a) = f'(x,). Due to the monotonicity of f' we obtain: H(a) = f'(z,) < f'(a) = H(b). Since
H is monotone, b is unique and satisfies a < b < 1.
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10697. Proposed by José L. Diaz, Universitat Politécnica de Catalunya, Terrassa, Spain.
Given n distinct nonzero complex numbers 21, z2, .. . , Zn, Show that

12 1 (ﬁ_l)n+l
i=1 %k o1 Tk =% 2122+ 2n
j#k

Solution to problem 10697 AMM 105 (1998), p. 955
Raymond Mortini

This is nothing but a Lagrange interpolatory argument:

In fact let wq, - ,w, € C. Then
Z [l (2 — 25)
H] 137ék(zk zj)
is the unique polynomial of degree at most n — 1 satisfying p(zx) = wg, k=1,--- ,n. Now

choose wy, = 1 for every k. Since ¢(z) = 1 satisfies the interpolation ¢(zx) = wyg, we obtain
from uniqueness that ¢ = p. Let z = 0. Then

_ nl ] 1]75ij
i I

j= l,Jik(Z’f

Vi
Dividing by [ j=17%j, yields the assertion

1)n—1

Z 1 =T

Bk 5o Rk T Z) Hj:l “j
J#k
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10651. Proposed by W. K. Hayman, Imperial College, London, UK.. If u; and uj are
nonconstant real functions of two variables, and if u, 4o, and uju; are all harmonic in
a simply connected plane domain D, prove that uy = av| + b, where v| is a harmonic
conjugate of #; in D, and @ and b are real constants.

Solution to problem 10651 AMM 105 (1998), p. 271
Raymond Mortini

We prove a stronger version than in the formulated problem (see [11], which was based on
this).

Proposition 1 Let v and v be two non constant harmonic functions on a domain D C C.
Suppose that uv is harmonic. Then u has an harmonic conjugate 4 on D and there are constants
a,b € R such that

v=at+b. (1)

Remarks. (1) If u is a constant, then (1) is not true (because v may be chosen to be any
harmonic function).

(2) If v is a constant then (1) is true for a = 0, provided a harmonic conjugate exists. A well
known sufficient condition for the existence of a harmonic conjugate being that D is simply
connected.

(3) Of course, if v is any harmonic function satisfying (1), then wov is harmonic.

Solution Let A be the Laplace operator. Because Au = Av = 0 we obtain:
0=A(uv) = (umv + 2u,v, + vm) + (uyyv + 2uyvy, + vyy) = 2(u$v$ + uyvv)

Let f = u, —iuy and g = v, — iv,. The harmonicity of v and v imply that f and g satisfy the
Cauchy-Riemann differential equations; hence f and g are holomorphic. It is easy to see that
Re fg = ugv, + uyvy. Thus Re fg=0on D.

Let Z(g) = {z € D : g(z) = 0} denote the zero set of g. It is a discrete subset of D provided
that g # 0. Since v is assumed not to be a constant, we see that g # 0. Then on D\ Z(g) we
have Re ! = Re &

9 gl
% is a pure imaginary constant, sa 5 =ilon D\ Z(g). Hence f =iAg on D. The definitions
of f and g now yield that u, = Av, and u, = —Av,. Consequently, by the Cauchy-Riemann
equations, the function u+¢Av is holomorphic on D. In particular, u has an harmonic conjugate
on D. (Note that we do not have assumed that D is simply connected.) Thus, for any other
harmonic conjugate @ of u, we have Av = @ + ¢ for some constant ¢ € R. Note that u not
constant implies that A # 0. Thus v has the desired form (1).

Thus Re ! =0on D\ Z(g). This implies, in view of the analyticity, that
g

A natural question now is the following. Let u and v be two harmonic functions on a domain
D C C. Then (u+iv)? = u? — v? + 2iuv. Assume that u? — v? is harmonic. What can be said
for v? We have the following result:

Proposition 2 Assume that u, v and u? — v? are harmonic in a simply connected domain

D C C. Then there exists a € R and 0 € [0, 2| such that

v=cosfu—sinfu+ a. (2)

Conversely, every function v satisfying (2) for a harmonic function u has the property that

u? — v? is harmonic.

Proof Because Au = Av = 0 we obtain:

0=A(u?—v?) = 2<ui +ul — (v2 —I-Ui)).
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Hence u? + uz =02+ vz. Again, let f = u, —iuy and g = v, — tv,. As above, f and g are
holomorphic on D. Moreover |f|? = |g|?. Thus g is a rotation of f, say g = €% f.

Let zp € D. Since D is simply connected, v and v have harmonic conjugates u and v
respectively, satisfying @(zo) = 9(29) = 0. Let F = u + it and G = v + i0. Then, by Cauchy-
Rieman, F' = u, +iii; = u, —iu, = f. Similiarly G’ = g. Thus G = € F + ¢ for some constant
c € C. Taking real parts yields

v=-cosbu—sinfu+a
for some real constant a. The converse is easy to check.
The above results are related to the following more general result:

Proposition 3. Let h be an entire function and let w : D — R and v : D — R be
two nonconstant harmonic functions in a simply connected domain D. Let @ be a harmonic
conjugate of w in D. Then h(u + i) : D — C is harmonic if and only if v = +@ + a for a
constant a € R.

Proof Since h is holomorphic, we have, by Cauchy-Riemann, h, = ih, and h, = h'. Hence
hyw = W', hyy = hyy = ih"” and hy, = —h". As above, let f = u, —iu, and g = v, — iv,.Then

Alho (u+iv)] = h" o (u+iv) - [(IfI* - |gI*) + 2iRe fg].
Obviously A" ogq # 0 for any nonconstant continuous function ¢. Hence h(u+iv) is harmonic
if and only if |f| = |g| and Re fg = 0. By the paragraphs above we conclude that f = i\g
for some A € R. Hence |[A\| = 1. Thus u, = v, and —u, = *v,. So v or —v is a harmonic
conjugate of u in D. Therefore v = +u + a.

To prove the converse, we have simply to note that the composition of a holomorphic function
with a holomorphic or anti-holomorphic function is harmonic.
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10638. Proposed by Brian Conolly, Cambridge, UK. For0 < A < landm > 0, let
Sm(A) = Enale‘“(ln)”"”/n!. Show that So(A) = A/(1 — ), $1(A) = 1, $2(A) =
1/A — 1/2, and S3(A) = 1/A2 — 3/(4)) + 1/6.

Solution to problem 10638 AMM 105 (1998), p. 69
Raymond Mortini

In the following we present a solution to problem number 10638. We shall not only compute
the functions Sp, - -- ,S3, but we will give an explicit value for all m € N. To this end we need
the following Lemma.

Lemma Let f(z) = ze®. Then f is invertible in a neighborhood of the origin in C and the
inverse function has the Taylor representation

n—1

o w) =3 e

n!

which converges for |w| < L.

Proof By the residue theorem it is easy to see that whenever f is holomorphic and injective
in a disque D C C (or even a simply connected domain), then

-1 —1 1 f'(2)
7 wn(@ f 7 (w) = o= | 2 dz,
2mi F/ f(z)—w

where T is an arbitrary cycle (=finite union of closed, piecewise Cl-curves) in D.
Applying this formula for f(z) = ze* and the disk |z| < 26, ¢ small enough, we obtain :

) = o [ et (Ve

(dw)™ T 2mi ze? —w)ntl
|z|=6
Thus, for the power series f~!(w) =Y 7" a,w™ we have ag = 0 and for n > 1:
1 z4+1 . . z(nz)k + (nz)k yn"t
= o e A= gn 2 () 2k 2= DT
— k=0 _
|z|=6 |z|=6
By d’Alembert’s rule it is easy to check that the radius of convergence is 1/e. O

Proposition For 0 < A < 1 and m € Z, let g, (\) = A™ S, (A\), where

Sm(A) =D e (An)" "™ /nl. (1)

Then, for m € {1,2,---}, g is a polynomial of degree m vanishing at the origin, say

gm(A) = =2 bum(—A)", and the coeflicients by, ,,, are given by the recurrence relation

1
bn,m = E(bn,m—l + bn—l,m—l)a bl,l =1 (3)
Solving these difference equations yields
bom = Y — 1771 = : 4
»=xa()er ) ®

Proof We note that, by Stirling’s formula, the series g,,(\) converges locally uniformly in
0 < A < 1, but does not converge whenever A = 1 and m = 0. Note that g,,(0) = 0. Due to
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local uniform convergence, it is easy to see that, in order to obtain g/, (\), one can differentiate
the series for g, term by term. This yields that for m € Z

Gl = 200 (5)
Later we shall show that ¢g;(A) = A. Hence, by induction on (5), it is clear that for m =
1,2, - - the function g,, is a polynomial vanishing at the origin, say g, (X)) = —>_1"_; bym(—A)".
If we let = —, then we obtain Y " nb, ma™ = (L +z) > 1, bym—12". Comparing coeffi-
cients, finally yields (3).
This difference equation can be solved by the usual methods. May be Maple or Mathematica
gives the solution. In any case, by the uniqueness of the solution, it suffices to show that
(4) verifies the difference equation. Note also, that for n > m, the b, ,, in (4) are 0. This

follows from the fact that the p-th difference operator D?(a,) = 3-8_ () (~1)?@n—; vanishes
identically whenever a,, is a polynomial (in n) of degree strictly less than p.
For the readers convenience, here are the coefficients for m = 1,--- | 5:
1
1
L3
3 1
13 %
1 I 11 1
g8 36 24
1 1 8 25 1
16 216 288 120

The case m=1 In that case we have

a(N) = )\Z e ()"t nl = Z n;: (Ae™ )™
n=1 n=1 ’

Let w = —Xe™*. Now, for w € C, |w| < 1, the function h(w) = Y n" L (—1)n—lwn s, by

n=1 n!
Lemma 1, nothing but the inverse function of the holomorphic function f(z) = ze* , |z| < ¢ for

sufficiently small 6 > 0. Thus g1 (\) = A.

The case m=0 By (5) we see that 1 = ¢g{(\) = %go()\). Hence, go(\) = ﬁ

Using (5) it is also easy to derive, inductively, the values of g,, for negative integers m. For
example we get:

A A A
— (N = ———=(1+2x “3(N) = = (148X +6)%).
(1_)\)3a 92( ) (1_>\)5( + )a 93( ) (1_>\)7( + + )

In general, one can convince oneself that for m € Z,m < 0, g,,(A\) has the form g,,(\) =
W Qm(N), where @ is a polynomial of degree —m — 1 with value 1 at the origin and
satisfying the differential equations

g-1(N) =

Qm-1(A) = A1 = N)Q,(A) + (1 = 2mA)Qum (A).
Due to lack of time we were not able to solve this explicitely. May be Maple and Mathematica
will be helpfull.
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10624. Proposed by William F. Trench, Trinity University, San Antonio TX. Suppose that
ap > ay > az > --- and limy—, o0 @y = 0. Define

00
Se=) (-1 "aj =, ~apr1+anaa— .

j=n

Show that ) a, S, < coif and only if Ea& < 00,

Solution to problem 10624 AMM 104 (1997), p. 871
Raymond Mortini

By Leibniz’s criteria, we know that S, actually converges and that S, > 0 for every n € N.
Since S,, = a, — Sn11, we see that S,, < a,, and s0 Y. a,S, <> a?. Thus the convergence of
>~ a2 implies the convergence of " a,,S,,.

Now assume that Y a,S, = >.(Sn + Snt1)Sn (1) converges. Since all the terms are
positive, we deduce the convergence of the sums Y S2 and > S,,+15,. A shift of the variable
yields that > S2,; converges. Hence Y S,41(Snt1 + Sn) (2) converges. Summing (1) and
(2) yields that > a2 = > (Spt1+50)% = > (Sn+Snt1)Sn + Y. Snt1(Snt1+Sy) is convergent.
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10605. Proposed by Jonathan M. Borwein and C. G. Pinner, Simon Fraser University,
Burnaby, BC, Canada. Letr and m be positive integers and define

n—-m"
P = -
r(m) ﬂ];[m n"+m"
(a) Show that P;(m) = 0 and that
+
&mn—(1W“- 'ﬁ[]§+:3

(b) Show that Pa(m) = (—1)™+1rm/sinh(;rm) and that, more generally, Pa;(m) is given
by

m+12°m jn Jr Y
(—1)ym+1 (smh mm)V n (cosh (2er sin (25 )) ~ cos (Zn'm cos (E)))

j=1
where € = (1 + (—1)¥)/2.

Solution to problem 10605 (b) AMM 104 (1997), p. 567
Raymond Mortini

R § b (1 y exp(—i22 ))
1 s s— '
+y Hj:é (1 y exp(— 7r+g27rj >>

Since € € C is an s-root of 1 [resp. (-1)] if and only if € is an s-root, we obtain:

)2
1_ys_(1— y)(1+y) 1’1—yexp( 27)‘

14y H ’1_yexp( 7r(2_7+1))‘
if s =2p and
s 1— 1— 27r] 2
-y (= Il 1 - yexp(—i%)]
PR (1) ‘1 y exp(— M)’
ifs=2p+1.
This can be written by a single formula:
1—y° sl T 2(-1)*
=1-ya+y)V T 11— yexp(—i— 1
Ty = (1= +Y) kl;[l yexp(—i—) (1)
In particular
1—y°
s—1 - 2(—1)* T4y s
1 —exp(—i—) =1 ; ; (2)
1l s VT y) 1+ 0D 220D
It is easy to check that
s—1 . .
p._ H(27r2m2)(71)k _ 1, if s is odd (3)
Pl 52—z, if s is even.
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Now use the infinite product representation of the function sin7z. This gives:

and

b 22 sinimz  sinhwz
i+ =)==_"= :
n

1Tz Tz
n=1

Moreover we have by de ’Hopital’s rule that

ﬁ (1_mj> — lim Sinm/l_ (3)2 G Vi
n z—=m Tz m 2

n#m
Finally we need that |sin z|> = §(cosh 2y — cos2z) for z = x + iy.
Put all this together to get from (1)

™m

2s 2s m+1 . (=1)° s—1
(—1)° n** —m> _ (-1) sinh mm _ (m .7k
2 H n2s £ m2s 9 H 1 nexp( oy

n#m

sin(mm exp(—iZk))

mm (1 — exp(—iZE))

(=1m+! (Sinh 7Tm> (=17 s
2 ™m
k=1

)]

s—1 |1 . mk
1y 1 (cosh ( 2mmss —cos (2 ~
B (_1)m+1 <Sinh7‘rm)( 1) k=1 |:2 (COb (meln 28) COb( T COS

2 ™m

mk

o —_ k S—
It |1 — exp(—i=h) [P0 L 18 (rm) 20

2

N

2

mm

- (—1)mL (sinhﬂm>(_1)s Hz;i {cosh (27rm sin g’:) — cos (27rmcos

2s

(—1)™+ (sinh wm) D" T3] {cosh (27rm sin g’;) — cos <Z7Tm cos Tk

1|1 — exp(—i =) PV T 2n2me) 1

I

-2
(Trm) 2(_1)5 P
Clearly
1 _ 9(1+(=1)")/2 (@) _
(rm)(=D*s. P s
Putting € = (14 (—1)®)/2, we get the final equality:
n2s _ m2$
PQS = H n2s +m25 =

n#m

S

s— _\k
= (—1)m*! 25ﬂ(sinh Wm)(_l)s 1—[1 cosh | 2mm sin LLANS cos | 2mm cos L o
2s 2s '

k=1
If s =1 we interpret the empty product as 1. This gives

Py(m) = (—=1)™ L wm/ sinh(7m).
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10588. Proposed by Herbert S. Wilf, University of Pennsylvania, Philadelphia, PA. Show

that n p
) 1 1 n -
[T~ (1 + __+__2) _ete
BSi ] 2j meY

where y is Euler's constant.

Solution to problem 10588/10595 AMM 104 (1997), p. 456
Raymond Mortini

‘We show that ) ,
a 1 1 1 e/ 4 e~T/2
P= 1+ — =

e (1 am)

2n? meY
n=1

Let

be the Gamma function and let € = %(1 +1). Then € =1 — . Hence, as is well known,

Therefore

sin e € — € -
— JE 1 7) —e/n NG 1 < —&/n _
- e'e | I ( + . e e'"e I I ( + )e

n=1 n=1

2sinme  2coshm/2

Hence P = = , which is the assertion.
meY e
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6654. Proposed by W. O. Egerland and C. E. Hansen, Aberdeen Proving
Ground, Aberdeen, MD.

Suppose w is real, n is a positive integer greater than 1, and a,, a,, ooy
complex numbers with la,| < 1 for k = 1,2,..., n. Prove that the equation

e(z—a)(z-a)) - (z-a,) =2(1 - az)(1 - az) -+ (1 - d,2)

has at least n — 1 roots on the unit circle.

Solution to problem 6654 AMM 98 (1991), p. 273
Raymond Mortini

a; —z

Let B(z) = e"‘"H

J=1

(a; € ID) and let ¢(z) =

1—&52
Zp — 2

€ D.
l_zoz}zu

Then =10 Boy, called a conjugate of B, is again a finite Blaschke product
of degree n > 2. (This follows from Rouché’s theorem which shows that f

is n to 1 and from the maximum principle.)

It is also easy to see that the relation

(») 1= B(z];en)_

implies that 29, z # 0, is a fixed point of B if and only if 1/%, is a fixed

point of B.

Assume now that for some zy € ID we have B(zp) = 2. Then f(0) = 0.
Hence, by Schwarz’s lemma, |f(z)| < |z| in ID. Therfore f, and hence B,
cannot have further fixed points in ID. Thus, by (%), B can have at most
two fixed points outside the unit circle T'. Because B has n (resp. n + 1)
fixed points in € whenever 0 € {a,, .. -»an} (resp. 0 ¢ {a,,...,a,}) we can

conclude that B has either n — 1 or n + 1 fixed points on T,

Remark. One can also conclude that B has a unique fixed point in ID if
and only if B is conjugate to a finite Blaschke product of degree n with

£(0) =o.

be a finite Blaschke product of degree n > 2



6648. Proposed by Walter Rudin, University of Wisconsin, Madison.

Let 0 be the region obtained by removing the points 0, 1, % from the Riemann
sphere. Find all nonconstant holomerphic functions defined on (1 which map

into itself.

Solution to problem 6648 AMM 98 (1991), p. 63
Raymond Mortini

Answer: Let 0 = €\ {0,1,00}. Then there are, besides the constants,
exactly the six functions

z - 1—2=z
g " 1-2" z-1 z

which map § holomorphically into Q.

Proof: Let f be a nonconstant holomorphic map of 2 into 0. Because
f omits the two points w = 0,1, Picard’s theorem tells us that none of
the points z = 0,1,00 is an essential singularity. Thus f is a rational
function R of degree (order) n € IN. Because R~!({0,1}), which is a subset
of {0,1,00}, contains at least two different points, R can have at most
one pole. This has then order n. By taking, if necessary, reflections, we
may assume without loss of generality that oo is this pole. Thus R is a
polynomial of degree n. The assumption on f now implies that both the
points z = 0 and z = 1 must be n-fold wo-points, where wo € {0,1}. This
means that the derivative of the polynomial R has at least 2(n — 1) zeros.
This implies that n = 1.

A
Thus in the general case, f is a rational function of degree #, hence a Mobius
transform. Considering all permutations of (0,1, 0c) and constructing the
Mé&bius transforms § with 5({0,1,00}) = {0,1, 00} yields the assertion.
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E 3329. Proposed by Michel Balazard, Faculté des Sciences, Limoges, France.

Suppose f and g are differentiable real-valued functions defined on (— oo, + o).
Must there exist a differentiable real-valued function » defined on (— oo, + <o) such
that ' = f'g"

Solution to problem E3329 AMM 96 (1989), p. 445
Raymond Mortini

This problem is well known, and its solution is No.

In fact, let F(z) = cos 1 for z # 0 and F(0) = 0. Then F admits a primitive
f of the form

f(z) = /‘:‘Ztsin% dt—zzsin% forz #£0

and f(0) = 0.
But F? does not have a primitive H, because otherwise

1
= E’
which is a contradiction. Note that the last equality follows from the facts

that | e ) 1
1=—f (cosz—-l—sinz—) dit
] t t

— F2(0) = H(0) = lim ~ [ cos? 1
O_F(OJ_H(U)_}E&L{“ cos idt

and that

o1 = 1 a1 .1 = 2
lim — (cos’——sm’-) dt = lim=-f cos—dt
z—0 2 Jo i i z—0 x Jo t
1 3 1
= hm;f’cos—ds
s—-l‘.}z [i]

= f(0)=0.
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E 3325. Proposed by Walter Rudin, University of Wisconsin, Madison.

Let us say that a function f of the form
x
J(z)=2+ Laz"

has property P, if Y¥n|a,| < 1. Prove:

(a) If P, holds for some 1 < oo, then f is continuous on the closed unit disc, i.e.,
on{z€C:|z|] <1}.

(b) If P, holds, then f is one-to-one on the closed unit disc.

(c) If £ > 1, there exists a function f satisfying P, which is not one-to-one in the
open unit disc.

Solution to problem E3325 AMM 96 (1989), p. 445
Raymond Mortini

a) Let f(z) =z + ia,.z" satisfy

n=2

oo

(*) Y nlad| <t

n=2

for some ¢ > 0. Then (%) implies that the power series for f' and that for
f converge uniformly (and absolutely) on D = {z : |z| < 1}. Hence f and
f' have continuous extensions to D.

b) If t = 1, then (%) implies that for z € D we have

(1) 1f'(z) -2 < 1.

.
In particular, we have Re f/(z) > 0.
Let z,w € D and let £€(t) = z+tH{w — z), 0 < ¢ < 1. By the identity
theorem for power series, relation (1) implies that f' and hence Re f' does
not vanish identically on the segment [z, w] unless f(z) = 2. Thus we have
for zyw €D, z £ w

|f(w) - £(2)|

[ 7w -2
o —z|Re [ £(€()) de
o — | [ Re f/(&(t)) dt # 0.

v

Hence f is injective on D.

c) Let ¢ > 1. Then the functions f(z) = z — } z? satisfy (x). Looking at the
parabola z (1 -4 z), we see that its maximum is attained at z = } € (0,1).
Thus f cannot be injective.

Remark. This problem is well known [see P. Duren, Univalent Funktions,
Exercise 24, § J, page 73]. Related to this problem is Exercise 12 in Rudin’s
book Real and Complex Analysis, 3rd Edition, § 14, page 294.



114

2. MATHEMATICS MAGAZINE

(©Mathematical Association of America, 2025.

2223. Proposed by Maridn Stofka, Slovak University of Technology, Bratislava, Slovakia.

Evaluate

fl (1 —x)(Inx)?
37 d).‘.
0 X +l

Solution to problem 2223 Math. Mag. 98 (3) 2025, p. 234
Raymond Mortini and Rudolf Rupp



2218. Proposed by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Las
Palmas, Spain.

Show that
il 1 I N I _ 12 4+12(In2)?
n\n n4+2 n4+4 - 06 ’

n=1

Solution to problem 2218 Math. Mag. 98 (2) 2025, p. 146
Raymond Mortini
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2216. Proposed by Aristides V. Doumas, National Technical University of Athens,
Athens, Greece.

Evaluate

1 — y2n no__
lim f d-0"@+x=-1 dx.
0

n—00 X

Solution to problem 2216 Math. Mag. 98 (2) 2025, p. 146
Raymond Mortini, Rudolf Rupp and Roberto Tauraso
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2212. Proposed by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Las
Palmas, Spain.

Evaluate
lim Eﬂ arcsinh (;)
n—00 rar ,.I'HE + kz :

Solution to problem 2212 Math. Mag. 98 (1) 2025, p. 67
Raymond Mortini, Rudolf Rupp
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2210. Proposed by Souvik Dey, Charles University, Prague, Czech Republic.

Characterize those functions f : (R, d;) — (I, d,), which are continuous for all met-
rics d, and d; on [R.

Solution to problem 2210 Math. Mag. 97 (2) 2024, p. 575
Raymond Mortini

This does not seem to be a serious problem proposal. Let X := (R, d;), where d; is the usual
Euclidean metric dy (z,y) = |z — y|. Now take as dy the discrete metric defined by da(z,y) =1
if # # y and da(z,2) = 0 (the triangle inequality is trivially satisfied). Since continuous
functions map connected sets to connected sets, and since the only non-empty connected sets
in Y = (R,ds) are the singletons, any continuous map f : X — Y must be constant (since
f(R) is connected, hence a singleton). Conversely, every constant function f : M — M,z c,
between any metric spaces M, M, is continuous since f71[V] = M for every open set V in M
with ¢ € V, and f~1[V] = 0 for any open set V in M with ¢ ¢ V.
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2202. Proposed by Joseph Santmyer, Las Cruces, NM.

Evaluate

2 2w
j cos(cos(t)) cosh(sin(t))dt and f sin(cos(t)) cosh(sin(t))dt.
0 0

Solution to problem 2202 Math. Mag. 97 (2) 2024, p. 434
Raymond Mortini, Rudolf Rupp

Using complex analysis, we prove that

(Il = fo% cos(cost) cosh(sint) dt = 27r]

and

[12 = f027r sin(cost) cosh(sint) dt = O}.

First note that cosh z = cos(iz). Hence, by using that

cosT + cosy = 2cos (x;—y) oS (m;y) ,

and
sinx + siny = 2sin Ty cos S ,
2 2
we obtain
cos(cost) cosh(sint) = cos(cost) cos(isint)
. eit 4 it . it _ it
= s| ———— S| ————
2 2
1 it —it
= 3 (cos(e™) + cos(e™™)) ,
and

sin(cost) cosh(sint) = sin(cost) cos(isint)

(it 4 it it _ it
= sin| —— ) cos | ——
2 2

Lo it (it
= i(sm(e ) +sin(e™")) .

Now, by Cauchy’s residue theorem in complex analysis,

1 2 ) ) i 1
Il = = / (Cos(elt) + Cos(e_lt)) dt "= - %w dz
2 Jo 2 z

1 5 1

and

1 [ , , i . e
I, = 5/ (Sin(e”)—i—sin(e_”)) dt “ = w
0 z

1 i in(1
- —om <Res [sz,o] + Res [Sm(/z)o]) =70+ 0) =0.
21 z z

dz

Il
m&
N
| =
S~
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2191. Proposed by John Chapman (student), Yvonne Cheng (student), and Gregory
Dresden, Washington & Lee University, Lexington, VA.

For an integer n > 1, denote the area between the curves y = cos x and y = cosnx

over [0, m] by A,. Find lim, . A,.

Solution to problem 2191 Math. Mag. 97 (2) 2024, p. 223

Raymond Mortini, Rudolf Rupp

We prove that this area A, tends to [8/7r ~ 2.5464790 .. }
To this end, we use the Fourier series for f(z) := |sinz]|

4 & cos( Qkx
o 2:: o1 U R

which can easily be obtained by noticing that that f is even and m-periodic, and so

(39) |sinz| =

=nw

f(z) ~ % + i ay, cos(2kx)

n=1

with

2 (7 2 (7 1 /"
= 7/ f(z) cos(2kx)dx = 7/ sin x cos(2kx)dx = 7/ (sin(1+2k)z +sin(1 — 2k)x)dz.
T Jo T Jo 0

7r
Note that the desired area A, is given by [ |cosz — cos(nz)|dz. By the addition theorem
| cosz — cos(nz)| = 2|sin ((n — 1)(z/2)) sin((n + 1)(z/2))].

Hence

4k2 — 1

q(z) = 2|sin(n — 1)(z/2)sin(n + 1)(z/2)] = 2 (i - % 3 cos k(n = )z 1)”3) (i - % ; cosk(n + Lz

Since for m,n € N={0,1,2,...}, m # n,

/ cos(mx) cos(nx)dr = % / (cos(m — n)x + cos(m + n)x)dx = 0,
0 0

we deduce from the fact that the Fourier series (39) is absolutely and uniformly convergent,
that for n > 2

An:/ g(2)dz Ew 32 Z/ cosj(n— 1)z cosk(n—i—l)aﬁdx
0 0

|
_|_

2 2 2 _ 2
T T (4k2 —1)(452 - 1)
8 167 = 1
=t ;1 (4k2 —1)(452 —1)°

J(n=1)=k(n+1)
Now j(n—1) =k(n+1) if j =r(n+ 1)m and k = r(n — 1)m for some m € N and

1 if nis even
T =
if n is odd
In fact, if n is even, then the odd numbers n — 1 and n 4+ 1 are relatively prime, since otherwise

a joint divisor must also divide 2 = (n+1) — (n—1). Hence k = m(n—1) and j = m(n+1) for
some m € N. And if n is odd, then n — 1 and n + 1 are even and 2 then is the ged of n — 1 and

) |



n+1since (n+1)—(n—1) = 2. Now let n > 3. Due to 1 < 2(1/4)m?

we finally conclude that
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(n£1)2 <2r2m2(n+1)2,

8 4, _ 8, l6r - 1
T= "1 w2 A (4r2m2(n—1)2 — 1)(4r2m2(n + 1)2 — 1)
8+167r 1 _ 8, 1 l6m 1 = 1
Toom w0 2rmP(n+ 1) 1 (n4+1)2 72 22 = m?
8
- —.
0
— 1 1-— t
Remark. Using that for a ¢ Z, mz;l o m a;;:;) (aﬂ-), we obtain
8 1
A, = -
n 1
™ 16’[17"2 Z < 47"2(71 1)2 m? — 4r2(n+1)2 >
o § E 1 L- 2r(n—1) COt(Qr(n—l)) _ 1— 27"(77—&-1) COt(QT(;LT+1))
m w160 4r2(7371)2 4r2('3+1)2
8 9 5y r(n—1)m ™ 9 5 rin+)m ™
= — -1)° - t — 1 t
T wnr? <r (n—1) 2 0 2r(n —1) rnt )7+ 2 «© 2r(n+1)
n—1 ™ n+1 T
= - cot + cot

nr 2r(n—1) nr 2r(n+1)

For example,

4
= 7(3\/3 —2) ~ 2.5569219. ..

Ay Z\/5+2\/5— 3V3 ~ 2.54806631 .
8

Az = 5 ~ 2.6666666. ..
3

3
Ay = Tf ~ 2.59807621 . . ..

It is now very easy to determine the limit directly (one may replace r above even by any

x #0): Let a:= 57— und b:= 5"—5. Then
1
xA, = (cota — cotb) + —(cot a + cot b),
n
and so
oA, = si'n(b - a) 1 si.n(a —|— b)-
sinasinb n sinasinb
Note that
T T n
b—a=— d b= — )
“ x n?— and a -+ z n?—1
Since lim,_,q 882 = 1, zA,, has the same asymptotic as
s 1 s n
polives S 1 T 2o dr 4z
2_1 + - 2 17T _ + fiad
n T T

2x(771r+1) 2z(n—1)
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2193. Proposed by Russell Gordon, Whitman College, Walla Walla, WA.
Consider the following series:
1 1 1 1 1 1 1 1 1 1
— ==t =t =t == == =+
VIoV2 V3 VA5 Ve VT8 V9 V10

Prove that the sequence of partial sums is bounded and the series diverges.

Solution to problem 2193 Math. Mag. 97 (2) 2024, p. 223
Raymond Mortini, Rudolf Rupp

Let N = {0,1,2,...}. We assume that the terms of the series >37° a; are regrouped as
follows (this regrouping does not change the partial sums):

(e )G )G ) Bn

where for k € N

Ak+1—1 1
Poi= )
J=Ak \/5

and where the number Ay = @ + 1 is the j-index of the first summand in the k-th group.
The sum P, has k summands. We now estimate each Pj:

Apgi—1 f/3
(40) P, < jZA;k W \/f 2.
k V2k o V2E V2

Py > > > .
\/AkH—l VE(k+1) k+1 2
By Cauchy’s criterion, the series diverges as the blocks P, do not go to zero. Next we
estimate the partial sums

N
Z(—l)kflpk-
k=1
To this end, we use the useful inequality
1
2(vn + _I)ST (\f vn — )
This yields (via telescoping property)
Vk 11 1
Py <2y Aps1 —1— A, — 1) =2V2 :\/§<1+>+o
k= (\/ k+1 \/k ) \/m-f—\/kfj 8 k2 (k,Q)
k 71 1
P, >2(\/A VA, =V2(1-< = ) +0o(=).
b2 2y Ak = \/k:k:+1 Y2+ kk—1)+2 ( 8k2> ()

Numerical computations let us guess that the P, are increasing. Anyway, the partial sums
formed with full blocks write as

al {(a —Py)+(Ps—Py)+---+ (Py_1 — Py) if N even

Ly = —1)1p, =
N ,;() * (Pr—P)+ (Ps—Py)+ -+ (Pnv_2 — Py_1) + Pn if N odd,

and the general one is given by
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n N

(41) Sui=>a; =S (D) P ()Y Y %

j=1 k=1 J=ANt1

where N is the unique number for which Ay, = w +1<n< w =Ani2—1.
It remains to estimate the differences |Py — Pg41]-

V2 1 1 V2 o1 1
P, — P < 24+ — — =) | —-1Vv2-
%k — Prp1 < <f+ s = tolz) V2 < (k+1)2+o((k+1)2)
V2 1
< ol
V2 1 1 V2 o1 1
P, — P > 2— — — )| - [Vv2+—
Bk = (*f 8 k2 +O(k2)> (‘[Jr 8 (k+1)2 +O((k+1)2)>
V2 1
> —ﬁ +O(ﬁ)
Hence, for all & > kg,
V2 1, _V2+1
1P = Py < 45 +0(55) < —5
and so, for all k,
(42) |P, — Ppia] < CK2.
We deduce from (40) and (41) that for every n and N chosen as above
1
Jj=AN \/j
+1
LN/2] n 1
< Py 1 — Pyl + P + —
< Z::\zgl 21 N, 4_2 i
j=1 comes from the case N odd ~J=AN+1
< Y |Pi—Pial+ Py + Py
k=1
(40) < 1
< CY S+42=C
] k?
A

Remark We also deduce that the associated parenthesized series converges:
e
vVioVv2 V3 Vi Vb V6 VT V8 V9 V10

1 1 1 1 1 1 1 1 1 1 1
+ + + - - — - — — — — -
(m V2 V13 V14 V15 V16 VIT VIS V19 V20 \/ﬁ)
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2187. Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Forr = s = 0, evaluate
ﬁ [+ cosh 2*s
cosh2nr }

n=0

Solution to problem 2187 Math. Mag. 97 (1) 2024, p. 81
Raymond Mortini, Rudolf Rupp

We claim that for » > s > 0,

P H (1 N cosh(2 s)) _ sinh r

cosh(2"r) coshr — cosh s |

n=0

To this end we first show via induction that

k ; k+1
n oy sinh(2""'x)
In fact, let £ = 0. Then ;1;252 = coshz. If (43) is correct for some k, then
k+1 k . el
h(2
nl;[Ocosh(T’x) = (gcosh(Q"x)> -cosh(281 ) = H -cosh(2"F )
_ sinh(2F %)
2k+2ginhx

A way to come up with such a formula, is to use the well-known funny formula
k ok+1

[T +w?) = 1-w”

1 —
n=0 w

for w = e~ and by writing coshz = e*(1 + e=2%) /2.

Now

coshu  coshu + coshv _ cosh( “"2'“ ) cosh(“5%)

coshv cosh v cosh v
Hence, with u = 2"s and v = 2",
k
cosh 2" s
Py = 1
» H ( * cosh 2”r>

n=0

. ﬁ cosh(2"(r + s)) cosh(2" 1 (r — s))
o cosh 2mr
L cosh(£2) cosh(52) H?;S cosh 27 (r 4 ) H?;& cosh 27 (r — s)
Hﬁ:o cosh 277

o . k . k(. k41
9F+1 Cosh (r;rs) cosh (r s) sinh 2°(r + s) sinh2%(r —s) 2 sinh r

ok +

2 2k sinh(r + s) 2F sinh(r — s) sinh 2k+1p
r+s r—s sinhr sinh 2% (r 4 s) sinh 2% (r — s)
= eosh (“2) cosh (20 = : .
€08 2 €08 2 sinh(r + s) sinh(r — s) sinh 2k+1r

Next we claim that for r > s,

. sinh 2%(r + s)sinh 2%(r —s) 1
ol sinh 2k+1p 2
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x

In fact, using that sinhz = 5 (1 — e~*) we obain
sinh 2% (r + s)sinh 2%(r —s) %er(r"‘s)er("_s)(l — e—2k+1(7'+8))(1 - e_QkH("_s))
sinh 2k+1p - 7e2k2+lr (1 —e2"*r)
1 (1 _ e—2k+1(7‘+8))(1 o 6—2k+1(r—s)) 1
= = — .
2 (1—e?r) 2
Now note that cosh? r — sinh? s = sinh(r 4 s) sinh(r — s), and so
4 cosh r+s cosh (=5 . sinh.r _ 9 coshr +.cosh s sinh r
2 2 sinh(r 4 s) sinh(r — s) sinh(r + s) sinh(r — s)

2sinhr

coshr —cosh s’

Thus b
sinh r
lm Pp,= ——————.
kgrolo k coshr — cosh s
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2186. Proposed by Paul Bracken, University of Texas, Edinburg, TX.

Evaluate

Ll arctanh (xm) .

X

Solution to problem 2186 Math. Mag. 97 (1) 2024, p. 81

Raymond Mortini, Rudolf Rupp

A function “arctanh x” does not exist in the terminology we have learned (see R. Burckel,
Classical Analysis in the plane, 2021, p. 135). It is either arctanx or artanhz. Not knowing
whether the letter ¢ or the letter h in your statement is superfluous, we consider both cases. So
we will prove the following:

(1) / artanh(x;/? —z?)

0
@) /0 arctan(zv2 — x?)

T

3
dxr = EWQ ~ 1.850550825204 - - -,

1
dz = 3C + %1og(\@+ 1) ~ 115021199360 - - - .

where C' is the Catalan constant.

We need the following well-known integral:

Lemma 4. Let I, fo (sinz)*dz. Then Iy = 7/2 and I} = 1. Forn € N* := {1,2,3---}
we have

on—1x (20 « (>

. n

) T
6 2n 2 4n(n))2 2 4n 27

3
Iy, = 5 h

1
2

Proof. I, = 22;1[%,2 for n € N* and Iy = 5, because

w/2
2nls, — (2n — 1) 129 / (sinz)?""2 (2nsin®z — (2n — 1)) dx
0

w/2
= - / (sinz)®" 2 ((2n — 1) cos® x — sin® z) du
0

= —[(sinz)** " cos x]g/2 =0.
O
. = 1 _ 7T2 - (_1)71 - C :
Moreover, we will use that nzzo W =3 as well as ZO m = (. Finally we
need that for |z] <1

o n p2n+1 oo (2n) p2n+l

arcsin x and arsinhz = Z(—l)"’—z .

= = 4" 2n+1

2n
Note that in view of Stirling’s formula (4’;) ~

r = +1.

ﬂl N the series converge absolutely for
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(1) We make the substitution = v/2sint, dz = v/2costdt. Then, by using [ > =" [ (all

terms are positive),

/1 artanh(zv2 — x2)
0

T

dx

sin(2t)=

artanh(sin(2t))

- costdt
sint

/4
J

SN 1 (sin(2t))?H!
= tdt
/0 7;)2n+1 sint o8
sin t cos /4
2sintcost / Z s 2cos’y de
n ~——
0 = =1+cos(2t)
/4
_ / (sin(26))2dt + / (sin(26))2" cos(2t)dt
0
2t=u

/2
(sinu)?"du + / (sinu)?" cos udu)
0

)

1
2n+1

7T

—0
1 Z %

— 1
1 arcsm + —

a(l
%g

16

16

(2) In this case case, the factor T{H is replaced by (2;21 . Moreover, [ >~ =" [, since
D L S
i (1 1
3:0 o 1(smu) (14 cosu) E: (sinu)?™(1 4 cosu),

which is an integrable majorant by (1). Hence

arctan(zv2 — z2)

’

1
- dx = %arsinh 1+ 50.

Since arsinh x = log(x + V1 4 x2), we are done.
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2184. Proposed by the Columbus State University Problem Solving Group, Columbus
State University, Columbus, GA.

Determine all ordered pairs of real numbers (a, b) such that the line y = ax + b inter-
sects the curve

in exactly one point. (Be careful!)

Solution to problem 2184 Math. Mag. 96 (5) 2023, p. 567
Raymond Mortini, Peter Pflug and Rudolf Rupp

We give two proofs (one geometric/intuitive informal one and one analytic one) of the fol-
lowing result:

Proposition Let f(x) = 13%5. Then the set of all those (a,b) € R? for which the line
y = ax + b cuts the graph G := {(z, f(z)) : « € R} of f in exactly one point is given by the
"exterior” E 7 of the closed Jordan curve (displayed in red below)

(44) I(t) = <Zg))> - <(11J2:§>2)7 fort € R, and TI'(+o0)= (8>,

T+e%)2
together with {(0,0)} U {(1,0)} U{(0,£+3)} U{(—3, :I:%)} and deleted by the half lines
{0}x]1/2,00[ and {0} x] — 00, —1/2].

'
1 0.7y
'

FiGURE 6. The red curve

7 This is the unbounded component of the complement of the curve.
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FiGURE 7. Graph of f and one tangent

Proof. We first discuss the geometry of the graph of f.

1— 2
e Note that f'(z) = ° Hence the red curve I', excepted the point (0,0), is the set

(L+22)2
of (a,b) = (a(x),b(x)) such that s+ as+bis a tangent to the graph of f at the point (z, f(z))
(since a(x)z + b(x) = f(z) and a(z) = f'(z)).
1 2:17(1‘2 ) i 1
NeXt f ( ) ﬁ Slnce f ( ) f (Zl:\/g) :O7
(45) max f' = f(0) = 1 and min f’ = f/(+v/3) = -1
Moreover f(:l:\[) = :I:f ~ 40.433013... and 0 and £+/3 are inflection points for f and
max f = f(1) = respectlvely min f = f( 1) =—3. Ifin (44) t = £v/3, then a(t) = —% and
b(t) = £33 ~ L0.61951....
y=! 1 £(0)
: f(x)
____.-—m/ 0.8 04 (i} 0.4 08 . 16 2

X=V3
04T

08T

FIGURE 8. f and f’

e Observe that if s — as + b cuts the graph of f in at least two different points, then
€ [-1/8,1]. In fact, by the mean value theorem, if z; are two intersection points, then

_ (a@1 +b) — (aw2 +b) _ f(z1) — f22) _
= = = f'(n).
xr1 — o Ty — T2
Now (45) yields the assertion. Consequently, if a ¢ [—1/8,1], then the line s — as + b is either
disjoint from the graph of f or cuts it in a single point.
e The only lines s — as + b which do not intersect the graph of f are those that are parallel
to the real axis (that is a = 0) and for which |b| > 1/2 (obviously clear by having a glimpse at
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the figure 8 of the graph G of f). In fact, any ”oblique” line L (and any vertical line) has points
in both domains determined by G and so the connectedness of the line implies that L NG # (.
Moreover, if a =0, then b=0-x +b = 1—1-% is equivalent to bz?> — 2 + b = 0. So no solution
exists if and only if the discriminant 1 — 4b% is negative; that is if |b] > 1/2.

o We will see below that the only tangents meeting the graph of f at a single point are the
linesy =+1/2and y =z and y = %x + % (those tangents associated with the extrema and
the inflection points of f ). All other tangents have another point of intersection: this is seen
”geometrically” by looking at the graph and by considering the three cases (and of course the
associated opposites) : 0 < 29 < 1,1 < zp < V3 and zy > \/:7,7 and by noticing that on the
interior I; of these three intervals the tangents are on one side of the graph {(z, f(z) : € I;},
as we have no change of curvature (f is either convex or concave on I;.) See figure 9.

e The behavior of the lines of the form s — as+b with a € [-1/8,1] and b > b(x) or b < b(z)
can be intuitively guessed by looking at the graph of f (for a precise analytic proof, see next
section). O

'
v 0.7y

FIGURE 9. The a(x) and b(z)’s for x € I;

2.1. An analytic proof. The intersection condition is equivalent to solving, for a # 0, the
cubic polynomial equation

ar+b= = ar® + b2’ +(a—Dx+b=0

x
14 2
and for a = 0 the quadratic equation

= — b’—z+b=0.
14 2?2
Put
p(2) = pap(2) = az® + 02> + (a — 1)z +b.

Then several cases occur when discussing the equation p, (2) =0, a # 0:

i) one real solution and two complex ones (which are conjugated),
ii) three distinct real solutions,

iii) one double real solution and a second real solution,

iv) a triple real solution.

A way to deal with this, is to use the discriminant. For , let
D :=a*(z1 — 22)%(20 — 23)%(21 — 23)2
be the discriminant of this cubic equation. Here 21, 29, z3 are the zeros. Then,
D = —4a* — 8ab* — 4b* + 12a® — 20ab® — 12a® + b* + 4a.
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A lenghthier calculation (a posteriori verified by Maple and wolframalpha) gives

5 1\° \*
2 2 0o L1y 1
(b +a +2a 8> 8(a+8)

It is well-known that the cubic equation has a multiple zero if and only if the discriminant
is zero. In other words, if and only if

2 3
5 1 1
2 2,92 Ly 1
(b “ 2a 8) S(a 8) -

Also, D > 0 if and only if the cubic equation (with real coefficients) has three distinct real
zeros, and D < 0 if and only if there is a unique real zero. In our situation here, D < 0 if and
only if

D = D(a,b) =—4

equivalently

5 1) 1\?
2, 2 92 1 <
(b +a +2a 8) >8(a+8> .
Now we have the following result:

Lemma 5. Let (a,b) € R%. The following assertions are equivalent:
(1) D(a,b)=04fa#0 or (a,b) = (0,£1/2) if a = 0.
(2) pap(2) =az®+bz2+ (a— 1)z + b has a multiple zero.
(3) The line L : s~ as+b is tangent to the graph G of [ at the point (x, f(x)) for some
8z eR, and
1— 22 223
——— and b=b(z) = ——.
a2 =00 = ey
Proof. (1) <= (2): Discussed above for the case a # 0. The case a = 0 follows since the
discriminant of the quadratic bz? — z + b is 1 — 4b2.
(2) => (3): Suppose that z € R is a multiple zero of p. Recall that p/(z) = 3az?+2bz+(a—1).
Then p(z) = p'(z) = 0 imply that az +b = 17% and

a=a(x)=

3ar® + 2z (Hxﬁax>+(a1)_0.
Thus
- 1—a?
(14 a2)2

(In case a = 0, x = +1). Consequently, s — as + b is a tangent to the graph of f at x (since
ax +b= f(z) and a = a(z) = f'(x)). Moreover,
T 1— 22 223
= — xTr = .
1+22  (1+422)2 (14 22)2

(In case a =0, b = £1/2).

(3) = (1): Suppose that s — as + b is a tangent at (z, f(z)) and that a and b have the
form given in the assumption (3). If a = a(z) ¢ {0,1}, then z is (at least !) a double zero of
Da,b, since pq () = 0 (equivalently az + b = f(z)), and p), ,(¥) = 0 because

1—22 223 1—2?
—_— 2 —1=0.
Q+ap’ Ty Aty
Moreover, if a = a(x) = 1, then z is a triple zero of p,, and b = b(z) = 0. Hence, as (2) =
(1), D(a(z),b(z)) = 0. If a = a(x) =0, then x = £1 and b = £1/2 . Thus (1) holds. O

8 Later we shall see that z is uniquely determined; so a line L can be tangent to G at at most one
point.
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Conclusion: The set (a,b) € R? of points where p,; has a multiple zero is in a one to one
correspondance with those lines s — as 4+ b which are tangent to the graph of f. It coincides
with

{(a,b) € B\ ({0} x B) : D(a,8) =0} U {(0.~5), 0, )}

and is the Jordan arc parametrized by

a(t) 177)&222
I(t) = = (0T teRr
b(t) 2t
GEERL
To see that T is injective, suppose that there exists (a,b) € R? such that a = a(t) = a(t)
and b = b(t) = b(t') for t # t'. By Lemma 5 (and its proof), the line s — as + b is tangent to

the graph of f at the points (¢, f(¢)) and (¢, f(¢')), and so t and t’ are (at least ) double zeros
of pgp. This would imply that the degree of p, ; is bigger than 4. A contradiction.

The two components determined by the closure J := I'(R)U{(0,0)} of this Jordan arc (which
is a closed Jordan curve) coincide with °

D(a,b)_l( 10, 00[) and ﬁ(a,b)_l(] — 00,0[),

respectively, where !°

Db =900~y ita=o.

The following observations now will show that the exterior of this Jordan domain is the set
where D(a, b) < 0. Always have in mind figure 9. But attention: this is not yet the final set
the problem is asking for.

Consider a tangent at 2 with 0 < a(z) < 1. Since a(z) = f'(x) we deduce that |z| < 1 < v/3.
This implies that

. {D(a,b) if a # 0

_22)3
ba)? + ala) + Sale) - § = § ol

0.
5 8 =

| =

Hence, if b > b(x), we get

5 (o + 1) = (o rato + B = 1) < (9 s Jor - 1)

and so D(a(z),b) < 0. This implies that there is a unique real zero of p and so the line
s+ a(x)s + b cuts the graph of f at a single point.

Next, if b = 0 and if @ — —oo, then D(a,b) = —oo. So again D < 0 in that part of the
exterior of J that is contained in the left-hand plane.

Finally, if @ = 0, the discriminant 1 — 4b* of bz? — 2 + b is negative if and only if pg; has no
real zeros; so no intersection points of ax + b exist whenever a = 0 and |b| > 1/2, but two if
0 < |b] < 1/2 and one if b = 0. Consequently, the exterior of the Jordan curve is the set where
D < 0.

To achieve the solution to the problem, a last case has to be investigated: for which (a,b)
the polynomial p,; has triple zero (as this yields tangents which cut the graph G of f at a
single point).

So let pa,b(w) = p), ,(x) = p); ,(¥) = 0. By Lemma 5, s > as + b is tangent to the graph G
of f. Hence a = a(x) = % and b= b(z) = (143#)2

Now pj, ,(z) = 6az + 2b. Hence

B i_ 2x 3 1— 22 B 2 x3
T8 T 0222/ YA +ad)? T 31-a2

9 Take e.g. two points in the exterior complemented component of .J, denoted by €. Join those with
an arc inside . Then D must have the same sign at both points; otherwise this arc would meet the
set where D is zero. As this set coincides with the boundary of €, that is the Jordan curve J, we get
a contradiction.

10 11 order to have continuity of D, we need to add the factor b2.
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Consequently, either = 0 or 2 = 4+/3. This yields the values (a,b) = (1,0) and (a,b) =
(5.5,

e We are now able to answer the question, which lines s — as + b intersect the graph G of
f(x) = z/(1 + 2?) in a single point:

i) All points (a,b) € R? for which a # 0 and D(a,b) < 0.

ii) The 6 points (a,b) € {(0,0), (1,0), (0,+31), (—é;l:%)h which induce via the map
s+ as + b tangents to G whenever (a,b) # (0,0).



134

1140. Proposed by Raymond Mortini, Université du Lurembourg, Esch-sur-Alzette,
Luzxembourg and Rudolf Rupp, Technische Hochschule Niirnberg, Georg Simon Ohm,
Nirnberg, Germany.

Let m and n be nonnegative integers. Determine the value of

= Se(71) ("101)

k=0

Quicky 1140 Math. Mag. 97 (2024) by
Raymond Mortini and Rudolf Rupp

Submitted statement:

(a) Let m,n € N={0,1,2,...}. Determine the value of

o= S () (20

k=0
(b) Let z,w € C\ {—1,—2,—3...}. Suppose that z —w ¢ {—1 —2,—3...}. Using that for
these parameters (?) := ﬁ(ﬁ—)wﬂ) is well defined, show that for a,b € C with Re a > 0,

Re b > 1, and b ¢ Z, the series

S(a.b) =3 (- 1" (“ U Z - 1) (Z*Z‘ 1)

k=0

converges absolutely and that S(a,b) = 1.

Solution (a) Note that

m+k\ fm+n+1 (m+ k)! (m+n+1)!
( k )< n—k ) T T mlk (mtk+D)(n— k)
(m+n+1)! 1 (m+n+1)! (n 1
B ml Km+k+tD)n—k!  minl <k>m+k+1'
Hence

zn: (m—i—k) (m+n+l>_(m+n+l zn: <> 1
Pt n—k m!n! = m+k+1
Put

Then

Consequently, as fo f(z)dx = f( ) — f(0) and f(0) =

| 1
B(n,m) = w/ ™ (1 — )" dx.
m:m.: 0

The value of the integral is given by Euler’s  function
F'm+1)T(n+1) m!n!
'm+n+2)  (m+n+1)

Bm+1,n+1)=
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Hence
(m+n+1)! m!n!

mln! (m+n+1)! -

B(n,m) =

(b) First we note that under the conditions on a and b, the complex binomial coefficients are
well defined. Since I'(z 4+ 1) = 2I'(z) for z € C\ (—N), and since the I'-function has no zeros,
we have

at+k—1\ fa+b-1\ I'(a+ k) I'(a+b)

< k > <b—k—1) - T(@)T(k+1) T(a+k+1)I(b—k)

+b) T'(b)

T'(a)T'(b) (a+Kk)T(k+ 1)T(b— k)
+

Hence

S(ab) i <a+k—1> <ijj> i (b_1>a+1k'

=0

— (b—1

It is known that the binomial series Z ( i ) converges absolutely for Re b > 1 (see
k=0

[42, p. 140]). Hence S(a,b) converges. Now consider for ¢ € C and 0 < z < 1 the functions

z¢ := exp(clogz), and

> b—1 1
2 —1)* —2F if <1
fa) = x Z( ) < i >a—|—kx if0<z <
0 if x =0,

which is continuous ' on [0, 1]. Using for 0 < z < 1 the Newton-Abel formula for the binomial
series with complex powers (see [42, p. 158]), we obtain

e =St (* ) et =t 2 (") ot = ety

k=0
Consequently, as fol f'(x)dx = f(1) — f(0) and f(0) =

Ta+b) [ .4 b—1
S(a,b)—w /0 2 (1 —x)° " da.
This integral is the S-function. Note that Rea > 0 and Reb > 0. Hence this integral is well
defined and $(a,b) = Fr((ag_l;gf;) (see [43, p. 671f]. Consequently, S(a,b) =1
For this proposal, we were motivated by Problem 4862 Crux Math. 49 (7) 2023, 375. We
hope that this sum has not been considered earlier.

1 Note that Re a > 0 and so 0” := 0 is the correct value if one wants continuity: |z <
exp(Rea logz) — exp(—o0) = 0 as z — 0", Also, as usual in the realm of power series, 0° := 1.
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2185, Proposed by Sedn M. Stewart, King Abdullah University of Science and Tech-
nology, Thuwal, Saudi Arabia.

Suppose n is a nonnegative integer. Let P, (x) be the nth degree polynomial defined by

(_])n(l+x2)n+] d" ( 1 )

Fax) = n! dxm \ 14 x2

Evaluate

Solution to problem 2185 Math. Mag. 96 (5) 2023, p. 567

Raymond Mortini and Rudolf Rupp

We show that the value of the integral I, := f_ll P, (z)dz is

[(—nlJ)r";" (1+(=1)") 2" cos (nZ)]

Another representation is

PR
In:annJrZ’
where
1 ifn=0 mod8
0 ifn=1 mod8
0 ifn=2 mod8
0 ifn=3 mod8

En =

-1 ifn=4 mod3&
0 ifn=5 mod8
0 ifn=6 mod8
0 ifn=7 mod 8.

A very strange result! In fact,

dar (1 (=)l g (0 il
den \1+iz) (14 iz)ntl den \1—iz ) (1 —iz)ntt’

Hence
o n N a1
dzn \1+22)  2dax" \1+ix 1—ix
()" 4 (1) (L — ) !
= —n! .
2 (14 2)nt1

From this we get that P, is a polynomial of degree n with n + 1 as leading coefficient. We are
now ready to calculate the integral:
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I, = /11 P,(z)dr = (_;)nzn /11 ((1 ) Z'm)n+1 +(=1)"(1 - Z-x)n+1) de
Yt (@ () ()
- 2 ( i(n+2) +(=1) 12 >
. ”Z'Tlfl
- (2(173 ) 1+ (-1D)™) ((1 FiR (1 i)”“) .

Since

_ ot (6(n+2)i7r/4 _ e*(””)”/‘l)
— 22" sin ((n + 2)2) ,

we conclude that

I, = (;1};12271 (1+ (~1)") 2% sin ((n + 2)2)
(=1)man s
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2181. Proposed by Raymond Mortini, Université de Lorraine (emeritus), Metz,
France, Peter Pflug, Carl von Ossietzky Universitdt Oldenburg (emeritus), Oldenburg,
Germany, and Rudolf Rupp, Technische Hochschule Niirnberg Georg Simon Ohm,
Niirnberg, Germany.

Evaluate

. (CDE(=1ym! 1
EH;ZZ KL Qm+ 1) 2m+2+k

2m+-2+k

Solution to problem 2181 Math. Mag. 96 (5) 2023, p. 566
Raymond Mortini, Peter Pflug and Rudolf Rupp

a) The double series

1 1
S 2m-+42+k
kZOmZ:Ok' m+ 1] 2m+2+k

converges since for every j € N the partial sums can be estimated as follows:

1 k_2m+2
2m+1)" "

! 1 2m—+2
2 ) (é[%mﬁw )

Hence the series P converges absolutely (and so does any re-arrangement) locally uniformly to
some finite value P(z).
b) By the same reason the formal derivated series

m+1
Z Z k' 2 m + 1)] 2m+1+k

k=0m=0

1 x2m+2+k
m+1 '2m+2+k

MQ
MQ

PE\H

Il IA
/\Q. MQ
o i
8 x| =

converges absolutely and locally uniformly for > 0. Hence P’ = H. Thus

= (—1)* = (-nm™ _ycosz—1
H(z) = <Z( k!) ﬂ) (; [Q((m)—i— ]! & H) — ¢ z

k=0 =0

—xcosx—1
a2

Consequently P is a primitive of e which vanishes at 0. Hence

o -1
J:= lim P(x) :/ e BT g
T—00 0 T

Next we show that J = —= log 2 by interpreting this integral as the Laplace transform L(q)(s) of
the function ¢(z) = (cos:z: —1)/x evaluated at s = 1. By a well-known formula, if L(F(t))(s) =
f(s), then

L@ = 1)) = [ sy

o 1
f(s) = /0 e *'(cost — 1) dt = s

Hence L(g)(s) = —3log(1 + s2) and so J = L(q)(1) = —1 log 2.

where

Remark A formal (but probably unjustifiable) way to calculate the value of J would be the

following:
0 p—
J ::/ e_mwdx =
0 T

3

1’2n_1dl'
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we would obtain

o (-D)" o~ (=) 1
= 2n — 1) = = ——log?2.
/ Z(Qn)!(n =2 g %8
n=1 n=1
Note also that the softwares Wolframalpha/mathematica give the exact value of the integral,
too.
The problem itself come to our mind when solving Problem number 12338 in Amer. Math.

Soc..
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2176. Proposed by Elton Bojaxhiu, Eppstein am Taunus, Germany and Enkel Hysnelaj,
Svdney, Australia.

Show that

x241 6 R

"og (x* +x+1 1
f 8 }dx:—rrlog(«/g+2)
0
where C = 1/12 — 1/3> 4 1/5%> — 1/7* + - - - is the Catalan constant.

Solution to problem 2176 Math. Mag. 96 (3) 2023, p. 468
Raymond Mortini and Rudolf Rupp

1 2

log(1

Let I := / w dx. We make the substitution = tanw, dz/du =1+ tanZu =
0 xr

L 2=0—>u=0andz=1— u=mn/4. Then
7r/41 tan2 t 1 /4 1 :
A (*) du
0 1+ tan“u 0 cos” u
w/4 1 /4
= / log <1+ 2sin(2u)> du—2/ log(cosu)du
0 0
1 [ 1 C
L 3 /0 log (1+23in(v)> dv—?(z—ZIOgQ)
1 [P (- T
= 3 /0 ’;T?(smx) dz +§log2—C
RSB o P N S S B o B U v . S S PS
unif abs conv. 2 — 20+ 1 227+ (2n+1)(27:‘) 2 &~ 22 4n 3 9 %8
I & 1 T o 1 (2n> T
= z —_—— — = — 167" 4+ = log2 - C
4 ;(2n+1)2(2n) 8;71 n 2
Lemm.s 1 1 8 =« 1—+/1—4(1/16) 0
e S (- Zrlog2+v3) ) = — = 21 Zlog2-C
Lemm.o 4 < gmlos(2+ \[)) 378 °g< 2(1/16) T8
1
= —§C+%log(2+\/§).

2.2. Appendix. Here we present for completeness the proofs of all those known results used
above to derive the value of the integral.

Lemma 6. [44, formula (8)]

/4
C= 2/ log(2 cos z)dx.
0

Proof. Since on |0, 1] the integrable function | log x| dominates the modulus of the partial sums
SN (—=1)"22"log x, we have

n=0
/1 log z dx = i/l(—l)"xQ" logx dox = ioz(—l)"_i1 =-C
o 1+a2™ T &, & = (n+1)2

Hence, with © = tanu and dz = (1 + tan® u)du,

/4 w/4 /4
(46) C= —/ log(tanu) du = / log(cosu) du — / log(sinw) du =: L. — L.
0 0 0



Now, using the standard result that foﬂ/Q logsinz dx = —7 log 2, we obtain

/4 /2
(47) L.+ Ls+ % logd = / log(2sin(2u)) du = / log(2sinz) dz = 0.
0 0

Adding (46) and (47), yields
C - glog4 =2L,.

In other words,

/4
2/ log(2cosz)dx = C.
0

Lemma 7. Let I, := Ow/2(sinx)"dx. Then In =7/2, I; =1 and for n € N*,
= _ ()

5 2n—17n _ _(2n)! -
2. us =0T

2n 2~ 47(n!)2
2n 477,(,”!)2 4n

_ 2 4 6 _
(2) bpt1=%5-5 % 9947 = @D — @2n+1) ()

3

N[N
(=]
[

Proof. (1) I, = 22;1[%,2 for n € N* and Iy = 7§, because

w/2
2nloy — (2n —1)Ipy_o = / (sin2)?"~2 (2nsin®z — (2n — 1)) dx
0

w/2
= - / (sin2)®" 2 ((2n — 1) cos® z — sin® z) da
0

= —[(sinz)** cosx]g/2 = 0.
(2) Inp+1 = %Ign,l for n € N* and I; = 1, because
w/2
2n+1)Iopny1 — 2nlop—1 = / (sinz)®* ! ((2n + 1) sin® z — 2n) dx
0

/2
= - / (sinz)** ™! (2ncos® z — sin® z) da
0

= —[(sinz)*" cosz] 3/2 = 0.
Lemma 8. [45]
— (2n\ , 1
(1) §<n)z = ﬁform < 1/4.
(2) Z % (2:>x" = 2log <1—21;—4x> for |z| < 1/4.
n=1

Proof. (1) Note that
GHIEG IS EEC S IMER S

[S][eY

n 27n)!
(2n)!
(2nnl)2 —

= (v

Hence, by Newton’s binomial theorem

i (2:)9”” = i(—l)" <_2/2> (42)" = (1 — 4z)~ /2,

n=0 n=0
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1
(2) Let f(x Zn( >" Then, for 0 < x < 1/4,

n=1
1 <= (2n 1 1
/ x —_ — mn = — — T .
) xnz_:l<n> zv/1—4z x
To calculate the primitive, we make the transformation u := /1 — 4z, or equivalently z = %.
Since
4 1 U 1—u
———(—=)du=1
/1fu2u( 2) Y 0g<1+u>7
we deduce that
() 1 1—+1—4x ) 1 (1 — /1 —4x)? 1
z) = log| ——— ) —logz=log| ———— | —logx
& 1++v1—-4x & & 4x B

log ((1 — M)2> =2log <1 — m) )

(22)? 2z
The following formula is due to Ramanujan.
Lemma 9. [44, formula (62)]

1 3 1
C= gﬂlog(2+\/§)+§;

(2n+1)2(>")’
equivalently

= §C + 17r10g(2 —V3).

nz:: (2n + 1)2(277) 3 3

Proof. First we note that

1.1 — 1
(48) artanh z = Qlog e Z 2 2 < 1

Hence, by Lemma 7

2n+1 0

/2 1+ Llsing (sinz) if abs 1 qn
J = log | —2""" ) do = / 9 g "nif-abs.conv. LA
/0 & (1 — %sinx) Z 22"+1 on+1 [S=7 Z 22n (2n + 1)2 (2:)

Z (2n+1) ( @n+ 1203

To calculate this integral we combine calculations done in [46] and [48], where it is also shown

that
g L artanh 1/u 1—ud
u
0 A/ U 1—u

(just put u = sin® z). See [49], too. Let us introduce the parametric integral

/2 1 . .
I(a) ::/ log (+ s%nas?n:v> dx
0 1—sinasinz

Now - [ = [ 4 (as all functions considered here are continuously differentiable). Hence

w/2 . . /2 9 .
') = / < cosasing . _cosasinz ) dp — / cc.)s 2a SlI.l :Z; i
0 0

1 +sinasinzx 1 —sinasinx 1 —sin“asin“x

2cosa [™/? sinx 2cosa [™/? sinx
= o2 2 dr = — 2 2
smm”a Jo bmg +cos‘zx —1 sm-a Jo cot® a + cos“ x
2 /2 2a
= ——— arctan(cosx tana) = —
sina sina




143

sin x
14+cosx’

Thus, using partial integration, and the fact that tan(z/2) =

J

w/6 /6 a
I(x/6) = I(x/6) — I(0) = /0 I'(a)da = /0 20_ 1o

sina
/6 /
2/ x <log (tan E)) dx = 2z log (tan f)
0 2 2

/6 m/6 €T
. —2/0 log(tang) dx
T m/12
=, 3 log(2 — V/3) — 4/ log(tan t)dt.
0

g=t

Now we follow [48] 2. Recall that on ]0, 7[ the Fourier series for — log tan(t/2) is

o0

1
2 2 1)t.
7Z‘;Qn_klcos( n+1)

Since the Fourier series converges in the L?-norm, hence L*-norm on ]0, 7|, we have }_ [ = [>".
Hence

/12 /6 o0 1 0 1 /6
— log(t d = 2 1t dt = 2 1)t dt
/0 og(tanz)dx s /0 ;2n+1cos( n+1) ;Qn—i—l/o cos(2n + 1)
- 1 ™ 12 1 2
= — _sin(Een+1) L2 (1 =Zc
nzzo(znﬂ)?Sm(ﬁ(”Jr ) 3;:0(%“)2( =3

=S
To show the penultimate identity, we follow [47]. To this end we first note that

3 ifk=0 mod6
1 ifk=1 mod6
™ 1 ifk=2 mod6
si —2k+1): 2
m<6( ) —% ifk=3 mod6
—1 ifk=4 mod®6
—% if k=5 mod 6.
Hence
1 & 1 ad 1 1 & 1
S = —_ -_— e —
2 7;)(1271—&—1)2 +n;)(12n+3)2 +2 ;(1271—}—5)2

oo

1 & 1 1 I o 1
3 LT &m0 2 A (i

n=0

= 1 1 LRI S SN S
9 2 \(n+1)2 (n+3) 2\12 52 72 112
— EC 1 i,i+i,i+lfi+ +1 i,i+i,
9 2 \12 32 " 52 727 92 112 2 \32 92 152
1 1 1 1/1 1 1
= 9C+20+2'32<1232+52“')
1 12 2
= C0+3C+3C=5C=3C
We conclude that
8 8
nglog(Z—\/g)—FgC:EC’—glog(2+\/§).

Here is a second proof to calculate the value of fow/ 2 log(tant)dt.

12 We thank Roberto Tauraso for providing us this link.
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Proof. We follow [47]. Consider for a > 0 the integral

/12 9 9 /12 ) )
Qla) = _/ artanh ( . f) dx = _/ artanh (anosx) der.
0 a—+a- 0 a2+ 1

(Note that a + 1/a > 2, so this is well defined). Again - [ = [ 4 Using that (artanhz)’ =

T2 and that
d 1 1= a®
da \a+a1) (a2+1)2’
0@ /W/l Aty ) 2 cos 2 ; /”/12 (a2 —1) 2cos 2z
a) = — L dr=
0 1- ‘(161572(%;3 o (a?+1)% —4a? cos? 2x
1 . 2asin2z\ |7/12  arctan -
= ——ar 1 EE—— - - a. -
5, arctan | ——=— | | 5a

Hence, by using that Q(0) = 0, and that arctanu + arctan v = arctan( 1“_2””),

1 1 2
log(tanz) = ~5 log (m) = — artanh(cos 2z).
Consequently, as C' = — fol ar“wﬂdx (use the power series for arctan x)
w/12 o Larctan %+
/ log(tan z)dz = Q) = / Q'(a)da = / 27da
0 0 a

/ L /arctan a. arctan a® p
a
0 2a

1 L arctan a 2
(2 +) arctana g ¢,
8
3

We conclude that

J = log(2f\/§) C:fC'fflog(2+\[)

O

2.3. Remarks. (1) The integral L := [;* log(lliiz"’x) dz is mentioned on wikipedia [51] (with-

out a source) under the form

3 s
C= 1 L — Zarcosh 2.

We notice that L = 21 + 2C. In fact,

7 = /°° log(u? +u + 1) — log(u?) du
u=1/x 1 1+ u?
[e’e) 1 2
_ / og(u2+u+1)_20.
1 ué 41

Hence

* Jog(u? 1
2I:I+I:/ Mﬂa
0 u +1

Using the assertion of the problem dealt with here,

L=2<glog(\/§+2)—§> +2C,

and so 5
C=iL- glog(\/g—i- 2).
Now just note that arcosh 2 = log(v/3 + 2). O

This integral L is also calculated in [50].
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2171, Proposed by Paul Bracken, University of Texas, Edinburg, TX.
Evaluate the following sums in closed form.

55 2 4 . 2n
. o X X n—l A
(a) Z(Lnﬁl“—'“’*g‘;*'”“”” {Em!)

n={

o0 3 5 e EN |
I I 1 L
b E(sm.t X+ T 50 + (=D o T “!)

n={)

Solution to problem 2171 Math. Mag. 96 (3) 2023, p. 359
Raymond Mortini and Rudolf Rupp

For logical reasons, we think that the exponent of (—1) in the two statements above has to
be n + 1, since one starts with —(—1)", where n = 0. Since the double series is absolutely
convergent, we may arrange as we wish.

(a) Let
o 22 gt 22
— _ T 4 ()t
C(z) := 1;) (Cosx 1+ o T + (-1 (2n)!>
and let T}, be the 2n-th Taylor polynomial for cosx, which is given by
n ) Q?Qj
T, (x) = —1) —
) = 2 g
Then -
C(z) = Z(cosx — Tn(x)).
n=0
Hence
00 0 22k oo k-1 22k
c = —1)* = —1)k
(z) > > = k! > XD k)
n=0 k=n-+1 k=1n=0
& 1 e x?k
= S k(-1 I = N k(-1
Z (=1) (2K)! 2 Z (=1) (2k)!
k=1 k=1
o0 2k—1
x x
- §Z<_ )(zk— 1)!
k=1
= —lxsinm
2

For (b) we give two solutions.
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Similarily to (a) ,

Then

let

0 3 5 " p2n+l
x):zg(smz—x—ky—y—k -+ (—1) M)
n=0 k= n+1 2k+1 k=1n= 0 2k+ )
oo 2k+1 2k+1
= k(-1 2k(—
S o = L
1 o0 x2k+1 1 St 1.2k+1
= - 2k+D(-1D)f——m -2 (D —————
22( DD G 2;( UG
oo 2k
x x 1 .
= EZ(_ §(s1na:—x)
k=1
= Leosw— 1)~ lsine— 1)
= glcosw 5(sina —

rcosxr —sinx

2

The second method is to integrate termwise and then to interchange the sum with the integral
(uniform convergence on compacta).

S(x)

1+§

Z / (cost
| 3 (t

n=0

75/0 (tsint) dt

rcosx —sinx

2

21

e

t4 41 t2n
4. —1)"

ZTR (2n)!> dt
t4 — t2n
I+~+FD @W)ﬁ



2167. Proposed by Moubinool Omarjee, Lycée Henri IV, Paris, France.

Prove that

4

ATTL AN 5 3z03)
Jim e[ e (1_72) ”’(p( i )

1=2

where £(3) = 302, 1/n°.

Solution to problem 2167 Math. Mag. 96 (2) 2023, p. 190
Raymond Mortini and Rudolf Rupp

Then
k=1
1
log L = f—I—Z] +Zy log ( 2)
5 0 I
Jj=2 j=2k=1 J
SIS S WA D DD I DV
2 ; 2 k— (52)
j=2 j=2 Jj=2 k=3 = j=2
m:=k—2 1 = C(Qm) 1

So we need to show that

§ 7 3
4 LT ogr— 2c@3)~02 29 ..
(49) Z m+2 1~ logm — —5((3) ~ 0.239888629 -,
from which we conclude that

3 5
L= — — =) ~12 45345 - - -
T exp (772 ¢(3) 4> 970745345
To achieve our goal we use the partial fraction decomposition of
52
mz cot(mz) —1—1—2 o 2,z€C\Z,
n=1
a formula which implies (see [52, p. 182]) that
= 1 z? = z?
2n _

Since z = 0 and z = +1 are removable singularities for (1 — mzcot(nz)) —

[0,1]. Also, for z €]0,1],

e 2

>_(¢(2n) = Dt = 5 — 2/ cot(m/a) - T

n=1

=22
holomorphy in |z| < 2 implies that we have uniform convergence of Y > (¢(2n) — 1)z?

147

the
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A primitive on |0, 1] is then given by
2

S ¢(2n) —1 n+2_£2 / T _3/2 g
;771_’_2 g™t = 5% COt(ﬂ\/E)_Fl—x dz.

Using again uniform convergence on [0, 1], the substitution s = \/z and integration between 0
and 1 yields

~((2n)-1 1 Vim o, st
Z W = Z — o 58 COt(ﬂ'S) —+ 1_ 82 2$d5

n=1

Let

&:: /01 (w t* cot(mt) + 12_t5152> a@

3 3
(50) I'=—5¢(3) ~ 5 +logm ~ 0.0101113705 - --
™

To determine the value of I, we first calculate a primitive of

We claim that

f(z) =7 z* cot(mz)

on |0, 1[. This is done by using partial integration and the 1-periodic Fourier series

3 %’m) = —log(2sin(rz)) = —log 2 — log(sin(rx)),
k=1

where the convergence is considered in the L?-norm on ]0, 1[, which also guarantees that [y =

>~ | below.
/f(x)dm = 2t log(sin(mz)) —4/x3 log(sin(7x)) dz

— 2
= 2 log(sin(ﬂx))+4/2x3w dx—|—4/m3 log 2 dx
k=1

- 2k
= 2*log(sin(nz)) + 42/m3m(1€77m) dx + 4/m3 log 2 dx
k=1

Before evaluating at the boundary points, we need to add

2P 1
= 2% — 20 —
1— 22 v . 1—|—a:+1—a:

b

since the integral fol f(x)dz is divergent (at 1). Defining the symbol [h(z)]} below as
1. 7 T
(h(@)ly = lim h(x) — lm h()

we obtain

1 5
2
I:/O <7T m4cot(7rm)—|—1_xx2> dr =

4
ztlog(sin(rx)) — log(1 — x) — % — 2% —log(1+z)

e o] 1
2k
+4Z/ % dr + g 2.
k=170

Note that

sin(mx)

z*log(sin(rx)) — log(1 — ) = z* log = + (z* = 1)log(l — z) — log7 as z — 1.
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Also, three times partial integration yields

1
3 cos(2kmz) 3

—dr = ——.

/O Tk T e

Hence

3 =~ 3
I = logﬂ—§—10g2+4gm+log2

3 3
= logm — 3 + ﬁC(3),

yielding (50). We conclude that (49) is satisfied, that is

o0
¢2n)—1 1 7 3
S =L L oL g — 2((3) ~ 0.23988862 - - -
; n+t2 14 1 losm— 5C3)

Remarks (1) The value for I is also given directly by Maple

5
int(Pi-s4-cot(Pi‘s) + 12 2 5 ,SZO..IJ;
—
21 In(r) — 37 + 6(3)
o

(2) Using Wolframalpha’s representation below of a primitive of 7 t* cot(mt) + % and

evaluating at the boundary points, we also obtain the value of I. Just note that ((2) = 72/6
and ((4) = 71/90:

¢(2) C(4) L ¢(6) am 1

_ . . 4 —27mis 2
I = Qzﬂ_ +37r2 —3Z7T3 —32ﬂ4+€—§—1—|—;1§%(5 log(1—e ) — log(1 — s7))
+3® — lim (s*log(1 — e~*™"*) — log(1 — s?))
214 5=0
¢3)  .[/1 1 im 3 T
= _— _— — _— = —17 — 1 —
37r2 tilg3-55) 7% 24—( 2+og7r) (0)
@ 3
3 — - +1
w2 2 +

‘ primitive of \pi s*4 \cot(\pi s)+\frac{2s*5}{1-s*2}

Tk NATURAL LANGUAGE | fTb MATH INPUT B3 EXTENDED KEYBOARD 33} |

Indefinite integral

( 4 99
J ns cot(ms)+

1-5s2
2{-53 Liz[.l’_zj’.'") 352 Li3[‘,—2x‘ﬁs) 31'5Li4{£‘_2'.“l 3Li5[:£_2i‘-'")
-+ -— —
n 2 b 2t
1 s sty 2i 2 2

gins' -5t log(1-e='™%) = 5" —log(1-s) + ¢

ds =

+

(3) Generalizations of formula 49 are given in [7].
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2147. Proposed by Lokman Gékce, Istanbul, Turkey.

Evaluate
ﬁ n*+4
Lt —1
n=:<

Solution to problem 2147 Math. Mag. 95 (2) 2022, p. 242
Raymond Mortini and Rudolf Rupp

Oon
P::Hn‘l—l_ 5

( 22 ) sinmz sinh 7z

oo o S 52 00
P(z)_H<1_n4):H<1_n2)H I+ 12,2
n=1 n=1 n=1
and so .
= z P(z)
Q)= H <1n4) Tt
n=2
Note that A
o0 1 4
P T Lt
n=2 T ont
We put either z =1 or z = 1 + 4. Note that (1 +i)* = —4 and that
. . sinmz . 1 sinh 7 1 sinhm
lim Q(z) = lim im == .
z—1 251 1—2 21 (1+2)(1+22) 72 4
Hence
P 1 sin(m(1 +4)) sinh(m(1+i)) /1 sinh7  2sinhn
1= (1+0)* m2(1+41)? 4 © 5 7
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2141. Proposed by Paul Bracken, University of Texas Rio Grande Valley, Edinburg,
TX.

Evaluate

I::f In (l +2x 2cosg +x‘4) dx.
0

Solution to problem 2141 Math. Mag. 95 (2) 2022, p. 157
Raymond Mortini and Rudolf Rupp

The value of the integral I is 27 cos(p/2).

First we note that (u + e*)(u + e~ %) = 1 + 2ucos ¢ + u?.
Case 1 cosp # 0 (or equivantly ¢ ¢ {m + 2km : k € Z}).
Let logz = log|z| + iargz be the main branch of the complex logarithm (that is —7 <

arg z < ). Put H := C\ | — 00,0]. Note that for z € S :=C\ {it : |t| > 1} we have
1+iz
1—1z

1
1 t = —1
(51) arctan z 5 og

is a primitive of 1/(1 + 22).
Now for z € R, 1/2% +e*¥ € H and so f(x) := log(1/2% +e*?¥) is well defined. A primitive

is given by

. d , ; 2
_ 2 +1 2 +1 _ 2 +1

Since ¢ # 4, 2z := 2ze*¥/2 € S and so, by using (51) and the fact that }fzz maps the right-half
plane onto the upper-half-plane,

2 ] y .
————dr = 2¢7"¥/? arctan(e“’/2;c) — 26_“"/27T/2

Now arg z +argz = 0 and so log z +1ogZ = log |2|?, z € H. Hence, with z = 1/2? + ¢ € H,
rlog(1/2? + €'?) + zlog(1/2? + ") = zlog(1 + 2z % cosp + %) mjg 0
r—
Hence lim, o I(x) = 0+ m(e™/2 + €%/2) = 27 cos ¢ /2.

Case 2 cos ¢ = 0. In other words I = [, log((1 — 1/2%)?)dx, which is improper at 0 and 1.
In this case I = 0. In fact, for x > 0 and x # 1,

2 2
1 1+
hi(z) = xlog(xQ—l) +log(1_z)
= (z—1)log(x —1)* +2(x + 1)log(1 + z) — 4z log

is a primitive of log((1 — 1/22)?). Hence
1
/ log((1 — 1/2%)?)dz = log 16
0

and
/100 log((1 — 1/22)?)dx = log(1/16).
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A related method (for cosy # 0) is to apply partial integration directly to B(x) := log(1 4+

2272 cos ¢ + x~*) and which gives

/B(:E)d:c = xB(z) — /mB'(m)dac

with )
1+cospx

B’ =4 =:4R(x).

zB(z) xt+2cospa?+1 (z)

This rational function writes as
A B
R(.T) = 2 + ety + 2 + e~

with |
1P gy B
_reose 1 g
2isin ¢
By using (51), we obtain
. 1 = #HReb>0
/ % = lim —arctan(x/b) = 2 1 eb>
o T2+Db z500 b % fReb<o.

Since lim xB(z) = 0, we deduce (with b := e"?/2) that Jo" Bla)dz = 27 cos(p/2)

x— 00
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2128. Proposed by George Stoica, Saint John, NB, Canada.

LetO <=a < b < 1 and € = 0 be given. Prove the existence of positive integers m and
nsuchthat (1 —b™)" <=eand (1 —a™)* = 1 —e.

Solution to problem 2128 Math. Mag. 94 (2021), p. 308
Raymond Mortini
We first show that
hm (1 — bm)wiﬁ =0 and hm (1 _am)mim -1

m—r o0 m—r 00

In fact, taking logartithms, this is equivalent to show that

L:= lim 710g(1—b ):—oo and R:= lim 7log(1—a )

m—00 ma™ m— o0 ma™

=0.

Since ), ma™ converges for |a| < 1, ma™ — 0. Hence we have an indeterminate form 0/0
and may use 'Hospital’s rule. Using that for z > 1, we have lim 2™ /m = oo, we obtain

1
. T pm (=b™)logb . b\™ 1
L = lim = —logb lim | — _—
m—oo  a™(1+ mloga) m—oo \ a 1+ mloga
logb <b>m 1
= — —_ — = —0
loga m—oo \ a m
Moreover
1
7 —(—a™)loga
R = lim —4 = —loga lim =0
m—oo  a™(1+ mloga) m—oo m loga

Next we use that for s, 1= ﬁ and Z,, :=log(1 — b™) — 0 the inequalities

($m — Dam < [Sm]Tm < $mTm
imply that the limits R and L do not change if we replace s, by |$m].
Consequently,

lim (1 *bm)LﬁJ =0 and lim (1 —am)LﬁJ =1

m—r o0 m— o0

Hence, for each e €]0, 1[ we obtain m,n € N such that
1-0")"<eand (1—-a™)">1—c.
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2118. Proposed by Moubinool Omarjee, Lycée Henri IV, Paris, France.

It is well known that the series

converges. Does the series

[a. 9]
Z e "kl gink
k=1

converge or diverge?

Solution to problem 2118 Math. Mag. 94 (2021), p. 150
Raymond Mortini

The series converges. This is an immediate consequence to Abel’s theorem telling us that
if (a,) is a sequence of positive numbers with a,, N\, 0, then the trigonometric series S(t) :=
o2 g ane™ converges for all t ¢ {2k : k € Z} (see i.e. Appendix 4 in my encyclopedic
monograph: R. Mortini, R. Rupp, Extension Problems and Stable Ranks, A Space Odyssey,
Birkh&user 2021, ca 2150 pages):

Just take a,, = e~°8™ + = 1, and the imaginary part of S(t). The proof is based on the
Abel-Dirichlet rule, telling us that with b, = ™™, and

lbo 4+ b4+ bp| = [1+ €+ 4 ™| =

1— (m+1)3t )
:‘16“ if@zt#l.
— €
we obtain for t ¢ 27Z that
2
52 bo+bi 4+ +bp| <5 =
( ) |0+ 1+ +m|_|1—67’t|

Hence the series Y > anby, is convergent.
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2117. Proposed by Ahmad Sabihi, Isfahan, Iran.

Find all positive integer solutions to the equation

m+1"=m!+1.

Solution to problem 2117 in Math. Mag. 94 (2021), p. 150
Raymond Mortini, Rudolf Rupp and Amol Sasane

There are only the three solutions (n,m) € {(1,1),(1,2),(2,4)}.
It is easy to check that these are solutions.
Now suppose that n > m > 2. Then (n,m) cannot be a solution since

(m4+1D)">(m+1)™>m™>ml so(m+1)" >m!+1.
Now, if 2 =n < m, then
(m+1)2=ml+1 <= m+2=(m—1)!
which is obviously only satisfied for m = 4.
Next let 2 < n < m. Then we see that if (n,m) is a solution to (m + 1)” = m! + 1, then m
must be even. (Actually, by Wilson’s theorem, m + 1 divides m!+ 1 if and only m + 1 is prime;

but we do not need this result). In particular, m > 4. Note that the equation (m+1)"—1 = m!
under discussion is equivalent to

(53) ni:(m—kl)k =(m— 1)
k=0

1° m = 4. Then, due to (53), 6 =3! =1+ 5+ --- implying that n = 2. A contradiction to
the assumption 2 < n < m..

2° m > 6. Then 2 < m/2 < m — 1. Hence the integer m/2 divides (m — 1)!. Since m/2 > 2,
additionally the number 2 divides (m — 1)!. Thus m =2 (m/2) divides (m — 1)

Now, (53) yields n = 0, mod m. That is, m divides n and so m < n. This is again a
contradiction to the assumption 2 < n < m.
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2116. Proposed by Fook Sung Wong, Temasek Polytechnic, Singapore.

Evaluate

dx,

% 5% cos (ax + sinx)
0 .\'3 + ﬁ:

where « and B are positive real numbers.

Solution to problem 2116 Math. Mag. 94 (2021), 150
Raymond Mortini, Rudolf Rupp

‘We show that

jfeoos(x) cos(arx +sin(x)) oo Tt |
; X+ 28
& viaz
We use the Residue theorem for the meromorphic function f , given by f(z) = - ﬁ2 ,
Jol o

and the positively oriented contour I'; := S + H, where S, denotes the segment [-R, R]and
H g the half-circle connecting R,iR,—R for some R > f8 > 0. Thus the simple pole z, =ifis

surrounded once in positive direction. The Residue theorem tells us that
—F _
ee af

* 2)d= =27i R =) =2mi Tt
(*) if() miRes(f,z,) =27i 25 ,88

el Hiax  gestintsiniar g eog(grx + sin(x)) +sin(ax +sin(x))] _
5 > = 5 = 5 5 , we find
X+ p X+ p X+ p

that f(—x) = f(x)forall x>0, hence

From f(x)=

() cos(ax + sin(x)) it

<+ B

J £ =[(7 )+ (e =2[ =

For =€ Hy,ie. z=Re".0<7 < 7we estimate

Re(e®O-RDD 4 i R cos(t)—aRsin(t)) gg‘“““’) cos(R cos(t))—aRsin(f)

@ T
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The@EEULEIGEInEIEEfor integrals now shows that

e
Jf(:)d: <AR-———5 —>0for R —> +.
R - p°
Hp

Passing to the limit in (*) then gives the value of the integral in question:
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1075. Proposed by Raymond Mortini, Université de Lorraine and IECL, France.

Let f : R — R be a bounded and continuous function. Assume that there exist a, b €
R such that f(a) < f(x) < f(b) for all x € R. Is it true that, for every d > 0, there
exists a horizontal segment of length 4 with endpoints on the graph of f?

Solution to Quicky 1075 in Math. Mag. 90 (2017), 384
Raymond Mortini

f(x) /
o F -
i |
a’ a b b’

FIGURE 10. Intersecting curves

Yes. We have to show that for every d € R, there is g € R such that f(zg) = f(zo — d).

1) Non-elementary geometric approach.

Put g(z) := f(z — d) and choose a, b € R such that m = f(a), M = f(b) and m < f(z) < M
for x €]a,b]. We may assume that a < b. Of course, m < g(z) < M. Let o’ < a and b > ¥'.
Then x — (x,g(x)),a’ <z <V is a curve in the rectangle R := [a/,b] X [m, M| starting at the
left of the graph F' := {(x, f(x)) : a < x < b} of f and ending at the right (here we need that the
Jordan arc F' is a cross-cut of R). Thus this curve meets the graph: that is there is a’ < 2o <V
such that (xg,g(z¢)) € F. Hence, there is a < z1 < b such that (xo,g(z0)) = (21, f(z1))-
Consequently, o = z1 and so f(zo) = f(zo — d).

2) Analytic approach. Let H := f—g. Then H(a) = m—g(a) < 0and H(b) = M —g(b) > 0.
If g(a) = m or g(b) = M, then we are done. So we may assume that H(a) < 0 and H(b) > 0.
Hence, by the intermediate value theorem, there is zq € |a, b[ such that H(z¢) = 0. We conclude

that f(zo) = g(wo) = f(zo — d).

Let us point out that the assertion does not hold whenever merely infr f and supg f exist:
just look at f(x) = arctanz. Motivation for the problem came from the paper: Peter Horak,
Partitioning R™ into connected components. Am. Math. Mon. 122, No. 3, 280-283 (2015),
where periodic functions were considered.
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1947. Proposed by Raymond Mortini and Jérome Noél, Université de Lorraine, Metz,
France.
Let n be a positive integer. Prove that

n
n
Z |cosk| = —.
2

k=0

Solution to problem 1947 Math. Mag. 87 (2014), 230

Raymond Mortini, Jérome Noél

cosk|>1+ cosk)? =1+ M—1+ﬁ+7Re e?* | .
2
k=0 k=1

2 2
k=1 k=1
Now n ) )
Ze2ik — 2 1- 6217 _ 2 elé SINT_ i(n+1) sm(n).
= 1 —e2 el sinl sin 1
Hence .
n  cos(n+ 1)sinn n 1
kEl>1+ — — > 1+4 - —
ICZOMOS A R s el Rl e
n (1 1 - n
2 2sinl ) — 2’
—_—
>0

because 2sin1 > 1 (note that 7/4 < 1 < 7/3 implies 1 < v/2 < 2sin1 < v/3).

Let us remark that in the very first step it was important to begin the sum at £ = 1 in order
to have the summand 1. Otherwise we would have obtained
n

n+1 cosnsin(n+1) _n+1 1
k| > > —
g:;'cos |2 5 " 1 2 2sinl

_n+1 1 1
T2 2 sinl )’

an estimate that is less than n/2.
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1871. Proposed by Cosmin Pohoata, Princeton University, Princeton, NJ.

Let f, g be two differentiable real functions such that g(x) # 0 for all real numbers x.
Suppose that ¢ is a real number such that

b b
f(t‘)f g(x)dx #g(f)j f(x)dx,

for all pairwise distinct real numbers a and b. Prove that (f/g)'(c) = 0.

Solution to problem 1871 Math. Mag. 84 (2011), p. 229
Raymond Mortini

The solution is a based on the following Lemma:

Lemma 10. Let F be a continuous, real-valued function on R x R. Suppose that F is not zero
outside the diagonal D and not constant 0 on D. Then either F > 0 or F < 0 everywhere.

Proof. Let PT = {(z,y) € R*z <y} and P~ = {(z,y) € R%z > y}.

Case 1: if F(zo,y0) < 0 and F(x1,y1) > 0 for some points Py = (xg,y9) and P; = (x1,y1) in
P*, then F' must have a zero on the segment S joining Py and P; in P (since the image of S
under F is an interval).

Case 2: if F(Py) < 0 and F(Py) > 0 for some Py € PT and P; € P~ then we may choose
an arc A (piecewise parallel to the axis) such that F' # 0 on AN D, which is a singleton. By
the the intermediate value theorem, there is a zero of F' on the arc A, but outside D.

Case 3: if F(Qp) < 0 and F(Q1) > 0 for some Qo,Q1 € D, then there are Py € PT and
P, € P~ such that F(Py) < 0 and F(P;) > 0. Hence we are in the second case.

Thus, all cases yield a contradiction to the assumption. Hence, in the image space, 0 is a
global extremum. O

Solution to the problem Without loss of generality, we may assume that g > 0. Let

o S@da
b

H(a,b) = Ju glw)de
f(a) o
g(a) f b.

We claim that H is continuous on RxR. In fact, it suffices to prove continuity at the diagonal.
So let (ag,ap) € D. Then, for (a,b) € R?\ D, there is £ € ]a, b] such that fab f(x)dz/(b—a) =
f(&) = f(ag) if (a,b) = (ag,ap). Thus lim H(a,b) = H(ag).

By assumption, H(a,b) # f(c)/g(c) whenever (a,b) is outside the diagonal in R2.

Case 1: H = f(c)/g(c) on the diagonal D. Then the function x — f(x)/g(x) has derivative
0 everywhere, and so satisfies the assertion of the problem.

Case 2: H not constant f(c)/g(c) on D. Then, by Lemma 10 applied to F = H — f(c)/g(c),
we see that H > f(c)/g(c) on Rx R or H < f(c)/g(c) on R x R. In particular, ¢ is an extrema
of the function z — f(z)/g(x) and so the differentiability of f/g implies that (f/g)'(c) = 0.
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1867. Proposed by Angel Plaza and César Rodriguez, Department of Mathematics,
Universidad de Las Palmas de Gran Canaria, Las Palmas, Spain.

Let f : [0, 1] — IR be a continuous function such that f[}l f(t)dr =1 and n a positive
integer. Show that

1. there are distinct ¢, ¢, .. ., ¢, in (0, 1) such that
fle+ fle)+---+ flen) =n,
2. there are distinct ¢q, ¢, .. ., ¢, in (0, 1) such that
1 1 1

fe e T T e "

Solution to problem 1867 Math. Mag. 84 (2011), p. 150
Raymond Mortini

If f =1, then the assertions are trivially true (just take any n points in |0, 1] ). If f £ 1, then
there exist points at which f is strictly less than 1 and points where f is strictly bigger than
one (note that this is the only occasion where we have used the hypothesis that fol f@®)dt =1).
Hence, due to intermediate value theorem, there is at least one point at which f takes the value
1. In particular, if h = f or h = 1/f, and noticing that the image of [0, 1] under f is an interval
containing the point 1 in its interior, there exist b € [0, 1] with M := h(b) > 1 and a sequence
(a;) with h(a;) <1 and lim h(a;) = 1. By compactness, we may assume that (a;) is converging
to some a € [0, 1]. Hence h(a) =1 and

m(d) := min{h(z) :z € [a—§,a+ ] N[0,1]} = 1if 6 — 0.
For later purposes, we note that m(d§) < 1. Choose § so small that
(n—1)(1-m(d)) <M -1.
Then
n—M=(n-1)—(M—-1) < (n—1)m(d).
Now choose n — 1 distinct points z1,...,Z,—1 in [a — d,a + 6] N]0, 1[ such that
m(d) < h(z;) < 1.
Then A := Z;L:_ll h(x;) satisfies
(n—1m(d) <A<n-—1.

Thusn— M < Aandso 1 <n—A < M. Again, by the intermediate value theorem, there is
Zn €]0,1[ such that h(z,) =n — A. Hence

Z h(z;) =n.
j=1

Note that z,, ¢ {x1,...,Zn_1}.

Alternate proof concerning the existence of the c;

Let F(z) = for f(t)dt be the primitive of f vanishing at the origin. Let z; = j/n,j =
0,1,...,n. Then, by the mean-value theorem of differential calculus, there exist ¢; € |z,;_1,2,[ C
10, 1[ such that

L= F) = F(0) = Y (Flay) = Flag) = 37 Flep)w; — a0 = Y Fley)

j=1
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1863. Proposed by Duong Viet Thong, Department of Economics and Mathematics,
National Economics University, Hanoi, Vietnam.

Let f be a continuously differentiable function on [a, /] such that f; f(x)dx =0.

Prove that
b b —a)’
Xf(x)dx
a

< —5— max{|f' ()| : x € [a, b]).

Solution to problem 1863, Math. Mag. 84 (2011), 64.
Raymond Mortini

We use Carathéodory’s definition of differentiability: A function f : I — R is differentiable
at a point g € I, I C R an interval, if there exists a function ¢ = ¢,, : I — R continuous at zg
such that

f(x) = f(xo) + (z — x0)g(x);
f@)=f@o) i
just define g,,(x) = T=%o 1 T # o .
1 (zo0) if © # g
Now if f € Cl[a,b], then g,, is continuous and, by Rolle’s theorem, g.,(z) = f/(£) for some
¢ €la,b[, £ depending on zy and z. Hence
< "(t)] =: M.
ai‘il;b|gaco(5)| < anglggblf ) =M
Let ¢ = (a + b)/2. Then, using the hypotheses that f: f(x)dx = 0 and the fact that

f:(x — ¢)dz = 0 we obtain the following equalities:
b b
J = / xf(z)dr = / (z—o)f(x)dx =

b b
/Xx—@qwn—ﬂQMw:/Xx—@%xmma
Thus

b
|J|§/(x—c)2de: [(m—c)?’]ZM:

b—a\®
i( 5 ) M:%(b—a)SM.
If f(x) =2 and a = —1,b =1 then fil f(x)dr =0 and fil zf(z)dz =1/3 = (b—a)?/12.

Wl =
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1860. Proposed by Marian Tetiva, National College “Gheorghe Rosca Codreanu,”
Barlad, Romania.

Let o be a complex number such that |e| > 1 and let n be an integer such that n > 2.
Prove that at least n — 2 roots of the equation z" + az"~! + @z + 1 = 0 have norm
equal to 1.

Solution to problem 1860, Math. Mag. 83 (2010), 392
Raymond Mortini

We use the Schwarz-Pick Lemma telling us that holomorphic selfmaps of the unit disk are
contractions with respect to the (pseudo)-hyperbolic metric p and that p(f(z), f(w)) = p(z, w)
for some pair (z,w) € D?, z # w implies that f is a conformal selfmap of D (hence of the form

ew%) and so a (pseudo)-hyperbolic isometry.

Note that 2" +az" ! +az+1 = 0 for some z € D if and only if 2"~ = —E;T*'Zl. Now suppose
that there are two solutions z, w in D. Let f(z) = —%5EL. Then

p(z,w) = p(f(2), f(w)) = p(zn_17wn_1)'
But this would imply that 2"~ is a bijection of I onto itself; a contradiction since n > 3.

Thus the equation 2" + az"~! 4+ @z + 1 = 0 has at most one solution in I. Since z is a
solution if and only if % is a solution, we see that this polynomial of degree n must have at
least n — 2 solutions (multiplicities counting) on the unit circle.

Next we note that u € T s a solution of modulus one of 2" + az"~! + @z +1 = 0 if and only
if u is a fixed point on T of the selfmap @(z) = f~1(2"71) of D. Since the derivative of ¢ does
not vanish at boundary fixed points, we conclude that there are at least n — 2 distinct solutions
of unit modulus.
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3. COLLEGE MATH. J.

(©Mathematical Association of America, 2025.

1310. Proposed by Eugen J. Ionascu, Columbus State University, Columbus, GA.
Prove, for each n € N, that
D)

2k+1 >2 1
= + n—+

Solution to problem 1310 College Math. J. 56 (2025), 327

Raymond Mortini, Rudolf Rupp
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1309. Proposed by Ovidiu Furdui and Alina Sintamarian, Technical University of
Cluj-Napoca, Cluj-Napoca, Romania.

Calculate the following expressions and prove your solutions are correct.
(@) L=l f 1 ( . ) d
a) L = lim x
n—00 fq n+ {‘/;

1 n n
by li —— | dx—L
o e[ () -0

Solution to problem 1309 College Math. J. 56 (2025), 327

Raymond Mortini, Rudolf Rupp
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1306. Proposed by Raymond Mortini, Universit é du Luxembourg, Esch-sur-Alzefte,
Luxembourg and Rudolf Rupp, Technische Hochschule Niirnberg, Niirnberg, Germany.

Consider forx € (0, 1] and forn € N := {0, 1, 2, ...} the equation

(] — n—1

5 -

x2n—1

Prove the following:
(1) For each n there exists a unique x,, € (0, 1) solving equation ().

(2) Prove that L := li]‘l"l\: X, exists.

(3) Determine L.

Solution to problem 1306 College Math. J. 56 (2025), 326
Raymond Mortini, Rudolf Rupp
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1302. Proposed by Addn Medrano Martin del Campo, Radix Trading, Chicago, IL.
Find all strictly decreasing functions f : Z — 7 that satisfy that for all integers x, y,

F)fy) =—flxy)
FOf) +yf) =xf(y) + ff(x)-

Solution to problem 1302 College Math. J. 56 (2025), 244

Raymond Mortini, Rudolf Rupp
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1301. Proposed by Zach Chroman, Jane Street, New York, NY and Mihir Singhal, UC
Berkeley, Berkeley, CA.

Find all m, n € Z for which

48mn = 16 4+ (m —n — 2)3.

Solution to problem 1301 College Math. J. 56 (2025), 244

Raymond Mortini, Rudolf Rupp
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1298. Proposed by Cezar Lupu, BIMSA, Tsinghua University, Bejing, China.
Let f: [0, 1] — [0, 00) be continuous. Show that

[l fs(x)dx > 6([| x3f2(x)dx)(x2f3(x) dx),
0 0

where f"(x) = (f(x))" whenn = 1.

Solution to problem 1298 College Math. J. 56 (2025), 159

Raymond Mortini
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1296. Proposed by Joe Santmyer (unaffiliated), Las Cruces, NM.

Let n = 1 be an integer, and let 6 # % for any integer m. Prove that

" (=) sin ((Zkz—ﬂl)rr)

nsec(nf) = Z

k=1

(2k—Dm ) )

cos(f) — cos ( -

Solution to problem 1296 College Math. J. 56 (2025), 159

Raymond Mortini, Rudolf Rupp
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1295. Proposed by Narendra Bhandari (unaffiliated), Bajura, Nepal.

2

Prove that fooo (M - L)h dx = ﬁﬁ. where £(3) = Y 02, 2

x wx2 n=1 y3°

Solution to problem 1295 College Math. J. 56 (2025), 69

Raymond Mortini, Rudolf Rupp
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1294. Proposed by Angef Plaza, Universidad de Las Palmas de Gran Canaria, Las
Palmas de Gran Canaria, Spain.

Evaluate lim, .o (D), %)", with proof.

Solution to problem 1294 College Math. J. 56 (2025), 69

Raymond Mortini, Rudolf Rupp
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1293. Proposed by Moubinool Omarjee, Lycée Henri IV High School, Paris, France.

Let f: [0, 1] — [0, o0) be a continuous function with fol xf(x)dx = 1. Prove that

Jo fFOdx + [y JT@ dx + fy 20T dx = 2.

Solution to problem 1293 College Math. J. 56 (2025), 69

Raymond Mortini, Peter Pflug

We think that the statement was not carefully thought out, as already the third term is
bigger than 19/5: in fact, by Holder’s inequality
1 2/5
([ i)
0

1 1
1 :/ zf(x)dx < (/ x5/3dx)
0 0
3/2
= (3) ~ 4.3546--- > 19/5 = 3.80.

1
) Pde > ————
J e ((8/3)75/%)""

3/5

Thus

Just for curiosity:

0< [ WE-oVEaa= [ (VFratVF-2pin < [ (V4 Pio -2
0 0 0
Hence

/f+/\/?+/f\/?23.

1= /xfdx < (/w3dx)1/3 (/ f3/2dm>2/3

1
3/2 —_—
/f dx > (4_1/3)3/2 2

Since

we also have that
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1283. Proposed by Moubinool Ormajee, Paris, France (unaffiliated).
Let f: [0, 1] — R be continuous, with ﬁ)l x(x — 1)2f(x)dx = 0. Prove that there is
a real number ¢ € (0, 1) such that l;):Zf(x) dx = cfoc xf(x)dx.

Solution to problem 1283 College Math. J. 55 (2024), 353

Raymond Mortini, Peter Pflug

We shall use the mean value theorem (MVT) for integrals. Let

h(z) == :c/ow tf(t)dt — /w t2f(t)dt.

0

Then this ¢ €]0, 1] with h(c) = 0 exists once we can show that I := fol h(z)dx = 0. This is true,
though, in view of the assumption

/0 (1— 2)tf(t) =

In fact, using Fubini’s theorem, and noticing that 0 <t < x <1,

/01 h(z)dz = /1/”” (ztf(t) — 2 f(t)) dtda::/ol/tl (wtf(t) — £2£(t)) dadt
// (w = )t f(t)drdt = /(1_2t2_(1—t)t>tf(t)dt

2/0(1—15) Lf(t) dt = 0.




175

4. ELEMENTE DER MATHEMATIK

Aufgabe 1462: Berechne den Wert des Integrals

I —fﬂ x d = —1
(@)= o 1+ asin(x) Yo '

Michael Vowe, Therwil, CH

Solution to problem 1462 Elem. Math. 80 (2025), 132

Raymond Mortini, Rudolf Rupp
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Aufgabe 1456: Seien a, b, ¢ Vektoren des R* mit a’h # —1 sowie
ax((bxc)y=a+b+ec.

Dabei bezeichne ¢’ = (a1, a3, a3) den zu a transponierten Vektor und ,,x** das Kreuzpro-
dukt in R3. Man weise nach, dass ¢ eine eindeutig bestimmte Linearkombination von a
und b ist.

Gotz Trenkler, Dortmund, D und Dietrich Trenkler, Osnabriick, D

Solution to problem 1456 Elem. Math. 80 (2025), 38

Raymond Mortini, Rudolf Rupp
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Aufgabe 1455: Beweise, dass

! arctan(x) log(x)

I =
0 1+X2

7, .. T
dx = 3)——C,
16?3
wobei C =Y ney —CU"_ die Catalansche Konstante ist und leite daraus den Wert her des

(2n+1)2
Integrals
1 ¢ 2
; :j‘ (arctan(x)) dx.
o x

Raymond Mortini, Metz, F und Rudolf Rupp, Niirnberg, D

Solution to problem 1455 Elem. Math. 79 (2024), 176

Raymond Mortini, Rudolf Rupp
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(

Aufgabe 1453: Fiir reelle x > 1 und natiirliche Zahlen n beweise man die Ungleichung

1
(-3 =t-rmr

Yagub Aliyev, Baku, AZ

Solution to problem 1453 Elem. Math. 79 (2024), 176

Raymond Mortini, Rudolf Rupp

This is entirely trivial. First we have that

1\" n rz—1 1-1% 1\ T
1—— <1- = =x x <= 1—— < — |
T r+n—1 r+n—1 r+n—1 T r+n—1

Now the right inequality is shown by induction (x > 1):

. 1\" ind.<hyp T ) 1y x r—1 xtn—1-n
T - r+n-—1 x) xz+n—-1 x  x+4+n-1

n n x

Cz4+n—17" z+n z4+n
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Aufgabe 1449: Firn = 0,1,2, ... zeige man

zil(_l)k—l (Zn;» l)(k ; 1)2;‘7_3 _ ?12.

k=1

Raymond Mortini, Metz, F

Solution to problem 1449 Elem. Math. 79 (2024), 131

Raymond Mortini

Es sei f(z) = ——————. Dann gilt

(x4 1)1 (2n(2n —1)a? — (4n —2)x + 2)

f(w) =

23
sowie 1
72 =m? - 5
Nun berechnen wir die Laurentreihe und deren zweite Ableitung;:

o) = 2% (2”]: 1)ku.

k=0

2n+1
f”(x) _ Z <27Lk+1>(k_1)(k_2)xk3

k=0

2n+1
2n+1\ (E—-1\ ,_ 5
2
> ("))
k=0
Auswertung an z = —2 ergibt:

) = 2 251(_1)“(271; 1) (k;1>2k3

k=0

— 2(—1)! <2"0+ 1) <21> 2-3 4 24

1
= —=+42A
4+

Folglich gilt A = n?.

This was a very special case of problems treated in [53, p.8].
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Aufgabe 1447: In memoriam Sefket Arslanagi¢.' Man bestimme alle Zahlen, die sowohl
in der Folge (20 + 24\/5)”, n = 0, als auch in der Folge (24 + 20\/5)", n = 0, vorkom-
men.

Walther Janous, Innsbruck, A

Solution to problem 1447 Elem. Math. 79 (2024), 84

Raymond Mortini, Rudolf Rupp

Zu untersuchen ist fiir welche n,m die Gleichung (20 + 24v/2)" = (24 + 20v/2)™ gilt. Wir
zeigen, dass nur die 1 als gemeinsame Zahl vorkommt (dies fir n = m = 0). In der Tat,
bezeichnet N (a+bv/2) := a? —2b? die sogenannte Norm des Elements a+bv/2 im quadratischen
Zahlkérper Q[v/2], so erhalten wir wegen deren Multiplikativitit N(xy) = N(x)N(y) folgende
Bedingung:

N(4"(5+6vV2)") = N(4™(6 + 5v/2)™).
Aquivalent:
427(25 — 72)™ = 4™ (36 — 50)™
also
16™(—47)" =16 (—14)™.
Da 47 eine Primzahl ist, die rechte Seite aber nicht durch diese Zahl teilbar ist falls n,m > 1,
bleibt nur n = m = 0 iibrig.
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Aufgabe 1443: Man zeige, dass der Wert des Integrals

;L loeEED)

2 /2 —x2

mit der Catalanschen Konstante C iibereinstimmt.

dx

Raymond Mortini, Metz, F

Solution to problem 1443 Elem. Math. 79 (2024), 38

Raymond Mortini

We use that (see [54, p. 453])

ﬂ'/4 2 1
/ log M dr = 2C.
0 \/icosm—l
Now put v := v2cosz, 1 < v < V2,

dv = —V2sinz de = —V2y/1 — cos? x dz = —V2(\/1 — v2/2 dz = —/2 — v? du.

Hence

V.

V3 log (£l
20:/1 (52(_7;2) d
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Aufgabe 1441: Sei ¢ die Kurve gegeben durch die Parameterdarstellung
A . B
x(1) =1-—, y(r):rz+T firr € R ~ {0}.

Fiir welche ganzzahligen Werte von A und B besitzt ¢ eine Selbstiiberschneidung mit

senkrechtem Schnittwinkel?
Gregory Dresden, Lexington VA, USA

Solution to problem 1441 Elem. Math. 78 (2023), 180

Raymond Mortini, Rudolf Rupp

Diese Aufgabe ist unseren Ermessens nach nicht korrekt formuliert, da per Definition eine
Kurve das stetige Bild eines Intervals in einen topologischen Raum ist. Deshalb liegen hier zwei
Kurven vor und wir werden folgendes zeigen '*:

4.1. Nichtnegative Parameter.

Proposition 11. Es seien a,b € R, a,b > 0 und T'* die Kurven, welche gegeben sind durch
die Parameterdarstellung

D 2(t) = (2(0).y(0) = (t— ey ”) >0,

t t
beziehungsweise
b
D™ z(t) = (z(t),y(t) = (t - %,tQ + t) 1 <0.
Dann gilt:

(1) T* besitzen keine Selbstiiberschneidungen; sind also Jordanbégen.

(2) Fiir a > 0 schneidet T+ die Kurve T~ in genau einem Punkt.

(3) Fir a = 0 liegt der Graph einer Funktion auf R\ {0} vor, und folglich sind keine
Selbstiiberschneidungen vorhanden.

(4) T schneidet T~ fiir a,b € N=1{0,1,2...} mit senkrechten Schnittwinkel genau dann
wenn (a,b) = (2r2 + 1,7(2r%> + 1)) fiir ein r € N.

Losung (1) (2) Zu betrachten ist das folgende System von Gleichungen fiir s,¢ € R\ {0}:

t—a/t = s—a/s t—s = a(-Y=as—t)L
—
240/t = s2+b/s. t2—s? = b(-H=pt-s)L.
Fiir s # ¢t und a # 0 ist dies aquivalent zu
st = —a — st = -—a
stt+s) = b t+s = —b

Dies fiihrt auf die Losung der quadratischen Gleichung

b
0=2%—(s+t)x+st=a’+ -2 —a.
a

Die Losungen hierzu sind
—b+ Vb2 + 4a? —b— Vb? + 4a?
(54) s=————und t= ————.
2a 2a
Es liegen also ein negativer und ein positiver Wert der Kurven-Parameter s und ¢ vor. Folglich
schneidet I'~ die Kurve I'* in genau einem Punkt und es liegen keine Selbstiiberschneidungen

vor.

13Dje Schreibweise mit —A und B, anstatt A und B, lasst uns vermuten, dass bloss nichtnegative
Zahlen gemeint waren mit der Bezeichnung ”ganzzahlig”. Im zweiten Abschnitt betrachten wir auch
den Fall wo a, b beliebig sind.
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(3) ist klar.

(4) Es sei M := (z(s),2(t)) dieser eindeutige Schnittpunkt mit s < 0 und ¢ > 0. Diese
Kurven I'”™ und I'" schneiden sich nun senkrecht in M genau dann wenn gilt

0 = (2s),2(t) = a(s) &(t) +y(s) y(t)

— (1+;12) <1+ta2)=—(2s—sl;> (275—;).

Einsetzen von st = —a und st(s +t) = b ergibt

(-2 (= - 22) (o 222)

Multiplikation mit st liefert

—(s—t)(t—s) = (28 —t(t+s)) (2t —s(t+s))
(s —t)(t+ 2s) (t — s)(s + 2t)
(s —t)(t —s)(t + 2s)(s+ 2t).

Da s # t, erhélt man schliesslich
(55) (t+2s)(s+2t) = —1.

Umformen ergibt

—1=ts+2s> +2t* + 4st = 5st + 2((s + t)* — 2st) = st + 2(s + t)°.

Durch Einsetzen von st = —a und s + ¢t = —b/a ergibt das
b\ 2

(56) —1:—a+2(> = —a’=-ad’+20® = 20 +a*-a*=0.
a

Wir miissen nun alle Lésungspaare (a,b) € N? dieser diophantischen Gleichung bestimmen.
Ein Umschreiben ergibt

b2
Es sei r := 3. Gemiiss der Voraussetzung ist r € Q. Also hat a die Form a = 2r? + 1 und

b =ra = r(1+2r?). Dies ist jedoch nur méglich wenn r selbst in N liegt, was man wie folgt
einsehen kann. Ist r = 0 so ist das evident. Sei also r # 0. Die Voraussetzungen a € N und
a = 2r? + 1 implizieren m := 212 € N. Wir zeigen dass m von der Form m = 2n? ist fiir ein
n € N und damit ist » € N. Es sei r = p/q, mit ggt (p,q) = 1. Sodann mgq? = 2p?. Ist m = 2i
gerade, so erhalten wir ig?2 = p?. Da jeder Primfaktor von ¢ nun p? teilt, also auch p, muss
wegen ggt (p,q) = 1 nun ¢ = 1 sein. D.h. m hat die gewiinschte Form. Ist m = 2i+ 1 ungerade,
so muss wegen 2p? = mq? die Zahl g auch gerade sein. Sagen wir ¢ = 2/, wobei j € N, j # 0,
und u ungerade. Folglich ist p? = (mu?)2%~1. Weil 2 kein gemeinsamer Faktor von p und g ist,
erhalten wir den Widerspruch, da die linke Seite von p? = (mu?)2%/~! ungerade ist, die rechte
aber gerade.

Damit haben alle Losungen von (57) notwendigerweise die Form (a, b) = (1+2r2,r(1+2r?)),
r € N. Umgekehrt, ist auch jedes solche Paar LoSung der Gleichung (57):

2r? — (1+2r%) = —1.

Beispiele fiir (a,b): (1,0), (3,3), (9,18), (19,57), (33,132).
Damit hat man mit (a,b) = (1,0) den einzigen Schnittpunkt M = (0,1) von I'* mit I'~ im
90 Grad Winkel fiir (s,t) = (1, —1) bei

1
I'*(s) = (3—8,82) , >0, I7(t) = (t—t,t2> , <0,
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FiGure 11.

r=0,a=1,b=0
oder mit (a,b) = (3,3) den Schnittpunkt M = (—1,4) von I'" mit T~ im 90 Grad Winkel
fiir (s,1) = (F1HY18, =113y hej

3 3 3
It(s)=(s—>,8*+= 0, T-t)=(t—>,*+>),t<0
©=(s-2+ ) sz0 r= (=504 7) <o
oder mit (a,b) = (9,18) den Schnittpunkt M = (—2,13) von I'* mit '~ im 90 Grad Winkel
fir (s,t) = (V10 — 1, -1 — /10) bei
9 18 9 18
F+(S):<S—,82+),S>0, F_(t):(
s s
zahlige Komponenten:

t— = >+ —),t<0,
AR )
Das Uberraschendste fiir uns bei dieser proposition: der Schnittpunkt M hat auch ganz-

M = (—r, 14 3r?).

75

-25

FIGURE 12.
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4.2. Die restlichen Fille. Full 2.1: v + 4a® < 0, #quivalent a < —

2\ 1/3
bZ . In diesem
Fall hat die quadratische Gleichung (54) keine reellen Losungen, und folglich sind 't und T'~
Jordanbodgen die sich nicht schneiden (siehe Grafik 13).

S

FIGURE 13. a=-1,b=1

3
Fall 2.2: — (%) < a < 0. In diesem Fall ist % + 4a® > 0 und es liegen zwei verschiedene

Losungen s,t der quadratische Gleichung (54) vor, welche aber wegen st = —a > 0 dasselbe
Vorzeichen haben. Damit schneiden sich die Kurven I'* und I'™ nicht, aber genau eine von

denen hat einen Selbstiiberschneidungspunkt (siehe Grafik 14). Namlich Tt falls b > 0 und T'~
falls b < 0. Anmerken mochten wir noch, dass die Gleichung (56), 2b* + a? — a3

Losung hat falls a < 0. Folglich ist diese Selbstiiberschneidung nie senkrecht.

—1, keine

FIGURE 14. a=-1,b=3
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Fall 2.3 b? + 4a® = 0.

Auch hier schneiden sich die Kurven I't und I'™ nicht, und beide sind wieder Jordanbogen.
Siehe Grafik (15) zum Beispiel

I (s) = <S+i,32+i) ,s>0, T (1) = (

1, 2
t+ =2+ 2 ), t<0.
T3 +t>

5 o £ 10
X

FIGURE 15. a=-1,b=2

Fall 3: a > 0, b < 0. Da ist prinzipiell kein Unterschied zum Fall a > 0,b > 0; es liegt nur
eine Spiegelung der Kurven an der y-Achse vor. Z.B. hat fiir b < 0 die Kurve

(z(t), y(t)) = (t — %,tQ T i) >0,

mit der Transformation ¢t — —t auch die Parameterdarstellung

<(t?),tzb) £ <0.

t
Die Spiegelung an der y Achse ist dann gegeben durch

(t—j,t2+(_b>>,t<0

t

o

/AR $ ¥
FIGURE 16. a =9, b= 18 blau, b = —18 rot
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Fazit: Die Kurve I't = I'"(a, b) schneidet fiir a,b € Z die Kurve I'" (a, b) in einem rechten
Winkel genau dann wenn

(a,b) = ((1+2r%), £r(1+2r?)) mit r e N={0,1,2,3... }.

Oder in der Formulierung der proposition: Die unstetige "Kurve” ¢ = c(a,b) besitzt eine
”Selbstiiberschneidung” mit senkrechtem Schmittwinkel genau dann wenn

(a,b) = (14 2r?),r(1 + 2r?)) mit r € Z.
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Aufgabe 1442 (Die einfache dritte Aufgabe): Es sei

1 1 2
fory ) =—+-+=
X z

}3
mit positiven x, y, z in R. Man bestimme

min flx,y,z2).
x24y2+z2=1 Y

Frieder Grupp, Bergrheinfeld, D

Solution to problem 1442 Elem. Math. 78 (2023), 180

Raymond Mortini, Rudolf Rupp

1 1 2
Let f(z,y,2) := — + — + —. Using Lagrange multipliers, we show that
x

Yy z
inf  flz,y,2)=  min f(z,y,2) = (24 2%%)%2 ~ 6.794693902 - - -
22 4y2 4z2=1 22 4y24z2=1
x>0,y>0,2>0 w«y,zzﬁ

First we recall the version of Lagrange’s theorem, we will use:

Theorem 12. Let G := {¢ = (z,y,2) € R3 : > 0,y > 0,2 > 0} be the first octant and
g(z,y,2) := 2% +y?> + 22 — 1. Then f and g belong to CY(G). If ¢ € G is a local extremum of
f on the set N :={(x,y,2) € G: g(z,y,z) = 0} for which %g(() # 0, then there exists A € R
such that (¢, \) is a stationary point of Lagrange’s function

L(z,y,z, ) := f(z,y,2) + Ag(z,y, 2).
Next, we prove the existence of such a local extremum. Let 7 := (3*1/2, 371/2, 3*1/2). Then
n € N. Moreover, f(n) = 4v/3. Also, if (x,y,2) € N is such that at least one of its coordinates
is strictly bigger than (4v/3)~', then f(z,y,2) > 4v/3. Hence

1
inf f = min oy, z2) 2+ 4+ 22 =1, x, ,z>}.
nf f {f( Y, z) y vz

Finally we solve Lagrange’s equations for (z,y,2) € G and A € R:

0 1 |
0 1 |
0 2 |
(3) aL(x,y,z,)\) == +A(22) =0
(4) %L(x,y,z,)\):m2+y2+z2—1é0

1) and (2) yield that = y and (2) and (3) yield that & = -, equivalently z = 2'/3y. Due
z Yy
o (4),
1=a’+2>+ 22/3x2,
hence
r=y=2+ 22/3)—1/27 = 21/3(2 + 22/3)—1/2.
Consequently, the unique stationary point of L on G x R is
( 1 1 213 (24 22/3)3/2)
C\V2 1223 Vo 22 V2 228 2




189

Let ¢ be the point formed with the first three coordinates of P, which are of course bigger than
(4v/3)~1. Then
V2 22/3 .
FO=2V2+22/3+2 7;/3 = (24 22/3) /24 22/3 = (24 22/3)3/2,
Of course, this point ¢ must now be that unique point on N where infy is taken (note that
sup fx = o0).
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Aufgabe 1438: Es seienz; = rje’ zwei Punkte in der komplexen Ebene C mit0 < r; < 1
und |¢;| < m/2. Weiterhin sei A = (zy, z5, 1) das durch die Punkte z;, z5, 1 bestimmte
abgeschlossene Dreieck. Man zeige: Fiir alle z = re'’ € A mit |t]| < x/2 gilt

l—z l—=z t t t
5111;1}({' 1|,| Zl} und —| fmax{ il , t2] }
1—|z| 1— |z 1 —|za| 1—r l—ri' 1—r,

Raymond Mortini, Metz, F und Rudolf Rupp, Niirnberg, D

Solution to problem 1438 Elem. Math. 78 (2023), 135

Raymond Mortini, Rudolf Rupp

Three solutions for (1) in [16, Appendix 27], one for (2) in [16, Appendix 31].

(1) Man beachte zunéchst
A={t1z1 +toza+1t3:0<t; <1,t; +1ta+1t3 =1}
Ist nun z € A, so gilt
z=t1z1+tazg+ (1 —t1 —t2) =t1(21 — 1) + ta(22 — 1) + 1.

Daher
[1—z|=|ti(z1 = 1) + ta(z2 — 1)| < t1]z1 — 1] + ta]z2 — 1].
Andererseits
|z| < t1)z1| + ta]za]| + 1 — 1 — to.
Somit

1 —[2] > t1(1 = |21]) + t2(1 — |22]).
Folglich gilt
|17,Z| < t1|2171|+t2|2271|
11—z = t1(1 = |z1]) +t2(1 — |22])

<max{Zy,Z>} := kK,

wobei
_ 1 =2

7, = .
=

(2) Ist fiir k > 0, DX = {re’* € D : |t| < k(1 — )}, so ist der Teil der Randkurve welche im
1-ten Quadraten liegt, in Polarkoordinaten gegeben durch

t
r(t)=1——,0 <t < min{n/2,k}.
K
Diese Kurve ist Graph einer konkaven Funktion (Bilder und Details wie im Buch [16, Ap-
pendix 31] unter Beachtung dass dort alles auch fiir 0 < x < 1 gilt). Folglich ist die Menge
{(z,y):0<z=a(t) <1,0<y <y(t)}

konvex, und somit auch S(x) := D N{z € C: Rez > 0}. Unter Beachtung dass D% C D},
fiir 0 < k1 < Ko, schliessen wir, dass mit z1, 29,1 € S(k) auch A in S(k) liegt falls

K = max |t1‘ |t2|
1—7‘171—7"2 ’
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Aufgabe 1437: Die Funktion

- X _
f(x)=ms x#0, f(0)=-1,

lisst sich in eine Potenzreihe entwickeln, etwa f(x) = 33 a;x~, x| < 1.
(a) Man beweise %I <ap < %ﬁlrk > 1.

(b) Konvergieren die Reihen Zf(’c:o(—l)kak und Zf(’ozoak und falls ja, gegen wel-
chen Grenzwert?

Frieder Grupp, Bergrheinfeld, D

Solution to problem 1437 Elem. Math. 78 (2023), 135

Raymond Mortini, Rudolf Rupp

This is well known since "hundreds of years” (see [56]).

(a) First note that f(z) = — fol(l —x)® ds. In fact

1 1 slog(l—=x) 1
i = [ [
0 0 log(1—=x) |,

B _( l—z 1 )_ T
N log(l—z) log(1—x)) log(l—=x)

Now
(1-2)*=> (-1)* (Z) ok
k=0

Since [ > = Y [ (due to uniform convergence in s for every fixed x € ] — 1,1[; note that
[(=1)*(})] < 1), we obtain

o0 1

Sl ()
k=0 0

Hence

A (_1)k+1/01 (2) dSZ(—l)k+1/01 5(3—1)(3—2]1!"'(3—]“'1) ds
B IE RN RESEE
0

LD () -

Since every factor is less than 1, we obtain

0<ag<

| =

Moreover, as 0 < s < 1, and for k > 2,

! 1-2.3:4...(k—=2) . (1 1 11
a’“z/o s(1=s) k! ds = <2_3> Kk—1)  6k(k—1)

The right-hand side, though, is smaller than (3k?)~!. So we need a more careful estimate.
Instead of "breaking” after the second factor, we brake after the fifth factor. Noticing that

9

/0 s(1—5)(2—5)(3—8)(4—5)ds= 7
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we obtain for k£ > 5,

94...5...(k-2) 91 1 31 11
P e
4 k! A3 k(k—1) 8 k2= 3 k2
The estimate aj > ﬁ now holds also for £k = 1,...,4, due to the following explicit repre-
sentation of the Taylor sums for f(x):
el o el e e IR o e By B Ty SR 8
b o Y Y 0" T 10" T eoaso Y T 21027 T 3628800
(b) We first show that (a) is decreasing (to 0):
1 ! ] S S S
- [ () )
et k1 Os( 1 2 k1 k) “
——
<1
< b <
= 1x kak > Ak

The alternating series test of Leibniz now yields the convergence of Y- ,(—1)"ay
Abel’s rule (see [16, p. 1415]),

S (—Dfar = limf(z) = ——

pors zo—1+ log2’

Next we show that kar — 0. In fact, due to 1 —x < e for x > 0,

kar - Als(l_j)(l_;)...(l_ljl) s
1

< /exp -5

0 4

o
L
@
[}
T
|
w
|

SN
U
)

|
I

S

I

—

| =

— j
Jj=1 0
1 1 1
< < = .
- kely — k log k
E - /da:/x
=17 !

Note that lim, ,;- f(z) = 0. Hence, by Tauber’s Theorem ([58, p. 52]), F'
is convergent and Z;’;O ar = 0. Very funny! By the way, F' is called Fontana’s
gorio Fontana 1735-1803), see [57, (formula 20)], and the aj are the (moduli) of
coefficients (James Gregory 1638-1675), see [57] and [56].

. Finally, by

= > heo Gk
series (Gre-
the Gregory
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Aufgabe 1434: Berechne

l o0

— 1
Sl:Z(s‘“nB’ Sz:§(3k+z)3’

(—1)* = (=DF
Z(3k+1)3’ T2_§(3k+2)3.

Michael Vowe, Therwil, CH

Solution to problem 1434 Elem. Math. 77 (2022), 85

Raymond Mortini, Rudolf Rupp

Let
S3=3 —— andTy=S L
3 nz:% (Bn+3)8 O ;(3n+3)3

Then

1 1
S = EC( ) and T3 = 2*777(3)
where 7(3) is the Dirichlet n-function. It is well-known that 7(3) = (3/4)¢(3). Thus

S1+52+53:<(3) and T —Ts + 13 277(3)

imply that
S1+4 S2 = 25¢(3) and Ty — Tz = 12¢(3).
On the other hand,
X1 —(—1)" S 2
1— 11 nz: (3n +1)3 n=2k+1 z:o 32k +1) +1)°
SR I
3 3
k=0 (6k +4) s (3k +2)
= S2.

Moreover,

3
o poars (6k +2)
1 & 1
- T Z 3
4 & (3k+1)
= -5
This yields the linear system
1 1 0 0 Sy 2¢(3)
1 -3 -1 0 Se| [ 0
-2 1 0 1 || o
o 0 1 -1 T, 12¢(3)

The determinant is, unfortunately, zero. The null-space is the one dimensional vector space
generated by (4, —4,5,5)*.

We may write the system as
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1 1 0 0 Sy 26¢(3)
1 -2 -10 So | 0
-1 1 0 1 T 0
0o 0 1 1 T, 3¢(3) + 2T
In other words,
1 2 =2 2
2 35 5 5
S1 12 2 -2 32¢(3)
;| 2 5 5 0
% R I S R 0
T, 8 2 2 2 %4(3) + 2T,
=3 1 1 1
8 2 2 2
That is
Si1= Ri+ %TQ
Sy = Ry— 2T
(58) 2 2 — 542
T'= Rs+1T1,
T, = Ty
where the R; are rational multiples of 7(3). More precisely,
1 26 2 13 104
Ri=- —=CB8)+=--—=C(38)=—=-¢(3
V=5 ol g 1o0(3) = 2 C(3)
1 26 2 13 26
Ro=—--—=(38)— = -—=(38)=—2=-¢(3
2= 5 2 ()~ 2 2 CB) = oo (),
3 26 1 13 13
R3 = 3 2*7@(3) t3- EC(?)) BT ¢(3).
Next we use that for 0 < a < 27 (see below)
Z sin(n+1)a  @® — 3ma® + 27%a
59 h = p == )
(59) (a) nz:% (n+1) 12
and put a = 27/3. Then, since sin(27/3) = v/3/2,
2 273 An?

2
S1—8y=—h(21/3) = —- = .

By the formula (58) above,

4 13 8
S1— 8y = g . EC(?}) + gTQ

5( 4n® 4 13 5r° 13
T=2(20 2. 22e3)) = 2 22¢(3) |~ 0.11843 - - .
? 8(81\/?? 5 18 )> @-Slﬁ 364(9

Finally, by (58) again,

13 273 _
Es*l =5 CB)+ M} =375(117¢(3) + 2v3 73) ~ 1.02078 - - - |,

13
[Sz =57 603~

13 573 1
T = — = 2 2 3) ~o.
{1 36§(3)+2.81\/§J 1944(70 ((3) +20v/3 7} ~ 0.98659

Hence

273 ;
=37°(117¢(3) — 23 7%) ~ 0.13675 - - - ,
81\/3] (117¢(3) )

Addendum
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The value in (59) for h(a) is given as follows (we had developed this in solving the problem
12388 in AMM). Note that

iy s cos(n+ 1)a
HC R iy e

Since §m? + 4377 | €217 js the Fourier series of the function (z — )%, 0 < & < 2, extended
2m-periodically, we see that for 0 < a < 2,

2 2
N
(@) 1 12
As h(0) = 0, we deduce that for 0 < a < 2,
_(a—m)? n? 7 a® - 3ma?® + 27%a

o) === ot g= 12
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Aufgabe 1435: Man beweise fiir x, y > 0, x 4+ y = 2 die Ungleichung

V2 434+ y2 43+ Vxy +3>6.

Sefket Arslanagié, Sarajevo, BIH

Solution to problem 1435 Elem. Math. 77 (2022), 85

Raymond Mortini, Rudolf Rupp

Az, y) = Va2 +3+ V2 43+ Jry +3.

Since by assumption x + y = 2, we just have to prove that 6 is the minimal value of the
function

f)=vVa2+3+V/2-2)?24+3+/z2-2)+3, 0<z2<2,

which is attained at x = 1.

First we note that f is symmetric with respect to x = 1; that is
fAQ+z)=f1l-2z)for0<z<1.
We show that f decreases on [0, 1]. Note that f(0) = 2/3 + /7 > 6 = f(1). It is sufficient
to prove that f’ <0 on [0, 1]:

(@) z 2—x 2 —2x

1
T Va2+3 \/(2—x)2—|—3+§ V2 — ) + 3.

But f/ <0 for 0 < z <1 if and only if

€T 1—= 2—z
(60) L(z) := \/x2+3+ VT2 —1)+3 = V2 —2)2+3

Next note that, due to 2 — z > x,

1-—=z < 1-2z
Vr@2—z)+3 7 V2243
Hence L(z) < §+3. Thus (60) holds for 0 <z <1 if
1 2—-z
< )
Vaz+3 7 J(2-2)2+3

b

(61)

or equivalently
(2—xz)2+3

62
(62) 2+ 3

<2-—x.



197

This holds, though, due to the following equivalences for 0 < x < 1:
(2-2)2+3<(2-2)%(2%?+3) <= 3<(2—2)*(2?+2) = R(z).

The latter is true, since ming<z<1 R(z) = R(1) = 3 ( note that the derivative of R equals
R(z)=—-42—2)(@> -z +1),s0 R <0on [0,1].)
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Aufgabe 1431: Man bestimme den Wert der Doppelreihe

i (_l)k+n -1/2
2n+ 1)(2k + 1)(2n + 2k + 3)2( n )

k,n=0

Raymond Mortini, Metz, F und Rudolf Rupp, Niirnberg, D

Partial solution to problem 1431, Elem. Math. 78 (2023), 44

Raymond Mortini, Rudolf Rupp

Let
— - (=1 ~1/2
S = k;(} (2n+1)(2k+1)(2n+2k+3)2< n )

Then S is the value of the integral

1
/ arcsin z arctan z log z dx.
0

Just take the series

— (—1)" (—1/2
arcsinz = Z 72( _21 ( / >x2"+1
n n

n=0
( 1) 2n+1
t = - .
arctan x ng ‘ o 1£L’

and use that )
/ 2™ logz dr = —(m +1)72.
0

For a solution see [59].



199

Aufgabe 1428: Es seien a, b und ¢ positive reelle Zahlen. Man bestimme die grosste Zahl
k1 > 0 und die kleinste Zahl k, > 0 derart, dass die folgende Ungleichung gilt:
VJaz + b? + 2 a b ¢ a? + b? + ¢?
< <k

1 = + + 2 .
Jab+bc+ca  b+c c+a a+b ab + be + ca
Péter Ivady, Budapest, H

Partial solution to problem 1428 Elem. Math. 77 (2022), 196

Raymond Mortini, Rudolf Rupp

Let 5 b
a c ao + oc + ca
b,c) = .
f(a,b,c) (b+c+c—|—a+a,—|—b) a? + b2+ ¢?
. 2x T+1
Then, by using thatz—ég,/xygTy,
1 be ca ab
b = b 1
f(a,b.c) a? + b2 + 2 <ab—|—c+ c—&—aJrca—i—b)+
1 b+c c+a a+b
< b 1
= a2+b2+02(a y ThTr ey )+
_ 1 2ab + 2bc + 2ca
a?+ 02+ 4
B 1 (a+b+c)2—(a2+b2+02)+1
a2+ b2 42 4
- 1 (c12+l)2+c2)(1+1+1)—(a"’+b2+c2)+1
T a2+ b4 4
3
< -
-2
If we let a = b= ¢, then f(a,a,a) =3/2 and so | ks = 3/2|. To determine &, let
2
a b c ab+ bc+ ca
b,c) = .
9la:b,) (b+c+c+a+a+b> a? +b> 4 2

Then, by using two of the estimates above, namley f > 1, and Cauchy-Schwarz,
224 2 224 2

ature Fa,b,¢)? > TR Sy

ab+ be+ ca ab+be + ca

We guess k; = v/2. In fact, we may restrict to triples (z, 1, ¢) (homogeniety). Then it remains

to prove that
1 T c *la4cr+e
c = > 2.
fel) (x+c+c+1+1+x) (1+x2+02>_

li_r}})fc(x) =z+ é = fo(z) > 2.

Graphical evidence seems to indicate that m. := ming~ f.(z) > 2 and lim._,o m. = 2.

As it is customn with this type of questions, the infimum of the two-variable function
f(z,e) = fe(z) is taken on the boundary of the first quadrant; that is when ¢ = 0. We
have no proof though of this last claim.

g(a,b,c) =

Now
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Aufgabe 1383:
a) Man zeige, dass fira € (0,1]dieinD = {z € C: |z] < 1} holomorphe Funktion
f(z) = (1 — z)* Holder—Lipschitz stetig ist zur Ordnung a, d.h.
[(b=2)%— (= w)%|
< 00

Ogq = Sup
z,w el |: = ”)‘u

27w
Hierbei ist, wie iiblich, (1 — z)* = exp(a log(l — z)). wobei der Hauptzweig des

Logarithmus in der rechten Halbebene genommen wird.

b) Man bestimme o, explizit.
Raymond Mortini, Metz, F und Rudolf Rupp, Niirnberg, D

problem 1383 in Elem. Math 74 (2019), 38, by
Raymond Mortini and Rudolf Rupp

Theorem 13. Let 0 < o < 1. Then
1 _ o 1 _ (e
sup{|< 2)* = (1~ w)? :|z|,|w|§1,z7£w}

ola) = 7w
= max{l,2'"“sin(ar/2)}
N if0<a<1/2
21=%sin(ar/2) if1/2<a<1.
Moreover,
logo(a) = (1— 2 arctan = ) ) log2 +log | ———r
e logele) = — arctan 3Tog2 og og (s )
olay)
1
0 » o

F1Gure 17. The Holder-Lipschitz constant o(«)

See [10] for this best Holder-Lipschitz constant associated with (1 — z)®.
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Aufgabe 1350: Fiir p > 3 sei
f@) =xP72@2~xP).

Man zeige, dass 0 < f(x) < 1 gilt, wann immer 0 < x < cos(])”j) ist.

Raymond Mortini, Metz, F

Solution to problem 1350 in Elem. Math 71 (2016), 84
Raymond Mortini

Dies folgt aus Lemma 2 in [1], welches besagt dass fir 0 <t < 7/2 —w(p — 1)
die Ungleichung cost+ (sint)? < 1 gilt, indem man folgende Transformationen
benutzt: r =sint, 0 < z < cos( ”1),
P
Vi-m24P<le=1-2°< (1—:rp)2<=‘,>[]£:r2+:r:2p—2xp
= 0<1+2% 2207 = P22 -2P) < L.

Einen davon unabhangigen Beweis wurde ich gerne sehen. Ist mir aber un-

bekannt.

REFERENCES

[1] Mortini, R; Rhin, G.: Sums of holomorphic selfmaps of the unit disk II, Comp. Meth.
Function Theory 11 (2011), 135-142.
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Aufgabe 1339: Beweise die Produktdarstellung

1+ \/E}ﬁ =c-Vel3. Jelis Y1 Vello. .

Horst Alzer, Waldbrol, D

Solution to problem 1339 Elem. Math. 70 (2015), 82.
Raymond Mortini

Man betrachte die fiir |z| < 1 konvergente Reihe

= 1 n x
R(z) 322:0271—_'_1332 +1=m+§—|—--- .

Deren Wert ist leicht zu bestimmen durch Ableitung:

oo 1
_ 2n __
R'(z) = E T =1 =

n=0

Somit gilt wegen der gleichmissigen Konvergenz auf [0,7], 0 < r < 1, und f; =3 fos,
dass R(r) die Stammfunktion von (1 — x?)~! ist, welche in z = 0 verschwindet; also

R(z) = %(log(l +z) —log(l —z)) = %lcg(i ti) .

Ersetzt man = durch 1/4/2, so erhilt man:

Desweiteren gilt

[

1 1 1+
R(ﬁ)=§log( _%)=log(1+\/§).

s 1 1
“Z_ﬂm 2_'”- = \/Elog(l + \/5)

Daher

Durch ﬁbergang zur Exponentialfunktion unter Verwendung der fir konvergente Reihen
geltenden Formel e 9n — [1e*", erhalt man die gewiinschte Gleichung:

1+ \/5)«/5 _ H e TTERTT — H 2/ el/(@2n+1)
n=>0 n=0
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Aufgabe 1281: Man bestimme den Wert der Reihen
o0

S:E(Q—&-nlog(l—%))

n=2

und

o0

S*:Z(l—(n+%)log(l+%)).

n=1

Raymond Mortini, Metz, F

Solution to problem 1281 Elem. Math. 65 (2010), 127, by

Raymond Mortini, Jérome Noél

a) Exponentiating, we have to calculate the value of the infinite product
P = 2 :
I(*(G5))
We claim that P = 4%; so S = log(4m) — 3.

n
Let Py = Hnsz (62 (2—;%) ) Then by Stirlings formula, telling us that n! ~ e="n"/27n,
we obtain

N
PN — %BQN H&:Z(n — 1)TL _
€ Hn:Q(n + 1)”
N N n
i62N [ —=1)" [[hgn™*

" Thhan™?t [+
2 2N (N2 2 (eNNI\? NN 1
e NNHI(N +1)N ~ e < NN > (N+1)N N~
2 (V2rN)? 1 47
@ N 1+ e

b) To determine S*, we use the same method and calculate the value of

0 n+%
P11 ()

n+1
n=1
We claim that P* = @ and so S* = Jlog(2m) — 1.
In fact
al nt N NI 1
Py = H e 2 S ST .
L \n+1 (N+1) N+1
Using Stirling’s formula we obtain
NN 1 1 VN Ver
Py ~ V2r N V2 — .
NTINF N VN +1 1+ +)¥ VN +1 e
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/4

~

Aufgabe 901. Die Funktion f:{zeC||z| <1} - {zeC| |z| =1} sei holomorph und es
sei f(0)=0. Dann trifft genau eine der beiden folgenden Aussagen zu:

1
|| f(x)dx|<2/3. (1)
-1
Es gibt eine Konstante a e C mit |a| =1 derart, dass
f(@)=az’. @)
Dies ist zu zeigen.

P. von Siebenthal, Ziirich

Solution to problem 901 Elem. Math. 38 (1983), 128.
Raymond Mortini

El Math., Vol. 39, 1984 131

Losung: Es sei D die offene Einheitskreisscheibe, also D = {ze€C:|z| < 1}. Zunichst
zerlegen wir die Funktion f in den geraden Anteil w und den ungeraden Anteil v, also

f@)=w(@)+v(2), €)

mit
1 1
w@= 3 (10 +72) wa 2@)= 3 (10 -1-2).
Aus den Voraussetzungen iber f folgt, dass w die Form
w(z)=2g(2)
hat, wobei die Funktion g holomorph in D und |g(z)| < 1 fiir jedes z€D ist.

1. Fall. |g(z)| < 1 fiir jedes zeD.

+1
Da die Funktion v ungerade ist, ist das Integral { v(x)dx = 0. Daher ergibt sich sofort
et .
die gewiinschte Ungleichung:

T w(x)dx

+1 W
<[ Wg@ldx<[ xdx= %
-1

-1

J f(xydx

2.Fall. |g(z,)] = 1 fiir ein z,eD.

Nach dem Maximumprinzip ist demnach |g(z)| = 1 fiir jedes z€D, also g(z) = const
=g mit |a| = 1.

Die Funktion f ldsst sich daher nach (3) in der Form

f@=aZ+0v(2)
darstellen.
Beachtet man, dass v ungerade ist, so gilt fiir jedes zeD.

2+ 0@l = I < 1
o2~ 0@l = W=D < 1.

Quadrieren und Addition ergibt wegen ja| = 1:
Izl + (@) <1 (zeD). )

Die Ungleichung (4) impliziert jedoch, dass v(z) gleichmissig gegen Null geht, falls z
gegen den Rand von D strebt. Nach dem Maximumprinzip ist also v identisch Null.
Somit hat f die Gestalt

f@=oaz,

mit |a|=1.
R. Mortini, Karlsruhe, BRD
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4988. Proposed by Ovidiv Furdui and Alina Sintamdrian.
Calculate

gk

[(2”_”(7112+ (n—il)2+(-n—i2)2+”.) _2]'

n=1

Solution to problem 4988 Crux Math. 50 (9) 2024, 466
Raymond Mortini, Rudolf Rupp

The series Z =, denoted by M (x) or ¢(2,), is sometimes called the trigamma
= )

function. It is a special Hurwitz-zeta function. It can be represented as an integral: if x > 0,

then Ty
© tell—z
() = dt.
¥ (z) /0 -

Now, via induction (thanks to the software wolframalpha; attention: that software says that
the series diverges, sic!)
N

> len—1)pM(n) — 2] = =N + N?pM(N +1).

n=1

Thus it remains to show that

x ¢ 1
Iy = =N+ N? — e Ntgt) —» —=.
N ( + /0 et—1° 2

This is done using twice partial integration:
t
Nt & T
dt
N / 1) 1

1 e—l—te e—l—te
N+ N2 |=— 4+ — —Nt N _ Nt
" {Nﬂv/o NG } [ e

e—Nt

N+ N2 |—
+ N —1

Iy

_ N R / (el — 1)tet — (et — 1 — tet)2¢! it
N (@-12| 'w (et —1)3
:=b(t)
t—0 1 o —Nt 1
20 2 b(t)dt = —= + en.
I’Hospital 2 Jr/0 ¢ ®) 2 Ten

Since b is bounded on ]0, 00[ and [, e N'dt = 3;, we have that ey — 0.
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4965. Proposed by Angel Plaza.

Prove that the following identities hold:

o0

R0 i S SR S B

n n nt?2 ni+d 8 96 °

>~ 1/1 1 1 In?2  11x2

Zn\n nr2 nvd s 060

Solution to problem 4965 Crux Math. 50 (7) 2024, 368

Bikash Chakraborty, Raymond Mortini, Rudolf Rupp

We observe that the sign in a) is false.

Step 1 Reduction to the computation of an integral

1 o0
- = / e “dx.
a 0

Since the moduli of the partial sums Y5, e~ "%(—1)¥e~25% are bounded by the L' ([0, co[)-
function 2e™"*, we have Y [ = [ 3", and so

11 S L VIR
n = — — e = = —1 (n+2k)md
5 n 71—}-2Jr Zn—i—Zk; Z( ) / e T

k=0 k=0 0

> —nx k _—2kx _ > e~

k=0

We use that for a > 0,

I
WE

Now let

and

S )

— n n+2
Note that S, is decreasing, so the series A converges (Leibniz rule). But actually,
> 1
vesie [T
0 n
So the series A and B converge absolutely as the general term is O(1/n?).

Due to the boundedness of the partial sums of the series > - | Le™"% by the L'(]0, o0[)-
function |log(1 —e~*)|, we have > [ = [ > in both cases. Hence

o0

o= S e [ e S
B —mn Jo 1+e 2 Jo 14e 2 n

n=1
_ /°° log(1 — eiw)dz _ /1 log(1l — x) de
0 14+e2 wser  Jo x(l+x?)
o0 o0
(_1)n—1 /OO e~ ne /OO 1 (_l)n—l B
Z n o l4+e 2= o 0 1—|—e*2“”nz::1 n *

> log(l + e~ " log(1
[Cretien, _ [ltio,
0 1+e 2= wse Jo (14 2?)
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Step 2 Calculating the integrals

To evaluate the integrals, we calculate I := A+ B and J := A— B giving A = (I +.J)/2 and
B=(I-J)2

1 i 1
s 10g<1—x>d =t —logt 2dt
= ————~dz
A z(l1+a?) o=tz (1t <1+ 1—t 2)(1+t)2
1+¢ 1+1¢
1 1
_ (1+t)logt g — (1+t)logt

(1—t)((L+1)2+ (1 —1)2) —2 | (1—1)(2+2t2)
1 (1+1¢)logt - logt tlogt
/0 (1—-1)(1 +t2)dt (/0 1—tdt+/0 1+ ¢2 dt)

s=t2 /1 logt ! log s
— ds
o 1— t 1+4+s

dt

1 2 1
log(1 — 22=s 1 log(1 —
0 0

x(1+ x2?) 2 s(1+s)

1 _ 1 _
_ 1/ log(1 S)dsf 1/ log(1 s)ds

1 [t 1 [t
- f/ Ogtdt—f/ 8% 4.
2, 1—t 2/, 2—t

Now

1 1/2 1/2
1 —2u log(2 log2 +1
[ty e a0, s g,
1/2 1/2
= —(10g2)[log(1fu)] +/ Y
0 0

1—u
1/21
= 10g22—|—/ 98U Ju
0

1—u

“log(1 — =
Hence, by using that for 0 < u < 1, —/ wdm = Lis(u) = Z u—2 (di-logarithm),
0

we obtain with 0 < v < 1,

v
/ ogxdx _
0 171' r=

1 _ 1 _ 1-v _

/ log(1 S)ds :/ log(1 s)ds—/ log(1—s) ds
s 1-v s 0 s 0 s
= —L12(1)+L12<1—1})

Consequently, by additionally using that

1 o0 2
logx 1 s
E "(logx)a"dx = E R ) L —

/0 1+x / (log @)a"dw (=1 (n+1)2 12’

n=0
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2A=1+J

and

2B=1-J

Consequently

and

1 1 1 1/2
1 1 1 1 1 1
{—/ ngd:c—f/ ngd] f/ ngd:c—f log22+/
1, 5. 1., 1 1 (—1)mHt
——log“2+ - Liy(1) — = ( — Li2(1) + Lia(2)) — =
3 0g +2 12() 2( 12( )+ 12( )) 4”;)(,’1_1_1)2
™ 1 /72 log*2 w2
—Zlog?o 4+ | _ .
82t 2(12 2 >+48
7
~21 22 2
1% ™
[_/1 logxd _1/1 log = }_ 1/1 logxd 1 log22+/1/2
0o 1—x 4 Jg 1+2z 2 /g 1—2 2 0
1

7i6 ~ 0.659602. . .

~ 1.19095...
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4959. Proposed by Jeromin Rocklage.

For a > 0, evaluate the limit

2n E o\ @
. ERELA

Solution to problem 4959 Crux Math. 50 (6) 2024, 314

Raymond Mortini, Rudolf Rupp

k (6%
For a > 0, let S, := 2:(—1)’C <2n> . We show that m

We will use the higher order Euler-MacLaurin formula applied to the function f(z) = x°.
This formula tells us that for n > m,

" flm)+f(n)  1f'(n)=f"(m) [ | Paz)
f/m fl@)dx = 5 Jrg o1 */mf(z) B dx

where P, is the periodized Bernoulli function

Py(z) = Ba(z — |z]),

and By(x) = 2® —x+ §, the second Bernoulli polynomial.

Let us first rewrite .S,,, splitting the sum into odd and even indices:
AV i -
>0 (m) = 26 2( )
B 1 n n
= w2 e Y-
j=1 j=1

Case 1 o« = 1. Then

1
k2 _ L _
Sn Z( 1 o nis? 2 2(2 b
k=1 j=1 j=1
1 — lTew. 1 1
PR PR R
j=1 j=1

Case 2 a # 1.
By choosing m = 1 in the Euler-MacLaurin formula, and estimating

o) n Lo(net-1) fa>1
€T
H(I)ledx‘ < C/ z* 2dz = { C'logn ifa=1
' ! & (1-no"1) O<a<l,

11—«
we obtain

- notl 1 n®4+1 1 Om*Y) ifa>1
& = - + + — (an*' —a) +
;‘7 (a+1 a+1> 2 12< ) {0(1) if 0 <a<1.
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Hence

1 n
=
j=1

Using, additionally, the formula

we conclude that

Sn

1

(2n)

[e3%

> @2i-1°

j=1

Omn=1) ifa>1
On™) fo<a<l
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4953. Proposed by Michel Bataille.

Let a € R—{0,1}. Find all a and all functions f : R — R that are not identically
zero such that

(x+y)f(z+y) —zf(x) —yfly) = a(yf(z) +zf(y))

for all z, y.

Solution to problem 4953 Crux Math. 50 (6) 2024, 313

Raymond Mortini, Rudolf Rupp

We show that under the assumption a € R\ {0,1}, the number is the only one for
which the functional equation

(63) (@+y)f(z+y) —af(@) —yfly) = alyf(z) + 2f(y))
equivalently
(64) (@ +y)f(@+y) = fl@)(@+ay) + f(y)(y + az)

has non-trivial solutions. These are given by M for ¢ # 0.

It is obvious that the set of solutions of (63) is a vector space; may be the trivial one {0}.
Moreover, if f is a solution then f(0) = 0: put y = 0, and so, zf(x) = xf(z) + f(0)ax. As
a#0, f(0) = 0.

Note that if a = 3, then f(z) = 2?2 is a solution since

(x +y)® —2® —y® — 3yx? — 3xy® = 0.

Now suppose that f is a solution whenever a = 3. Then f is even. In fact, putting y = —=,
and using that f(0) = 0, yields 0 = f(x)(—2x) + f(—z)(2z) and so f(—=x) = f(z).

Next assume that f(1) = 1 and let us introduce the auxiliary function h(x) := f(x) — 22
Then h is a solution, too, satisfying h(0) = h(1) = 0. We show that h = 0 (yielding the
assertion that f(z) = 22, and so, if f(1) = c # 0, f(x) = cz?, and if f(1) =0, f =0).

To see this, take y =1 and z — —x. Then

(—x + Dh(—x + 1) + zh(—2x) = 3h(—2x),
hence, by using that h is even,
3—x
11—z
On the other hand, if 2 + y = 1, then by (64),

0=h(z)(x+3(1—2))+h(l—2)(1—2x+3x).

(65) h(l - z) =

h(z), x#1.

That is
22 -3 1

(66) h(l—z)= 1 h(z), x#—i.
Consequently,

20 — 3 3—xz

sr 1 = 7=, hl@):
Since gijr‘f = 32 «= -3 = 3 is impossible, h(z) = 0 for ¢ {1,-1/2}. By (65),
0="h(1/2) = h(-1/2). As h(1) = 0 we are done.

It remains to see that a necessarily is 3 for the existence of nontrivial solutions. So let f be
a solution to (63), f # 0.
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e Put y = 2. Then 2z f(2z) — 22 f(x) = 2azx f(x), implying that
f2z) = (1+a)f(z),

valid also for x = 0.

e Put y = 2x. Then 3z f(3z) — xf(z) — 22f(2x) = a2z f(z) + xf(2z)). Hence

3f(8z) = (1+2a)f(z) + (2 +a)f(22),

valid also for x = 0.

Pulling in f(2x) gives

3f(3z) = (2a+ 1) f(x) + 2+ a)(1 +a) f(z) = (3 + ba + a?) f(z).
e Put y = 3x. Then 4af(4z) — 2 f(z) — 3z f(3x) = a(3xf(x) + xf(3z)). Hence

4f(4x) = (14 3a)f(z) + 3+ a)f(3),
valid also for x = 0. Since f(4z) = f(2(2z)) = (1+a)f(2z) = (14 a)?f(z), we obtain with the
formula for f(3z) that

4014 a)?f(x) = (1 + 3a) f(z) + 1

3 (3+a)(3+ 5a + a*) f(z).

Consequently, as f # 0,
3(3 4 5a +4a®) — (3 +a)(3 + 5a + a*) = 0,
or equivalently
ala—1)(a—3) =0.
Thus a = 3.

Remark What happens for a = 0 or a = 17 If @ = 0, then the solutions f are those functions
for which z f is additive. If @ = 1 then the solutions are exactly the additive functions: in fact,

by (64), (z+y)f(z+y) = f(z)(@+y)+ f(y)(y+z). Hence,if x+y #0, f(x+y) = f(z)+ f(y).
Now let  +y = 0. Since f(2z) = f(x 4+ z) = f(z) + f(z) = 2f(x) we conclude that for = # 0,
f@)+f(=2) = f(@E-D+D+f(-1-2)+1)=fl@-1)+f1)+f(=1-=z)+ f(1)

fll@=1)+(-1—-=2)+2f(1) = f(=2) +2f(1)
2(f(=1) + f(1)).
In particular, if x = 1, we deduce that f(—1)+ f(1) =0, and so
f@)+ f(=2) =0=f(0) = f(z + (—a)).
Remark It is quite astonishing for us that in the these two exceptional cases there are so

many solutions, as the set of additive functions is in a one to one correspondance with the
Q-linear functions on the Q-vector space V determined by the real numbers.
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4951. Proposed by Michel Bataille.

Let n be a positive integer. Prove that the sums

(1)“ - () m
Z () and 3 (k—l)

k=1

are equal and find their common value.

Solution to problem 4951 Crux Math. 50 (6) 2024, 313

Raymond Mortini, Rudolf Rupp

14 (—1)"H!
We show that the common value is + (1)
n+1
Let i
—~ (-1 n k—1
P p—
=2 !

To be calculated is P;(1). To this end, note that
n n—1
k-1 In .
)R ()
n n 7 n n
x) +Z (=) = (1= a)" = (=)™
=0 M

(xPy(x))

Hence

o) = | (=t - (o,

from which we conclude that

1 n n n
Pl(l') = m (_(1 —x) +1 + (_1) +1x +1 + 1) .
1 1 n+1
Consequently P;(1) = %
~ DMy
To calculate P := Z — (k‘) , we use that (see below)
k=1

1/n\ " !
- =Bkn—k+1)= [ (1—a) 2" Fde = 1.
k(k) Blk,n +1) /0( x) x

Hence
1n—1

P, = / Yemlgn= kdx—/ Z(x—l)jxnfjflda:
0 =

k=1
(_1)n+1

' nowyg Lt
= _/0 ((w—l) —33)(130—717+1

Addendum A classical formula tells us that for u, v € N one has
Mp+1)T(v+1)
P((p+1)+w+1)

Hence, for y =k —1 and v =n — k,
(k—D!(n—k)! 1k (n—k)! 1 <n)1

I=pkn-k+1) = n! Tk al Tk

! y ! vl
) =B(p+1,v+1) ::/O (1—z)tz dx:m.
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4937. Proposed by Michel Bataille.

Let a be a positive real number and let f : [0,00) — R be a continuous, a-periodic
function. Prove that if b > a, then

_f(m+y) a+b@ a+b&
/0 A drdy = /a . dt—l—b/b . dt

r+y

Solution to problem 4937 Crux Math. 50 (4) 2024, 200

Raymond Mortini, Rudolf Rupp

yf()

Let F(y) = “——=dt be a primitive of f(¢)/t on |0, c0[. Note that F'(y) may be unbounded

near 0 (for f = 1 for instance). But one can control its behaviour near 0:
R(y) =y(F(a+y) - F(y)) = 0asy — 0.
In fact, as f is continuous, |f| < M on [0,a]. Hence, for 0 < y < a,

@1
ylF(y)] < My/ 7dt = Myloga — Mylogy — 0,
Yy

and so R(y) — 0 as F' is continuous at a.
Using the transformation x + y = ¢ with y <t < a + y, we obtain for § > 0 close to 0,

/( fxx:yy ) B /:(/:erfi)dt>dy:/;(F(Ger)—F(y))dy

b b
= e -ro], - [ o - Py

b
= b(F(a+b)—F(b))—5(F(a+5)—F((s))_/6y<f(“+y)_f(y)>dy

8

a+y Y
—R(5)
b a —a b
= WP = FO) - [ )y + / o

= b(F(a+b) — /fa+ydy+a/ f /f

[ a+b
[ a-periodic b(F(a+b) — F(b)) +a/ &ds
s=a+y a S

B a+b f(t) a+b f(S)
= b/b —=dt+a /a —=ds.

S
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4924. Proposed by Yagub N. Aliyev.

Let n be a positive integer. Find all possible values of z > 0 for which the
mnequality

1+3<(1+1)(1+ L )(1+#) (1+;)
B~ B B+zx B+2xz) 7 B+(n—1)z/’

holds true for all B > 0. For which = > 0 is the reverse inequality true?

Solution to problem 4924 Crux Math. 50 (3) 2024, 148

Raymond Mortini, Rudolf Rupp

and

n—1
n 1 .
1+BzH<1+B+, >1f9c21.

Jx

In particular, we have equality for x = 1. Moreover, equality holds for all B > 0 and all x > 0
if n=1.

Let L,, be the left hand side and R,, the right hand side.

en =1. Then ) .
Ll—R1:1+§—(1+§):0
e n > 2. We show the assertion above via induction on n. So let n = 2.
2 1 1
Ly—Ry = 1+—=—-(|14+—= 1
o B <+B><+B+x>
_ r—1
 B(B+ax)

Hence the assertion is true for n = 2.
e n — n+1. Assume that the assertion is correct for some n € N. Then, forx > 1, L, > R,
and so

n+1 =
Lypt1— Ry =1 - 1 -
+1 +1 + B Jl;[()( +B+j:c>

1+"+1—(1+3) -
B B B +nzx
1(1 B+n>_1n(5f3—l)>

B _B—l—nx B

Y]

= 0
B B B+nx —
The same estimates replacing > by < show that we also get the assertion for 0 < x < 1.
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4930. Proposed by Toyesh Prakash Sharma.
For positive integers a, b, ¢, show that

a’ 4+ b1 c?

at+b+tc
at+b+ec )

abbeet < (

Solution to problem 4930 Crux Math. 50 (3) 2024, 149

Raymond Mortini, Rudolf Rupp

First we note that for z,y > 0, zy < (2 + y?). Hence

1 1 1
ab +be + ca < 5(a?erQ) + 5(62 +c?) + 5(c2+a2) =a? + b+ 2

As log is concave, we know that log(3_7_, e;x;) > 377, €;loga; whenever 377

g; > 0. Hence

165 =1,

a

loga+ — logh+ — 1 <
—F— 102 a ——F—— 10, —F—— 102 C
a+b+ec S a+b+ec & a+b+ec &

IN

o a? 4+ b2+ 2
& a+b+c )

a2+l)2+62 a+b+c

( a+b+c ) '

Hence

alhc® <

lo b a+ ¢ b+
- & a+b+c a+b+c

a—|—b+cc

)
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4925. Proposed by Ivan Hadinata.

Determine all possible real numbers a for which there exists a real-valued function
f R — R such that

flz+y) +2f(f(y)) = f(f(2)) + f(y) + azy

for all z,y € R.

Solution to problem 4925 Crux Math. 50 (3) 2024, 148

Raymond Mortini, Rudolf Rupp

We show that the functional equation

(67) fle+y) +af(f(y) = f(f(2) + fy) + axy

admits a solution if and only if a € {0,1}. If a = 1, then the identity is the only solution and
if a = 0, then the zero function is the only solution.

Put x =y =0. Then f(0)+ 0= f(f(0)) + f(0) implies that f(f(0)) =0. Now put y =0 in
(67). Then

(68) f(x) = F(f(2) + £(0).

This yields the new equation

(69) flz+y) +2(fy) = £(0) = fx) = £0) + f(y) + azy.
Now put x = 1. Then

(70) JA+y) + fy) = f0) = F(1) = f(0) + f(y) + ay,
from which we conclude that f(y + 1) = f(1) + ay, or in other words,

(71) flw)=f1)+alu—1)=au+b,

that is, f is linear-affine.
Since f(f(0)) =0, we have a(a-0+b)+b =0, and so ab+b=0. Thus b =0 or a = —1.
Due to (68),
ar +b=alax +b)+b+b.
That is
ax = a’z + (ab + b) = a’x,
from which we deduce a € {0,1}. Hence, as a # —1, b = 0. Consequently, f(z) = x (if a = 1)
or f =0if a =0. It is straightforward to check that these are actually solutions.



218

4929. Proposed by Sedn M. Stewart.
Evaluate

/1 log(1 + v1 — u?) p
U.
0 14+ u
Solution to problem 4929 Crux Math. 50 (3) 2024, 149

Raymond Mortini, Rudolf Rupp

‘We show that

1 — .2 2
{I — / logl+vi-w?) 7% 0.4112335167-~].
0

T+u T
In fact,
1 oo oo 1
I = / log (1 +V1- u2) Z(—l)"u" du = Z(—l)"/ log (1 +v1- u2) u™ du,
0 n=0 n=0 0

where the interchanging lim,, f Sy = f lim S, is allowed as the partial sums
Sp = Zlog (1 +v1-— u2) (—1)7u?
j=0

log(1+\/ 1—u2)
14w

1
I, ::/ log (1 +4/1 7u2) u” du,
0

and use partial integration with f(u) = log (1+ V1 —u?) and ¢'(u) = u". Note that g(u) =

un+1

are bounded by the L![0, 1]-function . Now put

Tﬂal’ld
F) = Ve _ u(l-Vi-w?) 1 s
14+ V1 —u? V1—u? u? uvl—u?
Hence
1 1 u™
L = — (w2 du
n+1/0< \/1—u2>
1 1 /2 1
= — sin" tdt := ————— + J,.
usint (n+1)2+n—|—1/0 sn CESIARG
Method 1.

By Lemma 14 below,

- n 1 . n 7T2 - =
I:—nz:;)(—l) m-‘-;(—l) Jn = _TQ+7”Z:0J2m_WLZ:()J2m+1
A e i am
12 — (2m+1)4m 2 L= (2m+ 1)(2m + 2)(°7)
7T2 7T2 2 7T2

= —-—— 4 — —
Here we have used the Taylor series (see e.g. [60] and [61]):
e (2”) p2n+1

arcsin;vzz 1 on 1
no2n

n=0
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oo 4" 2n+2
arcsin? x = 22 -
— (2n+1)(2n+ 2)(n)
o 22n+1(n!)2 2n+2 o 22n—1 x2n
2n .
n=0 (QTL + 2)' n=1 n2(n)
evaluated at x = 1.
Lemma 14. Let I, 7T/2(1311195)”dac. Then In =7/2, I} =1 and for n € N*¥,
_ 3 5 on—17n _ (2n)! T o (277) T
1) Ln=3-33 B3 5=nomy 5="1 3
_ 2 4.6 2n  _ 4"(nh)* 4"
(2) Iopyq = 3°5 7 2n+1 T (@ny1)! (2n+1)(2:)'
Proof. (1) I, = Qggllgn,g for n € N* and Iy = 5, because
/2
2nls, — (2n — V)Igp—o = / (sinz)®" "2 (2nsin®z — (2n — 1)) dx
0

w/2
= - / (sin2)?"~2 ((2n — 1) cos® x — sin® 7) da
0

= —[(sinz)*"! cossL’]g/2 =0.
(2) Inp+1 = 2n+1.[2n 1 for n € N* and I; = 1, because
/2
2n+1)Iopy1 —2nlop_1 = / (sinz)®" ' ((2n+ 1) sin® z — 2n) dx
0

m/2
= - / (sinz)** " (2ncos®x — sin® z) dz
0

/2

;=0

= —[(sin x)%" cos x

Next we note that for 0 < x < 1, arcsinz = arctan ( 1512). In fact

Lemma 15. For 0 <z <1 we have

x

v1-— ac?) ’
7/ 2

arcsin
(2) Z p2n (sint)?" 1 dt.

N

> Wﬂ(sm t)2ntldt

3 SN2 0 2n+2
(3) (arcsinz) nz::o < i ) x

Proof. (1) Obvious, as tan(arcsinz) = sin(arcsinx)/(cos arcsin z).
(2) As in [60]): we shall use that for 0 <y <1

(1) arcsinz = arctan (

Y 1( 1 1 ) 1%( n n,n = 2n+1
L= () =5 - e = Y
11—y 2\1-y 1+y 2= o
Now let ) -
I(t) == ——= arctan i

V1—22 V1—22

Then, with 0 < z < 1,
arcsin s el 2 xcost
— :I<—)—IO:/ —dt:/ —— dt
V1 — 22 2 0) 0 Ot o 1—x2cos?t
% oo
= / Z(mcost It gt = Zx%H/ (cost)?™t1 dt.
0

n=0
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Here Y [ = [ >, as all the terms are positive.

(3) Just use that %(arcsin x)2 _ 2%. _
Method 2
Note that
= 1
[ =— Iy
7;)( (n+1)2 t Z

hu)§:<zf(Tde0(D%W“.

n=0
Then
e 3
W) = }:(/‘@mw m)( Jgn
n=0 0
Ei . 2 1 (x) arccosx
= —rsint) dt = | ———— dt = T2
/0 ;( vsint) /0 1+ xsint V1 — g2
Hence,
L arccos x 1 9 o2
h(1) =h(1) — h(0 ———dxr = |——- arccos“z| = —.
) = (1) =) = [ T = | S areeosts| =T
2 2 2
We conclude that I = —% + % = 2—4
To prove (*), just use the transformation tan(t/2) = y to get
R ! 1 2 ! 1
Y L S N
o l4+zsint o 1+y°+2zy 1—22 1_~_?1/77
_ arctan \/’% ! _ arctan \/% — arctan \/127
V1 — 22 V1 — 22

arccos xr

V1—a?
The latter is verified by calculating the derivatives of the numerators and by using that for
x =0, 2arctan 1 = 7/2 = arccos0.

Method 3

10 = [ g [ g

B /2 log( 1+smt)dt
0

sint

B /1log(1+y)

o y/1T 2
7T2
= 35

From [60]
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For simplicity we will use & = sin a so let's consider:

1) ::/z ln(l+s.masmx)dx
0 sin x

Note that sin a is always inside [—1, 1] so it's equivalent to |a| < 1. Also put
x — & — x, then average the two integrals to see that:

3 In(1 + sin a sin x) 7 In(1 + sin a sin x)
2 —  ‘dx= — “dx
0 sin x 0 sin x

1 rlh1(1+sinasinx)dx:>p(a):l/x cosa dx
0

= I(a)= - _ ! i
(@) 2 sin x 2 1 +sinasinx
lanj:x/‘w cos a 1 dt,/w cos a dr
0 l+sinal 1+# o (t+sina)? +cos?a
+r
(r+5:'m|a)m r
= arctan =_—a
cosa /|, 2

Now we integrate to get back:
2
4 na a
“‘ﬂ—/(i“*)d“—?‘?*(’

1(0):0¢c:0¢1(a):g(ﬁ—a)

4920. Proposed by z{ngel Plaza.

MNog(1 4+ 2F 422k .- 4 :Lf“’“)dm

Ifk>1andnelN, evaluate/ .
0 .

Solution to problem 4920 Crux Math. 50 (2) 2024, 84

Raymond Mortini, Rudolf Rupp

T

/1 log(1 + 2% + 2%F + ... + 2"k)
= dzx.
0

‘We show that

7T2 n

I= S rnsD )

For the proof, we use the power series representation

o0

J
log(1 —x) = —Z%, |z < 1.

j=1
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So, if 0 < z < 1 we have

log 1+$k+1‘2k—|—-“—|—l‘nk 1 1_xk(n+1)
fa) o= o8 R ;
x x 1—x
O k(nd1)j—1 X ki1
-yt
= =
Hence, a primitive is given by
> pk(n+1)j ki
x
_Z 2k(n + 1) +ZTI@
=17 =17
We conclude that
1 (o'}
1 1 11
I= dr = - 4=
[, s j_l( K+ 1) 72 +kj2)
_ (1
6 \k  k(n+1)
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4918. Proposed by Yagqub Aliyev.
A=?
JEaedt
a) Show that if 0 <a <=z < b, then L =0.
b) Show that if 0 < a <z =b, then L = +o0.

Let L =limy— 400

Solution to problem 4918 Crux Math. 50 (2) 2024, 83

Raymond Mortini, Rudolf Rupp

Let 0 <a<b.
a) Suppose that a <z < b. Then for a < ¢ < b we have 1 > ¢/b, and so, for A > 1,
0<I(N) = AT 2b(log ) AT 2b(log \) AT
- - foardt T [Tt DG D VEE Sl
Since
(log A)ellosMa*=t) _ __108 X

“ToE N7 —0as A — oo,

we have that limy_, o I(A) = 0.

b) Suppose that £ = b. Then for a <t < b we have 1 <t/a and so
b2 b2 b2
) = A < a\ ~ 2a(log A\) A

R U P U O
2a(log ) AY’
2 7@( Osz) = 2alog A

— o00as A — oo.
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4915. Proposed by Michel Bataille.

1)k+1
Let S, ( ) , Where n is a nonnegative integer. Find real numbers
kk+n+1
a,b,c such t.hat 11}111 (n*S, — (an® +bn + ¢)) = 0.
Solution to problem 4915 Crux Math. 50 (2) 2024, 82
Raymond Mortini, Rudolf Rupp
We claim that a =log2, b= —35 —log2 and ¢ = log2 + 3 5. that is
: 3 2 1 5
lim (n°S, — ((log2)n + (— - — log2)n+log2 + 7) =0.
n—00 2 4
g ._i (—1)k*? B 1 i(—l)k+1n+l+k_k
" &k(k+n+l) o n+l& k(k+n+1)
1 & e (1 1
= -1 Il S
0 ()
s 1 1
= o1 Z (( 1)k+1/xk*1dx - (—1)k+1/x”+kdx
k=1 A s
1 1 o0 oo
) / ( (—1)Hgh-1 ~5S (- k+1xn+k>dx
n+l 0 k=1 k=1
1 1 [1—amt
_ n+1 k+1 k—1 _ -z
- n+1/(1+x Z . >d:c n+1/ 1+ dr
0 0

_ log(2 /
- n—|—1 n—l—l 1+x
0

1
/ "
0 ”+2O (1+2)?

1
log(2) 1 / T2
0

log(2) 1 ant?
n+1 n—+1 n+21+x

n+l 2m+1)(n+2) (n+2 (1+2)?

log(2) 1 B 1 znt3 1
n+l 2n+1)(n+2) (n+2)(n+1) n+3(1+x)

1 1
2 xn+2

+ / zdw
n+30 (1+2)

n+2

1
log(2) 2n 47

n+1 4(n—|—1)(n+2)(n—|—3)_(n+1)(n+2 n+3) 0/ 1+2)°
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Here the interchanging of [ >~ =" [ in (x) is possible since the partial sums

N
Z k+1 _ l,nJrk)

k=1
are bounded. Hence ™
1
3 3 2 7 n+2
n®S, = i log(2) — (2n+7) _ / z
n+1 4n+1)(n+2)(n+3) (n+1)(n+2 Y(n+3)
0
<2
B s1/<n+3>

= (n?—n+14+0(1/n))log(2) — g + Z +O(1/n)+0O(1/n)

= n?log(2) +n <—; - 10g(2)> +log(2) + Z +0(1/n)

= an® +bn+c+o(l),

where the asymptotics are obtained by calculating the partial fraction decomposition of the
rational functions in n.

14 Here O and o denote the Landau symbols: O(1/n) is a function n — h(n) satisfying ‘h(")l <C

and o(1) is a function n — g(n) with lim,— . g(n) = 0. In particular, O(1/n) implies o(1).
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4914. Proposed by Ivan Hadinata.

Let R>o be the set of all non-negative real numbers. Find all possible monotoni-
cally increasing f : R>¢ — R0 satisfying

fE@ry+1)=zf(z)+ f(y) +1, Vz,y < Rxo.

Solution to problem 4914 Crux Math. 50 (2) 2024, 82

Raymond Mortini, Rudolf Rupp

[We show that the identity is the only monotonically increasing solution on [0, co. ]

First we note that f(x) = z trivially satisfies the functional equation on [0, co[. Now suppose
that f is a solution and that f is increasing on [0, ocol.

e Put y = 0, respectively z = 0. Then
fl@*+1)=zf(x)+ f(0)+1and f(y+1)= f(y) +1.
Hence, with y = 2, respectively 3 = 0,
f(@?+1) = f(«?)+1and f(1) = f(0)+1
and so
(72) f@®) +1=f(a®+1) = af(x) + f(1).
This implies that, with x = 1,
FO+1=1-f(1)+ f(1) = 2f(1).
Hence f(1) =1 and so f(0) = 0. Consequently

(73) f@) =f@®+1) - 1=af(x) + f(1) -1 =z f().

e Next we note that f is right-continuous at z; = 1. In fact, since f is increasing, f is
bounded in a right-neighborhood of zy = 0 '°. Hence, if 2 — 0, we have that xf(x) — 0.
Consequently, by the second identity in (72)

glgig%)f(m? +1)=f(1) = 1.
e Via induction we obtain from f(2?) = zf(x), or equivalently f(z) = /z f(/z) (just
replace 22 by x), that
fCVE) _ fo)

om

x x

Now 2/xz — 1 for x > 0 and 2\/x > 1 for > 1. Thus, the right-continuity of f at z; =1
yields that
fQ) _ fl=)
1 oz

from which we conclude that f(z) =« for > 1.
Now let 0 <2z < 1. Then  +1 > 1 and so, due to f(y+1) = f(y) + 1,
1

z+1=flz+1)=f(z)+1.
Consequently f(z) = z, too.

I5For this, it is important that f is defined at 0.
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Remark 1 Our proof shows that instead of f being increasing, we may have assumed merely
that f is bounded in a right neighborhood of the origin.

Remark 2 A small modification of the proof (see below) shows that any solution to the
functional equation

(E) f@@+y+1)=zf(x)+ fly)+1, (z,y>0)

actually is additive on [0, oo[; that is satisfies f(u+v) = f(u)+ f(v) with f(0) = 0 and f(1) = 1.
Thus we obtain from the well known fact on the Cauchy functional equation (restricted to the
non-negative reals) that actually every measurable solution of (E) coincides with the identity.

In fact, f(z?) @ zf(xz) and f(y+ 1) = f(y) + 1 imply that (E) becomes

(74) F@®+y+1)=Ff=) + fy) +1=f@)+ fly+1), (2,y>0),
and so
flu+v) = f(u) + f(v) for u,v >0,
due to the following reason: since for y > 1, f(y — 1) = f(y) — 1,

fw +fw) = fu+f((o+1)-1)

=, [t @) -1=f

= futw).

fw)+flo+1) -1
+uv)+1-1
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4913. Proposed by Albert Natian.

Suppose the continuous function f satisfies the integral equation

f:m f ( }f’f;) dt = 3f (7) 2*.

Find f (7).

Solution to problem 4913 Crux Math. 50 (2) 2024, 82

Raymond Mortini, Rudolf Rupp

Let a € R and, for f € C(R), let

I¢(z,a) := /Om f(ta®a™")dt.

We show that [f(?) = 42 whenever Iy(z,a) = 3a:r4.]

Proof. Using for « # 0 the linear substitution t — u with u := tz?a™" and dt = ax~2du, we obtain

rs
If(x,a) = az”? / f(w)du.
0
Now If(z,a) = 3az® if and only if

z3
/ f(u)du = 32°.
Differentiating yields ’
3z® f(2°) = 18z°,
equivalently
f(z®) = 62°.
As z +— 2® is a bijection from R onto R, we obtain f(u) = 6u. Conversely, it is straightforward to check
that this f satisfies for every a the given integral equation. So f(7) = 42 independently of a.



4910. Proposed by Paul Bracken. Let m and n be non-negative integers and

let
o= (2 (22))
’ 0 t t t2

Prove that the .J;;, ,, are rational multiples of .

Solution to problem 4910 Crux Math. 50 (1) 2024, 38

Raymond Mortini, Rudolf Rupp

It is sufficient to consider the case n = 0, otherwise write

S —Sn S™—1 1-5"
/Tdm:/ 12 d$+/ $2 dfl’,

sin x g7

where S = . Since |S| < 1, we see that [ :;ldm converges. Now use that
2 4
1
1—5’:%—% =g (64—0(1’)) as z — 0,
and

m—1
|sm—1|:|5—1|(25j

j=0

<m|S—1|,

m

dx converges, too. Hence

I(m) ::/ 5 _1d:c
0

xr2

ls
to conclude that / 5
o T

converges. Next we write

S™—1 _ (sinz)™ —a™  f(x)
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J = 72 pm+2 T opmA2°
Now we apply Apostol’s method (see [63]). Integration by parts [uv’ = wv — [u'v with u = f and
v =272 yields:
1 R C)
I = —
(m) m—+1 o pmt+l ’
) . f@) . flx)
since i% e 0 (and ZILH;O prn 0) because

(:17) ’ |S - 1‘ 1
< _ - — 0.
T m— mx + o(x) as x—0
(sinz)™ — 2™

Similarily, since 0 is a zero of order 1 of the analytic !¢ function J(z) := T
Zm

that for all j =0,1,...,m

, we

[
911—% gm+l-i = 0

Hence, by repeating this procedure another m-times, we obtain

RSl
I(m) = (m+ 1)! /0 z de.
dm+1

Now fm*(z) = —-—(sinz)™ — 0. Next we ”linearize” the sinus-power:

16 (s22)" -1 1 22 . . W [sinz
Note that J(z) = P =2 (—g + 5+ ) R(z), where ;%R(z) = lli}% ZO ;
i=

have

)j:
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. m ei27e_iz " 1 e m—j [T ijx _—i(m—j)z
(sinz) = (T) 7(27> ;(—1) <j)e e

J

m 1 - —i [\ iz(2j—-m

Jj=0

Since the ”constant” term (appearing for j = m/2 when m is even) is annihilated by the derivative, we
find
dmtt 1

e A G GO DY (m2j)m+l(1)j<j>e”(m2j)

5 m
0<j<3

1 . (25
_~_(_1)mzm+l - Z (2.7 _ m)m+l(_1)] (m) 611(2] )
7 <<m J
As the left hand side is real, we may take the real part on the right hand side and get (by observing
Reiz = —Imz)
dm+1 1 .
o sina)™ = —on 37 (m - 2)" T (=1) (T) sin((m — 2j)x)

m
2 o<j< it
SIS

FEDM LS @ w1y <Z‘) sin((2j — m)a).

%<j§m

/°° sin(px) do — /°° sin(z) de T
0 T o T T2

Finally, as

whenever p > 0, we deduce that

1 i f(mﬂ) T T 1 1 Nl ifm
I(m) = (m+1)!/0 z S 2 (m+1)! _ng;m(m_%) T (J)
e <2jm>m“<1>f(7;f‘>}

F<j<m

which surely is a rational multiple of w. Making in the second summand the substitution k = m — j,

then we obtain
10m) =~ 5oy 2o (m=2)"" (=1 <Z”‘)

com
0§J<7

For instance I(1) = —5,1(2) = —§a1(3) = _I?%W‘
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4909. Proposed by Michel Bataille.

For each positive integer n, let P,(z) = (z —1)?"*1(22 — (2n+ 1)z —1). Show that
the equation P, (x) = 1 has a unique solution x, in the interval (0, oc). Prove that
lim (z, —2n) =1 and find lim n(z, —2n—1).

M— o0
Solution to problem 4909 Crux Math. 50 (1) 2024, 38

Raymond Mortini, Rudolf Rupp

First we note that P, is continuous on [0, 00, P,(0) =1 and that lim,— . Pn(z) = co. Now

Pi(z) = x(z—1)"" ((Qn +3)z — (4n° + 6n + 4))

= z(z—-1)""2n+ 3)(:c - (2n+ MLH))

. Com-

4 4

T 3] and strictly increasing on {Zn + L3 oo}
bining all this, and thanks to the intermediate value theorem, we deduce there exists a unique z,, €]0, co[
with P,(z,) = 1. Next we discuss the assymptotics of the sequence (z,). Since z, > 2n + 4 we

2n+3°
see that x, — oo.

Hence P, is strictly decreasing on {O, 2n +

e As
1=Pi(zn) = (zn—1>"""a2 - 2n+ 1)z, —1)
= zp(zn — 1"z, —2n—1—2,")
we get
1
(75) il -1

Tn(zn — 1)2 Tz,

But x, — co. Thus x,, —2n — 1 — 0, from which we conclude that . In particular,

Tn_g_TnTIN
n n
e By (75),
n

n
Tn  Tn(xn — 1)2nt1

n 1 1 1
- 21y )5 i(14+0)= -
T ( + (mn—l)Q"“) - 2( +0) 2

n(xn—2n—-1) =
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4905. Proposed by Aravind Mahadevan.

In a right-angled triangle, the acute angles = and y satisfy the following equation:
2 2 3 3
tanz + tany + tan® r + tan” y + tan” = + tan” y = 70.

Find = and y.

Solution to problem 4905 Crux Math. 50 (1) 2024, 37

Raymond Mortini, Rudolf Rupp

We show that [(:v, y) = (%, ?g)} , or in terms of degrees | 15° and 75° |.

We may assume that 0 <z <y <7/2 and z +y = 7/2. Now

i 1
tany = tan (5 — ac) = cot(z) = P
So we have to solve for ¢ = tanz the equation
1 1 1
76 t+ P+t + -+ S+ = =170
(76) +tT++ n + 2 + 7

(or equivalently 1+ ¢ + 2 -0+t 10 4+ 18 = 0). Such symmetric equations are solved using the
substitution s := ¢ + 1/t. Now s = (t + 1) = t* + 7z 4+ 2; hence t* + 5 = s* — 2. Moreover,

3 1\°* 3 3 1
=|t+-) =t"+3t+-+ =
s ( +t + 3t + n + 5
and so t3 + %3 = 53 — 3s. This yields the equation s + s> — 2 4+ s®> — 3s = 70, or equivalently
s34+ 52 —2s—72=0. As s = 4 is a solution, we obtain the factorization
5\2 47
0=(s—4)(s>+5s+18) = (s — 4) ((s+§) *Z) .

So s = 4 is the only real solution. The equation 4 = ¢ + % now is equivalent to t? — 4t + 1 = 0, which
has 2 £ /3 as solutions. Now we have to calculate the values = for which tanz = 2 £ /3. As is well
known, arctan(2 —+/3) = 7/12 and arctan(2++/3) = 57/12. This can be verified by using the formulas

. 1 — cos2x 1+ cos2x
sinx = fand cosx = —
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4904. Proposed by Ivan Hadinata.

Find all pairs (z,y) of prime numbers z and y such that z > y, z +y is prime and
¥ + y¥ is divisible by = + y.

Solution to problem 4904 Crux Math. 50 (1) 2024, 37

Raymond Mortini, Rudolf Rupp

This problem has no solution '”. In fact, suppose that = + y is prime whenever = and y are prime,
y < z. Since the sum of two odd prime numbers is even, it cannot be prime. Hence y = 2. Let n:=x
18 Then we have to discuss the property 4 + n™ is divisible by 2 + n.

4+ i(n +2)! <?> (—1)"Ignd

4+n" 44+ ((n+2)-2)"
24n o 24n o n+ 2
4+ (=12 + Y (n+2) (’;) (~1)" 72
_ i=1
o n+2
44 (-Dr2n & i (n P
= T\ = 2)7 —1)n72nd
p—— +;(n+ 7)Y
4+ (=1ren
=: P +m,

where m € Z (note that the binomial coefficients belong to N). If n > 3 is odd, then 2 + n is odd and
therefore 2 + n cannot divide (in Z) the even number 4 + (—1)"2". Hence the primeness of n implies
that n = 2. Since z +y = 2 4+ 2 = 4 is not prime, the pair (2,2) is not a solution either.

17 Under the usual assumption that the number 1 is not considered as a prime number.
18 The symbol z for a natural number hurts my eyes ©.
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4903. Proposed by Ovidiu Furdui and Alina Sintamdrian.
[Calculate

i( r 1 1 _...)_L]
n—1 2n4+1 2n+3 dn|”

n=1

Solution to problem 4903 Crux Math. 50 (1) 2024, 37

Raymond Mortini, Rudolf Rupp

Let
S'*; (_4n+kz_02n 2k — 1

which is the concise form of the sum in the problem. We claim that

__log?2

5=

Jr

ool

Solution
For n > 1, let

Fo(z) = i ixm’ﬂak—l
" '*kZOQn 2k —1

be the generating function. Then F, (z) converges for 0 < x < 1 (Leibniz rule for the alternating series
at © = 1), and by Abel’s rule, F,, is continuous on [0, 1]. Now

/ = K ontok—2 _ 22
k=0
Since F,(0) = 0, we obtain
> (_1)k /1 x2n—2
F,(1) = = dx.
n(1) kZ:OQn—i—Zk—l Jo 1122 %
Note that S =32 | (Fu(1) — 4 ). Partial integration [u'v =uv — [uv'with
v =2"""%and v = (1+22)"*
yields
1 ,2n-2 2n—1 1
1 1 1 _ 2
/de = 2 + /CL’Qn [
o 1422 2n—1 1422l 2n—-1 J, (14 a2)?

_ 1 N 2 /1 x2n i
o2(2n—1)  2n—1J, (1+22)2
Hence, by using that )~ [ = [ as all factors are positive, and the fact that

oo N 2N ;
—1)7-1

S (s ) = i 3 (g - ) =g SSEU

—\2(2n—1) 4n Nooeo £~ \2(2n—1)  4n 2 N—oo = 2

we obtain

n=1 —
1
og 142 T
= 1
3 (s (755) )
1
= 10g2+/ I(z)dz
2 0

To calculate a primitive of I(z), we use partial integration with v = log (ifﬁ) and v/ = W

Hence



Hence

235

11 14z 1
e | —d
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+ 1og (1EE) 4 Lares
plos( 1, 5 arctan e

1
> + 2 arctan x
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4900. Proposed by Daniel Sitaru.

For a positive integer m, let H,, denote the m-th harmonic number, that is,
H,=1+ % +.-- 4 % For m, n, p, g positive integers, prove that

Hp+Hy+Hy,+Hy <3+ Hppo.

Solution to problem 4900 Crux Math. 49 (10) 2023, 541

Raymond Mortini, Rudolf Rupp

We first show that

(77) H,+ Hy <1+ Hpq for 1 <p<gq.
In fact, if 1 = p = ¢, then nothing has to be shown. So let us assume that ¢ > 2. Then

1+ H +(L+...+i)+( 1 +...+i)+...+<;+...+i
P p+1 2p 2p+1 3p (g—Dp+1 qp
1 1 1
1+ Hpy+p--+p oo+ +p —
g 2p 3p qp
— H,+H,
Now let 1 < m <n < p < q (of course this is without loss of generality). Then by (77),

1+ Hpq

Y

< 2+ 1+ Himn)(pg) = 3 + Hmnpg-

Remark 1 More generally, one can show that

> Hyp <(n—1)+ Hypr_ ;-

j=1
Remark 2 Solutions to the special case (77) above also appeared in Amer. Math. Monthly 56 (2)
1949, 109-110, Problem E819 Euler’s constant.

Remark 3 A different proof of H,+ Hy < 1+ Hpg, p,g € N={1,2,...}, can be given via induction
ongq: forq=1, H,+ Hi = H,+1<1+ H,1. Now for ¢ — g+ 1, we use that

p
H = H,,+—0 +--- > H —H .
p(g+1) Pq g+ 1 q = {ipq q Pq

Hence 1 1
Hp + Hqt1 :Hp'f'Hq"’ﬁ < 1+Hpq+q+71 <14 Hpg41)-
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4896. Proposed by Ivan Hadinata.

Find all functions f : R — R such that for all x, ¥,z € R the following equation
holds:
Ff @) +yfz) -1+ fz+1) =2f(y) + f(z + 2).

Solution to problem 4896 Crux Math. 49 (10) 2023, 540

Raymond Mortini, Rudolf Rupp

We show that all solutions f : R — R of the functional equation
(78) F(F@+uf() = 1)+ fe+1) =2f W) + fla+2) (09,2 €R)

are given by

[fEOorf(x):mformE]R.j

Obviously f = 0 and the identity are solutions. Now let f be a solution to (78) with f(yo) # 0 for
some yo € R. We claim that f is surjective.

In fact, put z =1 and y = yo in (78). Then, for all z € R.
(19)  F(F) +90f(2) = 1) + Sz +1) = 2 (o) + F(1+2) <= [(/O) +p0f(z) = 1) = f(yo) 2.

As the function z — f(yo) z is surjective, the function z f(f(l) +yof(z) — 1) is surjective, too.

Hence z — f(z) is surjective.

Next put y =0 and z =0 in (78). Then, for all z € R
(80) F(f(@) = 1) + F(1) = f(2).

Now put u := f(z). Note that if z runs through R, the surjectivity of f implies that w runs through
R, too. In particular, f(u—1) = u — f(1) for every v € R and so, with v :=u—1, f(v) =v+1— f(1).
Now v = 1 yields that f(1) =2 — f(1) and so f(1) = 1. Hence f(v) = v for every v € R.
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4894. Proposed by Ovidiu Furdui and Alina Sintamarian.

Calculate -
Z H‘n—lHn+1
= n(n+1)

where H, =1+ 1 +---+ 1 denotes the nth harmonic number and H, = 0.

Solution to problem 4894 Crux Math. 49 (10) 2023, 539

Raymond Mortini, Rudolf Rupp

We show that

Z Hn—lHn+1 -3
71) =3
— n(n +

For the proof we shall decompose the series into several telescoping series.

H,_ 1Hn1 Hp 1Hpy1 Hop 1Hnpn  Hoy 1Hpyr o (Ho— %)(Hn+2 - %4»2)
n(n+1) - n T a1 n B n+1
Hy 1Hpin H,Hpio — %Hn+2 — %_‘_QH,I + m
- n B n+1
_ (LQ,1Hg+147H5fLHQ) Huwr H, - 1
n n+1 nn+1)  (n+1)(n+2) nn+1)(n+2)
Now
Hnyr (fLHl +>n12> Hapo _ <ILH4 _AHQ+2> 1
n(n+1) n n n+1 n n+1 n(n + 2)
and
H, H, 1 1 H, H,.1 H, 1
n+)n+2) <n+1+n+1>_n+2:(n+1_n+2)+n(n+1)'
Moreover,
2 _ 1 B 1 <l B 1 > n ( 1 _ 1 )
n(n +2) n n+2 n n+1l n+l n+2
2 B 1 1
nn+1n+2)  nn+1) m+1D)n+2)
Hence
Hy1Hupr o (1¥n_1}¥n+1 __11nz1n+2> . (11n+1 __11n+2) (17n_1 _ H, )
n(n+1) n n+1 n n+1 n+1l n+2
3 /1 1 1 1 1 1 1 1
3 (ﬁ B n—l—l) 3 <n+1 B n+2> 2 (n(n+1) B (n+1)(n+2)>'
Consequently
. ol Hy,_1Hnp1 . HnHni2 . Hnio Hy . Hn
N T ) <H°H2 ‘JE&W) * (H2 TN N+1) * (7 ‘#E&sz)
3 1 1
+5+71- 71

HNyHN42
N+1

limy oo % = 0. Consequently, by noticing that Hy = 0,

o~ Hyo1Hp 3
N —He - =3
nz::l n(n+1) 2 2

We thank Roberto Tauraso for confirming the result via Maple and wolframalpha.com, the latter
though using a different representation:

— 0 as well as im0 2Y42 — ( and

Since v = limp 00 (Hn — logn), we have that limy_ oo N1
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‘ sum (HarmonicNumber[n]-1/n)*(HarmonicNumber[n]+1/(n+1))/(n*(n+1)), n=1 to infinity

£ NATURAL LANGUAGE | [§5 MATH INPUT B EXTENDED KEYBOARD 33 EXAMPLES % uPL(

Infinite sum

& (Hy= 1) (Ho + )

Z n n+l’
n

nn+1)

Calculating the sum beginning with index n = 2, this software obtains the wrong result (the actual

sum is of course 3, too as the first summand w =0):

Very strange, too, is that the software does not give the correct value of the original sum but only
very rough approximations:

Approximated sum

oo

Hn-] Hn+1
S it ) 25040
e nmn+1)

Approximated sum

i anl Hml
H nn+l
2.9135100717114100051500066686563672253196126664946473290321059642".
270541454027040860966879348133249579785186812243965
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4893. Proposed by Albert Natian.

Find all continuous real functions f on [—1,1] that satisfy the integral equation

x2+/;f(x2t)dt=1.
1

Solution to problem 4893 Crux Math. 49 (10) 2023, 539

Raymond Mortini, Rudolf Rupp

The statement of the problem is a bit ambiguous, as problems arise for z = 0. Note that for
0<z<1land1l<t¢<1/z one has

1
0<2*t<z?==z<1,
X

so that the integral fll/m f(z*t)dt is well defined for 0 < # < 1. Moreover, for —1 < < 0 and
1/z <t <0, one has
—1gm:x2lgx2t§0

and so the integral jl/m (x2t) dt = —fo 2t) dt — f1/ (x2t) dt is well defined for —1 < < 0, too.

If = 0, though, then the symbol fl /% is not well defined as 1/0" = 0o and 1/0” = —o0. Actually no
function can be a solution to z? + fl/r (z®t)dt = 1 also at this point, as flioo f£(0)dt is divergent if

f(0) # 0, and if f(0) =0, then [ 0dt =0but 040 # 1.
Thus we need to interprete at x = 0 this functional equation as

hm<x+/ f:ctdt)

We show that

f(@) =2z
is the only continuous function f : [-1,1] — R satisfying for 2 € [—1,1]\ {0} =: X the integral equation
1/x
(81) z’ +/ f@t)dt =1,
1

and

(82) 11m (x +/ fxtdt)—l

Proof. For z € X and f € C[-1,1], let F(z) := =z —|—f1/m (x?t)dt. By the change of variable u := z°t

we obtain N
2*F(z) —z* = / f(u)du
Jx2

So F' =1 on X if and only if f:z f(u)du = 2®> —2* on X, hence also on [—1, 1]. Hence, if f € C[—1,1]
is a solution on X to (81) then, by taking derivatives, f(z) — f(2?) = 2o — 42> on [~1,1]. From this,
we guess that f(z) = 2z. To this end, let g(z) := f(z) — 2z, z € [-1,1]. Then g € C[—1,1] and
g(x) = 2zg(x?) for x € [~1,1]. Since g(—x) = —2zg(2?), it suffices to determine g for = € [0, }

By induction, for each = € [0, 1],

g(x) = 2"2*" "1g(a™").
Now, for 0 < z < 1 we may let n — oo and conclude (due to the continuity of g at 0 and my™ — 0
for 0 < y < 1) that g(z) = lim, o0 2n g2 -1 g(0) = 0. As g is continuous at 1, we deduce that g =0

on [0, 1], hence on [—1,1], and so f(z) = 2z for x € [—1,1] whenever f satisfies (81) on X. Now it is
straightforward to show that 2z also satisfies (82), that is

1/x
lim <m2 + f(m2t)dt> =1
1

z—0
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4889. Proposed by Ovidiu Furdui and Alina Sintdmdrian.

Find all non-constant continuous functions f,g: R — R such that

L [ statopar = 1 (

r+y

), VaeyeR,a#y. (1)

Solution to problem 4889 Crux Math. 49 (9) 2023, 491

Raymond Mortini, Rudolf Rupp

Consider the functional equation
1 v T+y
83 D)t =f () 0 .
(58) — [ oyt = (5) £
We show that all nonconstant continuous functions f : R — R and g : R — R satisfying (1) are
given by

[f(x) =azx+bforaz#0,beRand g(x) :x.]

In fact, for fixed z, let y — x. Then (1) implies (for instance via 'Hospital’s rule) that

(84) flg(x)) = f(=)
for every x € R. Hence
(85) = [rwi= g ()

Next we observe that any continuous f satisfying (85), necessarily is C*°. In fact, for all z,

x+1
| i =21

-1
As the function on the left obviously is differentiable by the fundamental theorem of calculus, we do
have the same for the function on the right. A calculation gives f(x + 1) — f(x — 1) = 2f'(x). Hence,
the continuity of f implies that f is continuously differentiable. Inductively, we now conclude that f
is C*°.
Now let
y+x
H(z,y) ::/ ft)de.
y—x

Then, by assumption,

H(o.) =20 (PRI o 4y
Therefore,
Hy = fly+z)— fly—2) =22f(y),
and

Hy = fly+z)+ fly—z) =2f(y).
Addition yields
fly+a)=af'(y) + fy).

Now

fly+z) = fly+z)=zf"(y) + f'(y)

fly+z) = fly+z) = f'(y).

Hence, for all z, we must have zf"(y) = 0. As f” is continuous, f”" = 0, and so f(z) = az + b with
a # 0 (since f is not constant) and b € R. Moreover, as we know from (84) that f(g(z)) = f(x), the
injectivity of the linear function f implies that g is the identity.

0

oy
0

oz

We note that an equivalent for (85), the mid-point mean value theorem for derivatives, was dealt
with in [64].
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4862. Proposed by Michel Bataille.

Let m be a nonnegative integer. Find
: 1 ~~(m+k\(m+n+1
1 .
o, gnnmg( K )( n—k )

Solution to problem 4862 Crux Math. 49 (7) 2023, 375

Raymond Mortini, Rudolf Rupp

11 " (m+k m+n+1
Lm(n) = 50 o < k )( n—k )

. 2
i, Em ) = ot
To this end, note that

<m+k> <m+n+1) _ (mAR) (mtnt1)

Let

We prove that

k n—k mlk!  (m+k+1)(n—k)!
_ (m4n+1) 1 _(m4+n+1)!n 1
N m! E(m+k+1)(n—k)! mln! Elm+k+1
Hence
= (m+k> <m+n+1>_(m+n+1)! i(n) 1
— k n—~k mln! — klm+k+1
Put
“~(n 1 m—4k+1
fle) = () !
= klm+k+1
Then

and so

(86) Lm(n):iw /lem(”"”)n da.

Case 1 If m = 0, then

Lo(n) = (n+1)! /01 (1+m)" iz = (n+1)

n! 2

1

2 1+2\" 1
=2(1— — | —» 2.
2 (5] (- )

0

Case 2m > 1. We claim that

1 n

1

Rn::(n—l—l)/xm< —|2—x) der — 2 asn — oo.
0

In fact, partial integration yields



Since

[x

2<1+x

we conclude that I, — and so R, — 2.
Together with (86), this finally yields that

Ly (n)

=1In

VL L
()

) dx

1

)dx

1 n+1 n+2
OSInS2/ 1+ do — 1 1+2x < 1 7
0 2 n-+ 2 2 o n-+ 2
1 Vot "
1 (m+n+1) /mm 1+z d
nm m!n! 0 2
i'(m+n+1)(m+n)...(n+2) (n+1) /1xm<1+m
m! nm 0 2
Lm—l—n—l—lm—i—n n+2R
m! n n  n "
m.2_ 2
m!  m!

243
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4870%*. Proposed by Borui Wang.

for

Define the series {a,} by the following recursion: a; = 1, ap, 1 = a, +
n

n > 0,g > 0. Find the constant number ¢(g) such that

lim (@, —\/¢(g) -n) =0.

n—00

Solution to problem 4870 Crux Math. 49 (7) 2023, 377

Raymond Mortini, Rudolf Rupp

We will show the following:

Let ¢, ¢ > 0 and define the sequence (not series like it is mentioned in the problem statement)

4 a for n > 1. Then, with ¢(q) = 2/q

lim |an — \/c(q)n’ =0.

n—00

(an) by a1 = c and ant1 = an +

Remark If one starts with ¢ < 0, then all the a,, are negative too, and one obtains ‘an+\/c(q)n{ — 0.
(This is done by considering b, := —an).

1
Solution Let h(z) := z + w Then h > 0 on ]0,00[ and so an+1 = h(a,) is well defined. Taking

squares
an+1 = an - )
q q*ai
or equivalently

2 2 2 1
s = = * q2a2’
we obtain the finite telescoping series:
. 2 1~ 1
ai+1—a%22(ai+1—ai):5n+qj g-
k=1 k=1
Hence
2 1~ 1
(87) ai+1:C2+*’I’L+*2 -
q " =1 %
This allows us to estimate ayn41:
2
ai+1 >+ gna
and so by using this,
2 1 o 1
(88) ai+1§02+*n+*2 27
q TS+ 2k-1)
q
Next consider the decreasing function f(z) = 5>« > 0. Then
e
q
n 1 n—1 1 n—1
- 2. . = cjﬁLZf(k)Schr/ f(z)dx
k=1c¢"+ =(k—1) k=1 0
q

W= R
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Thus we have arrived at the following estimates:

2 2 1 1 1 2
Hence
2 2
[ Apt1 ﬂ’L‘
An = |Gn+1 — gn = " k
q Ant+1 + 2
3 CQ—I—q%C%—i—%log(l—&-q%(n—l))
B ,/c2+§n+,/%n
— 0.
n—oo
Finally

[2
Un — 4/ —N
q

IA

oo

UV Ve—1+vn

— 0.
n—roo
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4866. Proposed by Ivan Hadinata.

Find all functions f : R — R such that the equation

flay+ f(f(v) = zf(y) +v

holds for all real numbers = and y.

Solution to problem 4866 Crux Math. 49 (7) 2023, 376

Raymond Mortini, Rudolf Rupp

This is entirely trivial. We claim that | the identity | is the only solution f: R — R to

(90) fley+f(f() = =f(y) +v.

We first show that f(0) = 0. In fact, if z = 0, then f(f(f(y))) = y. Now take y = 0 in (90). Then

0= f(f(£(0))) = z£(0). Hence f(0) = 0.
Next, we take y = 1 in (90). Then

(91) fle+ f(f(1) = xf(1) + 1.
Put u:= 2z + f(f(1)). This yields

(92) flw)=(u—f(f(1) f(H)+1=au+b
In other words, f necessarily is an affine function. As we already know, f(0) = 0. Thus b = 0. Now
(90) yields
a(zy + a’y) = zay +y.
Hence a = 1.
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4857. Proposed by Toyesh Prakash Sharma.

3
5 Show that

Let a, b, ¢ be positive real numbers such that a +b+c =

a®d® + b°c° + ca® >

ST ]

Solution to problem 4857 Crux Math. 49 (5) 2023, 323

Raymond Mortini

Since the function log z is concave on |0, co[, we have

log (A—|—§+C> > logA—i-loiB—HogC _

Here we take

A:=a"b" B :=b,C = ca’.
Now the function f(z) := 2z logx is convex on |0, oo|, since f”(x) = 2/x > 0. Hence
a+b+ c)

2aloga + 2blogb + 2cloge = f(a)+f(b)+f(c)23f( 3

= 3f (%) = —3log2.

Hence 3R > —3log 2, equivalently R > log(1/2) from which we deduce that A+ B+ C > 3/2. In other
words

aabb + bbcc +Ccaa Z

N
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4855. Proposed by Ivan Hadinata.

Find all pairs of positive integers (a,b) such that a® — b* = a — b.

Solution to problem 4855 Crux Math. 49 (5) 2023, 323

Raymond Mortini, Rudolf Rupp

We claim that all solutions (a,b) € N x N are given by

((10), (w, 1), (1,0),(2,3), 3,2)]

where u,v,t € N:={1,2,---} can be arbitrarily chosen.

It is easily seen that these are solutions. Now let (a,b) be a solution. Then (b, a) is a solution, too.
If b = a, or if b = 1, then nothing remains to be shown. So we may assume that a > b > 1. Let logz
be the natural logarithm. Now the function f : x — x/log z is strictly increasing for x > e and strictly
decreasing for 1 < x < e with ming>o f(z) =e. Soifa>b>3 > ¢,
a b
loga =z logd

or equivalently,

b > a’.
Hence a® — b® < 0, but @ — b > 0. So this case, where a > b > 3, does not occur. So it remains to
consider the case a > b = 2. If a = 3, then we actually have the solution (3,2). If a > 4, then
a 4 2
loga — logd  log2’

and so

a?—2"<0<a-2.
Thus this case a > 4 > 2 = b does not occur, either. As all cases have been considered, we obtain the
assertion.
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4854. Proposed by Michel Bataille.

Let n be a positive integer and let 6. = nk—_f_rl For r,s € {1,2,...,n}, evaluate
mn
Z(sin 0;r +sinf;,)2.
=1

Solution to problem 4854 Crux Math. 49 (5) 2023, 323

Raymond Mortini, Rudolf Rupp

We prove that for 1 < r,s <mn,

n 2 .
. . T . . ST n+1 ifr#s
S = E — | + _ =
<s1n <Jn+1) sin <]n+1>> {2(n+1) e s

j=1

We first show that

" . 2pm
(93) Zcos (]n—i—l)
and that for odd p € Z
- oopm o\
(94) >cos (3227 ) -

To see this, we will use that cosz = Re(e’®), and that

-1 ifpeZ\(n+1)Z
n ifpe(n+1)Z

n n—1 int it i(n+1)t
ijt it gt _ el —e€" e — el
(95) e’ =e e’ =e — = :
1—eit 1—eft
j=1 §=0

Now put ¢ = 2p7/(n + 1) whenever p € Z\ (n + 1)Z. The latter guarantees that the denominator
does not vanish. Hence

. 2pm
" 20w e'ntt —1

ejn-f—l = — = _1.
z : i 2p
j=1

l27r
1—entt

Now if p € (n + 1)Z, then,

n

i 20m
E e’ ntl =n.
i=1

Thus (93) holds. If p is odd, then, by putting ¢t = pw/(n + 1) in (95), we obtain

n i-PT_

ii LT n+1 1 . 1
ZeanJrl = %:z cot(— P )
= 1 — ¢e'ntt 2n+1

This is a purely imaginary number, so its real part is 0. This yields (94).
From (93) we easily deduce that for r € {1,2,...,n}

_n+1
=

96 sin® [ j X
(96) St (55
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In fact, using that sin® z = 1=5¢*2% e obtain from (93)

. 2rm
n n 1 —cos ]n+1
Zsin2(]’ ”) -y et/
= n—+1 2

j=1

= E—l ncos(jzrw)
2 2]_:1 n+1

. n-+1

N 2

We are now ready to calculate the value of S.

e Case 1 Then
n 2 n
. .. T .. T _ o f . T
Sfjgﬂ <sm (jm) + sin (]m)) = 4 E_ sin (jn+1)

j=1

(i) 2

e Case 2 Since r,s € {1,2,...,n}, r and s do not belong to (n + 1)Z. Note that due to
sinzsiny = $(cos(z — y) — cos(z + y)),

(97) (sinz 4 siny)® = sin®  + sin® y + cos(z — y) — cos(z + ).
Hence

n n n n
_ Z .of . MW .o . sT . T—s . r+s
S = . Sin (]m) + E Sin (]m) + E CcOs (jﬂ'n T 1) — E COS (]’ﬂ'n T 1>
Jj=1 Jj=1 j=1 Jj=1
= .. r—S8 - . r+s
= 1 E _E ’
s n+ —I—J 1Cos <]7Tn+1) jilcos (]ﬂ'n+1>

= 7’L+1+S1*SQ.

Several cases have to be analyzed now:

a) r — s is even, say r — s = 2p, where p € Z. Then r + s is even, too. Since 0 < |r —s| <n —1 and
0<r+s<2n<2(n+1), we again have two subcases:

al) r+s &€ Z(n + 1) (equivalently r + s # n + 1): Then by (93),
S=n+14+(-1)—(-1)=n+1.

a2) r+s=n+1€Z(n+1): Then n is odd, say n = 2m + 1 for some m € {0,1,2,...}, and so
2m—+1

So= 3" cos(jm) = (1) + (+1) + -+ (=1) + (+1) + (=1) = —1L.

Jj=1

Hence
S=n+1+(-1)—(-1)=n+1.
b) r — s is odd. Then r + s is odd, too. Again we have two subcases:
bl) r+ s # n+ 1: Then by (94),
S=n+14+0-0=n+1
b2) r +s=mn+1. Then n is even, say n = 2m with m € {1,2,...}, and so

S = chos(jﬂ) =-D+HD+--+(=D+ (D) =0

Hence
S=n+14+0-0=n+1.



4844. Proposed by Sedn M. Stewart.

Suppose n is a positive integer. Show that the value of the improper integral
o0 pn— le—x n—1 _—k
( 22k(p — k —1)! dz
0 vz k=0
is independent of n.

Solution to problem 4844 Crux Math. 49 (5) 2023, 273

Raymond Mortini, Rudolf Rupp

For n > 1, let

‘We show that

We use the following well-known formulas, where I' is the Gamma function:

(98) /ooxsflefzdxzr(s), T(s+1) = s T(s),s > 0
1 1\135 2m-1 T, 2k —1)  (2m)!
(99) ( 5) (5)555. S TR TS
SO,With’rn_n_k_l7
— [2k o
b= S (e [
- Z<2:>22kn_ k—1)! I'n—k—-1/2)
k=0
(2% 2(n — k — 1))!
: H(k)mm R
_ 1 (n— —1)) B = (2K (20— k — 1)

This is related to the coef‘ﬁ(nent in the Cauchy product of

- 2n n_oo _1/2 nan_n __ 1
Z() _;)< L )(_1> rar- L,

with itself and which converges for |z| < 1/4, or if we take x = y/4,

ii on = 1
— 4n \ n T—y
In fact, for |y| < 1,

Z _ N N o i@w m
e TVIouVioy A\ s )Y

k=0
)

The coefficients belng unique, we deduce that for every m =0,1,---

m 2(m—k
@w -1
Z 4k gm—k -
k=0
Hence, with m = n — 1, we conclude that I, = /7.
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4850. Proposed by George Stoica.

Let R be a finite field of characteristic 2 and n > 2. Then the sum of all invertible
n X n matrices over R is the n X n zero matrix over R.

Solution to problem 4850 Crux Math. 49 (5) 2023, 274, first version '°

Raymond Mortini, Rudolf Rupp

Let n > 2. We show that for any finite field the sum S of all invertible n X n matrices is the n x n
zero matrix O,,.

For n > 1, let M,, be the set of all n X n matrices and let U, be the set of all invertible n X n
matrices. Since the field has only a finite number of elements, U, has only a finite number of elements.
So S = ZUGM” U is a well defined element in M,,. We will show that for every U € U,,,

S.U=S8.
Fix an invertible matrix U € U,, and consider the map
Ny {Mn - M
X — XU
Then ¢ is a bijection of M, onto itself. The inverse is given by ¢ }(Y) =Y - U™}, since
oY) =Y - U H)=(Y-U . U=Y
and
T ou(X) = fl(X-ﬁ) = (XU) U t=Xx
Moreover, and this is the main point here, ¢ maps U,, bijectively onto itself. Thus (and here we have
not yet used that n # 1)

(100) S=> uU)=u> U)=u8)=5"T.

UeUn Ueln

Now we use that n > 2. Take for U and 1 < i < j < n the elementary matrices

Eij:(gl,..., éj sy € ,...,é,L)7

i-th col Jj-th col
which interchange for X - E;; the i-th and j-th column of X. Thus S - E;; = S implies that all the
columns of S are the same. Say S = (§,...,5). Next we consider the matrix

1 1 0

0 1 0

E =
0 e 1

Note that the action X - F of E on a matrix X is to replace the second column of X by the sum of the
first and second column. Since E is invertible, we obtain from (100) that S - E = S and so
§4+5=5.

Hence § = 0. Consequently S = O,.

Remark We may also consider the case n = 1. Note that the smallest field is given by Fs := {0, 1},
with 1 # 0, where 0 is the neutral element for addition and 1 the one for multiplication. This necessarily
has characteristic 2. Here S = 1. If the finite field is not field-isomorphic to Fs, it has more than two
elements, and so there is an (invertible) element u different from 1. Now by (100), S = Su, hence
S(1 —u) =0. Since 1 — u # 0, hence invertible,we conclude that S = 0.

19 This was tacitly replaced by another problem later on.
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4835. Proposed by George Stoica.

Prove that the four complex numbers z;, i = 1,...,4, are the consecutive vertices
of a cyclic quadrilateral (or are collinear) in the complex plane if and only if the
(21 — 24)(23 — 22)

is real.
(21 — 22)(23 — 24)

number

Solution to problem 4835 Crux Math. 49 (4) 2023, 213

Raymond Mortini, Rudolf Rupp

This is a standard result/exercise in old monographs on function theory/complex analysis and is for
instance in [65, p. 70]

Using a not so sophisticated wording, we will show that four distinct points z; (j = 1,...,4) in the
plane belong to a circle or a line if and only if their cross-ratio (bi-rapport, Doppelverhéltnis)

21 — k2 [Z3 — 22
DV(21,22,23,Z4) = /

Z1 — 24 zZ3 — 24

is a real number.

In particular, being real, will be independent of the ”order” of the points on the circle, respectively
line.

Our proof will be done in the extended complex plane, C:=CuU {oo} (also called the one-point
compactification of C). Let us recall some terminology here. If L is a line in C, then L U {oo} is called
an extended line. As usual we call the elements of the set of circles and extended lines in C ” generalized
circles”.

We also use an extension of the definition of the cross-ratio to points in C. This is done by taking
limits. For instance
(101) D(z1, 22, 23,00) = L2
Z3 — 22
Finally, let us recall the following results:

i) There is a unique linear-fractional map (or in modern terminology, a Mdbius transform) T'(z) :=
(az +b)/(cz + d), ad — bc # 0, viewed as map from CtoC mapping three distinct points 22, 23, 24 in
C to 0,1, 00, namely T(z) = DV (z, 22, 23, 24).

ii) The cross ratio is invariant under linear-fractional maps:

DV (T(z1),T(22),T(23),T(24)) = DV (21, 22, 23, 24).

Note that the latter is an immediate consequence of i).
iii) The class of generalized circles is invariant under Mébius transforms.
Now we are ready to confirm the statement above:

Given four distinct points z1, 22, 23,24 € C, consider the map S(z) := DV (z, 22, 23, 24). Suppose
that these z; belong to a generalized circle E. Now S maps E to the extended real line R U {oco},
since z2 — 0, z3 — 1 and z4 — oo. In particular, w; := S(z;) € RU {oo} for j = 1,...,4. Since
DV (w1, wa, w3, ws) is real, the invariance result shows that DV (z1, 22, 23, z4) is real.

Conversely, suppose that DV (z1, 22, 23, 24) is real. Note that S(z;) € {0,1,00} € RU {oo} for
j =2,3,4. Now the image of the extended real line by the inverse M&bius transform S™! is a generalized
circle, E. Of course E contains the points z2, z3 and z4. But, by (101), and the assumption, we have

S(z1) = DV (S(z1), S(22), S(23), S(24)) = DV (21, 22, 23, 24) € R.

Hence z1 = S™'(S(21)) € E. In other words, all the z; belong either to a circle or a line.
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This can be shortened, without the explicit use of the cross ratio. Actually, just iii) is relevant here:
Consider the Mobius transform
M(z) =222 37 %2
Z — 22 R3 — Z4
Then z4, 23, 22 are mapped to 0, 1,00, and so the (unique) generalized circle E determined by z4, 23, 22
is mapped to the extended real line. Thus the point z1 belongs to F if and only if M(z1) € R. In other

words, all the z; belong either to a circle or a line if and only if £1=24 23=22 ¢ R,
Z1—29 23—24
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4836. Proposed by Mohammad Bakkar.

Prove the following formula:

3 ﬁ in(n +1)
Eo R 9 1727
n=12n+1¢P (2n +1)

where P is the set of prime numbers.

Solution to problem 4836 Crux Math. 49 (4) 2023, 214

Raymond Mortini, Rudolf Rupp

We first calculate the missing part

oo
4dn(n +1)
P = —_—.
E (2n +1)2
2n4+1€P

Put p:=2n+1. Then n = (p — 1)/2 and so, in view of the Euler formula

we have

To calculate

we use partial products and Stirling’s formula lim —— =

(2n+1)2 (F(I?VNT);>)2 T 2N +1)2 1
n=1 2n

2VNIYN +1)
(2N +1)12
42N N4Ne*4N47r2N2(N + 1)
(2N 4 1)4N+2e—4N-2 27 (2N + 1)
2 (N)*"WNEHN +1)
(2N 4+ 1)4N (2N +1)3
2 1 N?(N +1)
[(1 n L)QN]Q (2N +1)3

Sr dn(n +1) AV NUN + 1) 4NNI(N 1) (22
Py = H — _
n=1

= e

—  27e

(2n+1)2 ~ 8/72  32°

=4 1 4 3
Hence H n(n+ 1) /4 7

n=1
2n+1¢P

A second way to derive the value of P is as follows:
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For z € C we have

sin(rz) = 7z ﬁ (1 =

_ wz(l—z)ezﬁ(l—nj_l)
= 1a(1 - 2)e” eXnmi (77 f_j[ (
- m(kz)ﬁ(pnil)(u—

Hence

ﬁ dn(n+1) ﬁ 2n 2n+2
( - 2n+12n+1

n=1

_ 1"-"[ 1 1 _
I+ 1= smm ﬁ<

n=1
n=1
mz(1 — z)
sin(mz) lz=1/2
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4828, Soumis par Narendra Bhandari.

Démontrer que

/0Z /oZ el + ysects - y)dwdy = Z(_l)n/(Qﬂ- +1)%

sec.xT secy 0
n=

Solution to problem 4828 Crux Math. 49 (3) 2023, 157

Raymond Mortini, Rudolf Rupp

/4 pm/4
I ::/ / CoST CoSYy dy dz.
o o cos(x +y) cos(z —y)

:=I(x)

Let

Now fix the variable x. Since

cos(z + ) cos(z —y) = cos” y — sin” z,

we obtain
/4 cosy
1 = d
() cosx/o (1 —sin?z) —sin? y 4
V2/2 du
u:=siny = COSl‘/ —
0 cos?zx —u
1 V2/2
= 3 (log(cosx 4+ u) — log(cos z — u))
u=0
1 cosx + 1/ﬂ)
= Zlog| ————= ).
2 cosx —1//2

Hence (using Fubini),

1 [/ 2 1
(102) I = ,/ log (M) dz.
2 /o V2cosz —1

The value of this integral is known to be the Catalan number C' (see formula (18) in [66]). An inde-
pendent proof is below: using that cos a+cosb = 2 cos(%E2) cos(“52) and cos(a—b) = —2sin % sin 252,
we obtain

V2cosz + 1 cosx + cos /4
log | ———+—— = log| ——————F—

V2cosz —1 cosx — cos /4

= —logtan (%ﬂﬂl) — log tan (#) .

A change of the variable  + 7/4 = 2y, respectively —z + w/4 = 2y, and a standard integral
representation of C' yields

1 /4 1 /8 /4
1= ff/ logtany (2dy) — 7/ logtany (2dy) = 7/ logtany dy = C.
2 Jrys 2Jo 0

A proof of this standard representation can be given for instance by using power series or Fourier
series:

1 1+2) = 1 9n1
h(z).—§10g<17z)—22n+1z .

n=0
Its Taylor coefficients belong to £2 and so the associated Fourier series

B (eit) = i 1 (i2n+ 1t
= 2n +1
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converges in the L?(]0, w[)-norm to
; 1 1
h(e™) =  log(i cot(t/2)) = z% — 5 log tan(t/2)
(Actually the series h*(e‘*) converges pointwise for z = e with 0 < ¢t < m by the Abel-Dirichlet rule,
but we do not need this.)
Taking real parts, and using that [> = > [ (note that Fourier series converge in the L?-norm,

hence in the L' norm), we may conclude that

/4 T/2 1 ) 1
- logtany dy = ——cos(2n + 1)t dt = B i —
/0 gtany @y /O ;Qn—i—l ( ) ;0( N Ty
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4830. Proposed by Goran Conar.

Let a; € (0,3), i € {1,2,...,n} be real numbers such that "7, a; = 1. Prove
that the following inequalities hold:

JE—
1—a; n—1

1)y ——.
\f 1+a; <(n+1)y n+1

Solution to problem 4830 Crux Math. 49 (3) 2023, 158

Raymond Mortini, Rudolf Rupp

T,
is convex. In fact,
1+2x

v
,/hi(lJr:c)

1-2
"(x) = i >0.

(1—a)(z+1)3 /152
Since the graph of a convex function lies below the secant determined by (a, f(a)), (b, f(b)), we obtain
that f(z) <1 —2(1 —37Y?)z, where a = 0 and b = 1/2. Since 1 — 37'/? > 1/3, we deduce that for
0<z<1/2

First we claim that on [0,1/2] the function f(z) =
F(e) =~

and

flx) <1—(2/3)x

, and so
n

> fla) <n—(2/3)) as=n—2/3.
=1 i=1
But for n > 2, we have

e

n—2/3<(n+1)

since

n®—1—(n—2/3)>=4/3n—13/9 > 8/3 —13/9=11/9 > 0.
This upper bound in the problem appears to be artificial. We did not see a way to derive this in a
natural way. To prove the reverse inequality, we use Jensen’s inequality and obtain

igf(ai) > f (Z:T“) =fQ/n).

Z 1—04 % —n n—1
V1+az +1 Vat+1

Hence
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4826. Proposed by Paul Bracken.

Let H, is the n-th harmonic number H, = $7}_; 1/k. Evaluate the following
sum in closed form

oo Hk
S=5 — 2k
kzzl k(k+1)(k +2)

Solution to problem 4826 Crux Math. 49 (3) 2023, 157

Raymond Mortini, Rudolf Rupp

We claim that

by 1
5:1——5.
Just write
Hy, 1 1 B 1
W DGR+ E(H’“(kacﬂ) <k+1)<k+2>))
B 1( He  Hay 1 )
2 \k(k+1) (k+D(k+2)  (E+1D2(k+2))°
Now

1 _1_k+1—1_1_1+1
(k+1)2(k+2) k+2 (E+12 \k+2 k+1 (k+1)2

Since the Cesaro means of the sequences (1/k) converge to 0, that is Hy/k — 0, we conclude that

™ _1

1 1 1 & 1
g = 2t _ - - LN - .
22 21+1+2;(k+1)2 12 2
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4825. Proposed by Ovidiu Furdui and Alina Sintamdrian.
Let O, = 1+%+---+ﬁ, n = 1. Calculate

Solution to problem 4825 Crux Math. 49 (3) 2023, 157

Raymond Mortini, Rudolf Rupp

We prove that

First we note that

L =0 - _ On+1 + 1
nn+1) " "\n n+1 n+1 (Cn+1)n+1)
Since the Cesaro means of the null sequence (1/(2n + 1)) converge to 0, we obtain

(1
=9 o
B +nz::l(2n+ (n+1)

=142log2—1=1log4.

—_

O
1
The value of the series S := Zl m can be determined as follows:

al 1
; @2n+1)n+1)

(et 7r1)
2n +1 n—|—1

M=M=

) N 1 241
litting int dd = ( ) ( ) "
splitting into even an o 1 2n+1 +nz::1 ~ o +n§+ln
2aN+1 1 2N+1
_ 1+ Z (_ ’VLJrl Z
n=1 n= N+1

— —14log2+log2.

N—o0

Note that the well-known assertion limy_, oo Zn Ntl = log 2 is a direct consequence of the fact
that the Euler-Mascheroni constant ~ is given by
= lim(H, — logn),

where H,, := Y. | 1, since

Hony — Hy = (Hany — log(2N) — ) + (log N +v — Hn) + log 2 — log 2.
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4822. Proposed by Anton Mosunowv.

The n-th Chebyshev polynomial of the first kind is defined by means of the recur-
rence relation

To(z) =1, Ti(z) ==z, Th(z)=22T,—1(z)—Th—2(z) forn>2.

Prove that for all n > 2,

—+oo

1
— /4
</Tn o <37

1

o =

Solution to problem 4822 Crux Math. 49 (3) 2023, 156

Raymond Mortini, Rudolf Rupp

Substituting = cosht we obtain T, (cosht) = cosh(nt). In particular, T}, has no zeros on [1,00][.

Hence

—t

& dx & sinh ¢ o0 et —e
1= / Tn(m)z/" = / 2/n dt = / nt —nt\ 2/n dt
1 0 (cosh(nt)) o, (e +e )

2
e} 1— —2t
271+2/n/ —62/71 dt.
0 et(l+e2n)

Hence
_ ] e 2 _ P P e
I < 2 1+2/”/ 7f dt = 9~ t+2/n {—e e ﬂ

0 e 3 o
2 1

g=1+2/n% _ 1o/
3 3 va

Moreover

_ o 1M L [l 42 1
I 21“/"/ 7&:21/ ——dt=2"'=_.
- o €et(l+41)2/n o et 3



4816. Proposed by Ovidiu Furdui and Alina Sitntamarian.

Let a,b, k > 0. Calculate

1

. a
lim "1/ = + bn2227 dz.
n—oo Jj T

Solution to problem 4816 Crux Math. 49 (2) 2023, 101

Raymond Mortini, Rudolf Rupp

We show that for a,b, k > 0 (k not necessary an integer)

1
S B L == S/ S L
{ /Oa: x—i—nx x—>\[+k+1/2

Write
fo(z) = =Y/ a + bn2z2n+1,
If a =0, then
1
b
I, = / Vona"Fde = L — Vb.
0 n+k+1
For a > 0, let
dn(z) := ZF1/2 (\/a + bn2g2ntl — \/bn2m2“+1).
Then a a
0<d,(z) =" /2 < 0 k-1/2
<dn(z) fa + bn2z2n T 4 \/bnant1l/2 ~ \Ja

Hence d,, is dominated by an L'[0, 1] function and so, by using that nz™ — 0 for 0 < < 1,

1 1 1
lim/ dn(x)dx :/ limd, (z)dz :/ Vaz* % = va
nJo o " 0

Ck+1/2
/0 fn(z)dz

Consequently,

1 1
/ dn(x)dx—l—\/g/ na® 2 T 2 gy
0 0
1

n
/0 dn(2)dz + Vb 1

Ja
oo /<;+1/2+\/5'

263
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4819. Proposed by Daniel Sitaru.

Let f:[0,1] — [0,1] be a continuous function and 0 < a < b < 1.

Prove that:
atb a+b a+b Zab
2 2 7 alh
2[ tf(t)dt 2/ f(t)dt / f(t)dt—l—/ f(t)dt
22 = 0 0

Solution to problem 4819 Crux Math. 49 (2) 2023, 102

Raymond Mortini, Rudolf Rupp

Note that the harmonic mean xo := 2ab/(a + b) is less than or equal to the arithmetic mean
Yo := (a + b)/2. We show that the inequality holds for arbitrary xo,yo with 0 < zg < yo < 1. So let F'
be that primitive of f on [0,1] with F'(0) = 0. We shall prove that

[2 / P @) dt > (Flyo) — F(ao))(F(yo) + F(m@,

0

from which the desired inequality immediately follows. By partial integration,

(103) 2 /yo LF(E) di =2 /yO LEY (1) dt = 2(yo F (yo) — w0 F(x0)) — 2/% Ft)dt.

0 zo

For 0 <z,y <1, put
H(z,y) :=2yF(y) — 22F(z) — 2/y F(t)dt — (F(y)2 - F(x)2)

We have to show that H(xo,y0) > 0. Since 0 < f <1, F(z) < [1dt = x. Hence
0H

p (z,y) = —2(F(z) + «f(z)) + 2F(z) + 2F () f(z) = 2(F(z) — z) f(z) < 0.
Consequently, by using that H(y,y) = 0, we obtain & €]z, yo[ with

H(wo,30) = H(zo, ) ~ H(yo,10) = b (€, 30) (z0 — o) > 0.

<0 <0
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4817. Proposed by Goran Conar.

Let a,b,c > 0 be real numbers such that abc = 1. Prove that the following
inequality holds

a " +at+bc BT+ +eca S +ab
a+bc+1 b4+ca+1 ct+ab+1

When does equality occur?

> 3.

Solution to problem 4817 Crux Math. 49 (2) 2023, 102

Raymond Mortini, Rudolf Rupp

Let E :=]0, 0o[ x ]0, 00[ x ]0,00[ and let H : E — ]0, 0o be given by

a +a®+bc U4+ 4+ca T+ +ab
a+bc+1 b+ca+1 c+ab+1"°

H(a,b,c) =

Put L := {(a,b,c) € E : abc = 1}. To be shown is that inf; H = 3 and that this lower bound is
obtained exactly at (1,1,1). To this end, consider for > 0 the function

7 3 —1 8 4
T+t °+z"+1 6 5 3
= = = — — 1.
L M s B S S

Then f is convex on [0, co[. In fact,
f'(x) = 62° — 5z* + 322 — 1 and ' (x) = 302* — 202> + 62 = 22(152% — 1022 + 3).
Now f”(z) = 2x(52°(3z — 2) + 3). Then, clearly, f”(z) >0 if z > 2/3. Since

2 5
2— =32 <
[{){123;>§]x (2 —3z) =32/3” < 3/5,
we deduce that f”(z) > 0 on [0,2/3], too. Due to Jensen’s inequality, for (a,b,c) € L
a)+ f(b) + f(c a+b+c
Habe) = fla)+ 1)+ () =3 LDTIOTIEO 5 yrazbrey

Since f is convex for z > 0, f(z) > f(1)+ f/(1)(z —1) =1+ 3(x — 1) = —2 4 3z. Why we take
evaluation at 1?7 Because it works! It is an a posteriori choice, since the minimal value is taken at
(a,b,¢) = (1,1,1). Thus we obtain the estimate

H(a,b,c)23(—2+(a—|—b+0)):—6+3<a+b+$).

We can even avoid Jensen’s inequality:
H(a,b,c) = f(a)+ f(b) + f(c) > (=24 3a) + (—2+3b) + (—2+3¢) = =6+ 3(a + b+ ¢).
Since a + b+ = > 3 (see below) we deduce that for abc = 1 we have H(a,b,c) > —6+9 = 3. As
H(1,1,1) = 3, we are done.

The inequality g(a,b) :== a + b+ ib > 3 is well known. It can for instance be shown by using
a

differential calculus:

1 2 1 2
ga(a,b):lfwzo > ab zlandgb(a,b)zlfba—gzo = ba" =1.
In other words, ab(a —b) = 0. Hence a = b = 1 is the only stationary point. Thus g(1,1) = 3 is the
minimum, since the limit of g at the boundary ab = 0 is oco.
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4811. Proposed by Nguyen Viet Hung.

Find all positive integers n such that v/n3 + 1 + v/n + 2 is a positive integer.

Solution to problem 4811 Crux Math. 49 (2) 2023, 101

Raymond Mortini, Rudolf Rupp

We show that n = 2 is the only solution. In fact v/23 +1++/2+2 =342 = 5. Now, for z,y > 0,
one has v/z + /y € N if and only if z and y are perfect squares. To see this, just note that

=

implies that \/z + /y € Q if and only /z — /¥ € Q and so, by adding (respectively substracting), v/z
and /¥ are rational. Thus /z = p/q for some p, ¢ € N with no common divisor. Hence 2> = p*/¢* € N,
and so ¢ = 1.

Due to a classical result by L. Euler, the Diophantine equation n® +1 = m? hasin N = {0,1,2,...}
only the solutions (m,n) = (1,0) and (m,n) = (3,2) (see for instance [67], a reference provided to the
first author by Amol Sasane). Thus n = 2 is the only positive integer also satisfying v/n +2 € N.
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4810. Proposed by Goran Conar.

Let a1,as,...,a, > 0 be real numbers such that a? + a3 +...+a2 =1, n > 1.
Prove that

2., 2 2
a2 +ai+---+a2 a?+ai+--+ad? aitaz+-t+an,  nym

(@ tast Fan)? (@mtast —+an)  (@mtast tan1)’ - (1)

Solution to problem 4810 Crux Math. 49 (1) 2023, 45

Raymond Mortini, Rudolf Rupp

=l Sl
(104) (ia)S 2 ¢11ﬁ <n71>12'

In fact, using Cauchy-Schwarz, we immediately obtain

n n
2 2
>4 PR
=1

e S Sz _ 1 Yn—T

" 3 = i 3/2 1—a2 (n—1)%
(30) ((San-)

=1 =1

i i

Next we prove that whenever E?:l a3 =1, then

1 n
(105) Z s>

In fact, consider the convex function f(z) = T By Jensen’s inequality (or one of the possible

defintions of convexity), if > 7_, ¢; = 1 where (0 <¢; < 1), then

N

f(i%‘%‘) < itjf(l‘j)

Here we choose z; = a?, and t; = 1/n. Note that % 1/n. Hence

Now putting (104) and (105) together yields
— 5
>
j=1

;(Zj:a')?)_ n—l n—l

j=1
Jj#i
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4803. Proposed by Nguyen Viet Hung.

Find all non-negative integers a, b, ¢ and pairs (p, ¢) of prime numbers satisfying

pQQ +q26 _ (2C+ 1)2

Solution to problem 4803 Crux Math. 49 (1) 2023, 44

Raymond Mortini, Rudolf Rupp

It turns out that the triple (3,4, 5) satisfying 3% + 42 = 52 is relevant here. Only one solution to the
problem with p < q exists: p=2,¢q=3 and a =2,b=1,c = 2. To sum up:

[22.2 132l 22+ 1)2]

To see this, we use of course the well known parametrizations of the solutions to A% + B? = C?,
which are given by

(¥) A=2mn,B=m?—-n%and C =m?+n? m,ncN.

The conditions to be dealt with are

i) 2mn = p?, i1) m? —n? = ¢® and ii) m? + n? = 2c + 1.
e First we note that (a,b) = (0,0) is not admissible as 1 + 1 = 2 is even. Now if b = 0 and a # 0,
then by i) p necessarily must be an even prime, that is p = 2. Hence

2% 41 =(2c+ 1)

By (%), 1= m? —n? and 22* = 2mn. Consequently m and n are powers of 2. Hence m? — n? is an
even number; and not 1. Thus ab # 0.

e So let ab > 0. Since p is prime, m and n can only be powers of 2 by (i). Due to iii), telling us
that m2 + n? is an odd number, not both m and n can be proper powers of 2. Since m > n (by ii)),
we necessarily have n = 1 and m = 2% with = # 0. By ii),

=m—1=(2")2—1=(2"-1)(2° 4+ 1).

This implies that ¢ # 2 (as the right hand side is odd). Since the difference of the factors is 2, ¢ > 3
cannot divide both factors. Thus we can only have that the factor 2% — 1 equals 1.

Hence z = 1 and ¢° = 3, yielding b = 1 and ¢ = 3. Finally by i), p* =2mn =2-2'-1= 22, So
p=2and a =2. Finally, ¢ = 2 as 3% + 42 = 52.
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4809. Proposed by Daniel Sitaru.
Let a,b > 0. Find

i 1 &« L gk - L -
lim — dx dx .
n—oo 1 ! o ar—+b 0o bx+a

k=

Solution to problem 4809 Crux Math. 49 (1) 2023, 45
Raymond Mortini, Rudolf Rupp

We show, more generally, that whenever f, g : [0,1] — [0, 00[ are continuous and f(1)g(1) # 0, then

nler;oT;i </01 2" f(z) d:p)_l (/01 2*g(x) dac>_1 = % f(11)g(11)j

Hence the limit in the problem is (a 4 b)?/3.

Proof Let M := max{|f(z)| : 0 < & < 1}. Given ¢ with 0 < ¢ < zmin{f(1),g(1)}, choose § > 0
so that |f(z) — f(1)| < e for § < z < 1. Moreover, let ng be so large that §*7! < ¢/(2M) for k > ny.
Then

"1

! (@) - 1) d

[ e - )

< 2M/ar +/ “Uf (@) — F(1)] da
k+1 A
<
< 2Mk+1+6/:cdm
E &
< S
eS|

Therefore

(w5 27) = ([ < (oo 2)

‘We conclude that

Z g k++126 g(k:)++12€ - z": ( /O 'k f@) dx)

2 _ n(n+1)(2n+1)
- 6

v - ok+1 k+1
([ o) < 2 -5 gy

, we deduce that

-1

Hence, by using that » 7_, j

lim sup iB zn: </01 z* f(x) dm)

n—oo M
n=1

-1

(/olxk“’(””) ) <5

-1

and
-1

(/lekg(gj)dx> = % f(1)1+ 2€g(1)1+ 2

-1

BT G b
hnn_l,{gfﬁ Zl </0 " f(x) da:)
from which we conclude that

lim igf: (/1 " f(x) dx)
n—,oo N - 0

=1
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4805. Proposed by Goran Conar.

Let a,b,c > 0 be real numbers such that ab + bc + ca = 4abc. Prove

L L Ly
Va Vb e V3

Solution to problem 4805 Crux Math. 49 (1) 2023, 44
Raymond Mortini, Rudolf Rupp

First we note that ab + bc + ca = 4abc is equivalent to
1 1 1
la,b,c) i =+ -+ - =4.
(*) (a,b,c) a+b+c

If a = b = ¢, then this condition is satisfied if a = 3/4. Let
gla,b,c) = a4 p Vb 4 /e,
It suffices to show that the minimum M of g under condition (*) is obtained for a = b = c.
Note that M := g(3/4,3/4,3/4) = 3(3/4)~*/3 = 4(4/3)'/3 ~ 4.402.
The gradient of the Lagrange function
H(a,b,c,\) = g(a,b,c) + A(£(a,b,c) — 4)
is zero if
A=a"%(1-loga) = b1 (1 —logh) = ¢~ '/¢ (1 —logc).
Since the function x — 2~ 1/% (1 — log z) is strictly decreasing on ]0, o[, the only solution is
where a = b = ¢. The existence of the minimum is shown as follows (note that
E :={(a,b,c):a,b,c>0,¢(a,b,c) =4}
is not compact. Condition (*) implies that a,b,c > 1/4. Let L := infg g. Then

L>3 [lr/r}lin [xfl/w =3e ¢ >3 % 0.692 = 2.076.

If this infimum is not taken on F, then there is a,, — oo (or b,, — o0, or ¢, — 00) such that
(an,bn,cn) € E and g(ay, by, ¢,) — L. In particular a;”“" — 1. We may assume that b,, — bg
and ¢, — ¢y (since otherwise b, — oo and so ¢, — 1/4, as wellas L = 1+ 1+4%* > M, a

contradiction). Hence L = infg: (1 +b~1/% 4 ¢=1/¢), where
E' ={(b,c):b,c>0,1/b+1/c=3}.
In particular, b > 1/3. Thus (by using Lagrange again, yielding z = 2/3)

3x—1
3z —1\ % o=
L= inf 1427474 (x) 2% 14 2(3/2)%% ~ 4.674 > M.
11/3,00] x

A contradiction. Consequently (ay, by, c,) = (@, 8,7) € E and so the infimum is a minimum.
Hence

g(aabac) Z 9(0675,7) =L=M.

Here is a second proof, based on the article [68] (which unfortunately contains many typos
(poor proofreading? Poor referee job?). The function f(x) := z% is convex. Let T,(z) :=
f'(u)(x —u)+ f(u) be the tangent to the graph of f at the point (u, f(u)). Then f(z) > T, (z).
Next, let 1 = 1/a, v = 1/b and 3 = 1/c. Then with u := S = (21 + 22 + z3)/3,

3

Zf(xj) > ZTs(afj) =D (f'(S)(aj = )+ () = f'(S) Y _(x; = S) +3f(S)

j=1 j=1
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3
= 1'(S) > w; = 3Sf'(S) +3f(S) = 3(S).
j=1

Since S = (1/a+1/b+1/c)/3 =4/3, we obtain with 1/a + 1/b+ 1/c = 4 that

(L/a)/ e+ (1/0)V° + (1)) = flay) > 3f(4/3) = 3(4/3)" = 4(4/3)/°.

J=1
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4801. Proposed by Michel Bataille.
Find all functions f : (0,00) —+ R such that

1
f(a+3) =uf+y)
for all z,y > 0.

Solution to problem 4801 Crux Math. 49 (1) 2023, 44
Raymond Mortini, Rudolf Rupp

[We show that all solutions are given by f(z) = T
x

e It is straightforward to check that these are solutions:

1 c cy
‘rE_A'_f — = = X + .
f( y) lta+y ytyr+l uf(ey +v)
—L_ . Then

e Suppose that f :]0,00[— R is a solution. Let y = 1.

(106) F20-+1) = @+ ) = uf o1 +2)) = 17 (0)
Next, let y = % Hence, by using (106),
_ 1, _ 1 .1 1 1 fA)  2f(1)
) = fla ) =l b)) = LF0+ ) = g 0 LT E < PR
Now let X := 2z and C :=2f(1). Then f(X) = ?{fi_(:)l = HLX
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4772. Proposed by Mihaela Berindeanu.

Find all functions f : (0,00) — (0, 0c0) such that f(kz+ f(y)) =

all =,y € (0,00), where k > 0 is a real and fixed parameter.

-f(zy+1) for

=]

Solution to problem 4772 Crux Math. 48 (8) 2022, 483
Raymond Mortini, Rudolf Rupp

For k& = 1, this problem was given for instance in the Middle European Mathematical
Olympiad (MEMO) in 2012 in Switzerland (see [70] and [69]) and we follow those published
solutions.

We claim that for a > 0, all solutions f : Rt — Rt of 2°

(107) flax+ f) =2 flay+1)

are given by f(xz) = a/x. First, it is straightforward to see that this is a solution. Now we
proceed as in [70, 69]. Let f be a solution.
Step 1 Consider for y > 0, y # a, the auxiliary function
a—yfly
9(y) = )
a—y

(this function is formally obtained by solving in R x RT the equation az + f(y) = xy + 1, which
gives © = x, = %(yy) for y # a, and so az + f(y) = %f;y) = g(y). It will turn out that
x=—-1/y and g =0).

Now for every y > 0 with y # a and x, > 0, we have that g(y) < 0, since otherwise f is
well-defined at g(y) > 0 and so f(g(y)) = £f(g9(y)), yielding that y = a, a contradiction.

Step 2
Case 1 If there would exist yo > 1 such that f(yo) < a/yo, then with z¢ := 1 — y% > 0 we
have zoyo + 1 = ¥po,

ug = axo + f(yo) =a—i+f(yo) <a,
and

J(uo) = Fazo + F(yo)) = 2 F(yo) < 1.
Then z,,, := %(7700) > 0 and so

g(ug) = awy, + f(ug) = Tyguo +1 > 0.

But by Step 1, g(up) < 0, a contradiction.
Case 2 If there would exist y; > 1 such that f(y1) > a/y1, then by the same reasoning as
above, with z1 := 1 — y% and
uy :=azxy + f(y1) > a,
we have f(u1) > 1 and so g(u1) > 0, again. A contradiction.

We conclude that f(y) = a/y for every y > 1. To deal with the remaining case, take z = 1/a
and 0 < y < 1. Then by (107),

(108) Fa+ £ =2f (2+1).

20 We prefer to use the letter a instead of k, as for us k always belongs to N.
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As both 1 + f(y) and £ + 1 are bigger than 1, we deduce from (108) that
a Yy a ay

1+f(y) aZ+1 y+a

Hence f(y) = a/y.
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4779. Proposed by Marian Ursdrescu.

Let 0 <a < b and let f: [a,b] = R be continuous on [a, b], differentiable on (a,b)
and with f(a) = f(b). Prove that there exist distinct e;, ¢z € (a,b) such that

\/Ef!(cl) + \/Ef!((:?) =0.

Solution to problem 4779 Crux Math. 48 (8) 2022, 483
Raymond Mortini

If f is constant, then f' = 0 and we may choose any numbers a < ¢; < ¢ < b to satisfy

(109) Vof'(e1)vVaf' (e2) = 0.

Otherwise, f takes its distinct extremal values on [a, b]. We may assume that M := maxp, ;) f >
f(a) (if not, M = f(a) and so min, s f < f(a) and we consider —f). Say M = f(zo) for some
xo €la,b[. Then f'(z¢) = 0, and due to continuity of f’, there are a < x7 < xy < ¢ with
f'(x) > 0 for x € |z, x2], but f'(x2) = 0; we may choose

xo = inf{t < zo: f =0 on [t,z0]}.

By a similar argument, there are o < ya < y; such that f'(y2) = 0, but f'(x) < 0 for
x € |ya,y1[. By the intermediate value theorem for continuous functions, here for f’, there
exists a small € > 0 such that f’ takes every value from [0,¢] on ]z, 23] and every value from
[—&,0] on [y2,y1[- Now choose ¢; € |z1,x2] so that %f’(q) € 10,¢] (this is possible since
lim, »,, f'(z) = 0). Hence there exists ¢z € |y, y1[ with

/ __@ /C
fe2) = \/af(l)'

Thus Vbf'(c1)vaf (c2) =0 and ¢; < cy.

Remark I do not see the role played by the special coefficients y/a and V/b. The whole works
for any 0 < 81 < s9 < 0.
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4TT1] Proposed by Michel Bataille.

Let I be an open interval containing 00 and 1 and let f : I — R be a differen-
tiable, strictly increasing, convex function. If f/(1) < 2f(1), prove that there exist
positive real numbers a, b such that

1 T
/{f{x})2“+1dm ~ a-% as 1 — oo
0

and express a and b as a function of f(1) and f'(1).

Solution to problem 4771 Crux Math. 48 (8) 2022, 483
Raymond Mortini, Rudolf Rupp

The problem is a bit ambiguous, due to an undefined ~ symbol. Let

1 pn
L = / f(x)*dr and R,=a-—
O n
Isit L, — R, — 0? Or L,/R, — 1? Or ¢cL, < R, < CL, for almost every n and some
positive constants ¢, C? Note that, a priori, it is not even clear that L, > 0.

We are going to show the following:

+1 n f()
[nlgr;ofn2n+l/f 2+1d9€— f()J

f1)?
2f"(1)

Proof. Since f is assumed to be increasing, we see that f'(z) > 0 for 0 < z < 1. To exclude
that for some points zo € ]0, 1], f'(x) = 0, we need the convexity *! of f: in fact, let T’ be the
tangent to the graph of f at (o, f(x0)); then T'(z) = f(x0) + f/(x0)(x — o). The convexity of
f implies that the graph of f lies above T. In particular, if f'(x¢) = 0, then, due to f being
strictly increasing, f(xo —¢) < f(xo) < f(xo +€) would contradict this fact. We conclude that
f'(z) > 0 for every x € ]0,1].

Example 16.

and b= f(1)? we get that L, /R, — 1.

Hence, with a :=

1
To calculate our limit, we let 0 < s < 1 and write the integral #—;HL” as I, (s) + Jn(s),
where
n+1 n n+1 "
In(s): 2n+1/ f(x)* ™ de  and  J,(s) = 2n+1/ f(z)* ! dx.
Claim 1 There is a function h(s) with 0 < h(s) < 1, such that
) ont2 f)
11 (1 _ p2nt ) < J.(s) < ,
(110) 270 (s)) < Jnls) < 27(s)

To see this, note that f convex and C' imply that f’ is increasing (by the way, a fact
equivalent to f being convex). By the mean-value theorem, and for s < z < 1, there is

€ls, 1] with f'(¢c;) = %ﬁ:u) Hence
fi(s) < fea) < /(1)

and so
fQ) — f(z)

1—=x

f'(s) < < f'(1).

21 Note that f merely being strictly increasing, does not exclude the existence of zeros of f': f(z) =

(x —1/2)%.
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In other words

(111) fO =M+ Dz < fz) < fQ) = f(s) + f(s)z.
Now for f(z) = Ax + B with A # 0 we have

/I(Az N B)2n+1 g — (A + B)2n+2 _ (AS + B)2n+2

A(2n +2)
Applying this to (111) yields
ntl 21 g nt+1 (f'(s)+ f(1) = f'())*2 = (f'(s)s + f(1) — f'(s))*"**
e [ F@P < i F)n +2)
1 fER—(f(s)s + f(1) = ()7
2f(s) fQ)zett
Ol R (O PN
ETe (1 (1= F0-9) )
f(1)
= 2fy)
because 0 < 1 — f/(ls)) (1—-s)<1fors € [s1,1]. Similarily,
ntl 21 ntl (ff()+ Q)= W)+ — (FQ)s+ f(1) - f/(1)*+
2““/ J@™ e 2 g F)2n +2)
L AP (s £ - S
2f'(1) f(ayzeet

(
_ ) B
= 2P (1 RS
_. SO n
= 3 (1= h(s)>"*?),
with h(s) = 1 — £ (1 — 5). Note that 0 < h(s) < 1 for s € [s2,1].
This finishes the proof of Claim 1.

Claim 2 lim,,_, I,(s) =0 for every 0 < s < 1.

To this end, we need to show that maxg q) |f| = f(1) and that the maximum is only obtained
at 1 (note that f may take negative values). In fact, since f is increasing, f(0) < f(z) < f(1)
for every z € [0,1]. If f(0) > 0, nothing has to be proven. So let f(0) < 0. Then, by the mean
value theorem on [0, 1] there is 0 < ¢, < 1 such that

f@) = £(0) + f'(ex)z < f(0) + f'(1)x < £(0) + /(1)
(note that f’ is increasing). Using that 0 < f/(1) < 2f(1) %, we obtain f(1) < £(0) + 2f(1).
Hence f(0) > —f(1). As f is strictly increasing, we also have f(0) < f(1), and so |f(0)] < f(1).
Moreover, |f(x)| # f(1) for any x € [0,1].

We conclude that

2n+1
1 S

‘fn—gn-u / flx)?Ht (n+1)s (W) = (n + 1)M2+1,

where 0 < M = M(s) < 1. As > 2 (n+ 1)M?"*! converges, I,(s) — 0 as n — ooc.

We are now ready to determine the limit of #ﬂﬂ fol f(x)?" Tt dz. To this end, fix ¢ > 0
and choose s3 = s3(¢) €]0,1[ so that for all s € [s3,1]

N @ ‘

2 (s) 2P| = °

22 It is only here that we use this assumption.
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Now for sy := max{sy, s2, 83}, depending on &, we obtain from Claim 1 that
f() 2nt2 f() f()
1— p2t < J, < < i
L (50) £ a(50) < 3305 < gy €
Since 0 < h(sg) < 1, there is ng = ng(e, so) such that
0 < h(sg)* ™ < ¢ for all n > ny.

Thus, for n > ng

f(1) f(1)

2f(1) 2f'(1)

By Claim 2, there is ny > ng (depending on ¢) such that |I,(sg)| < & for n > ny. We
conclude that for these n > ny

(1—¢) < Jn(so) <

+ €.

f()
n+1 < e+ 37 + €

L = I(50) + Ju(s0) 21 (L)

Fps > —e+ap(l-2)

Hence

st~ g | = (g )
O

Remark The function f(x) = x — 1/2 shows that the assertion may fail if /(1) = 2f(1),
since in this case L, = 0. On the other hand, it may hold, too if f/(1) = 2f(1). In fact, if
f(x) = €%*, then f/(1) = 2f(1) and

e4n+2 -1 64 64n €4n+2

ani d ani'iz P
4n +2 A 4e2 n 4n

nevertheless L, /R, — 1. What is the reason for this? Well, an analysis of the proof shows
that the condition f’(1) < 2f(1) can be replaced by the assumption that the maximum of | f]|
is only obtained at 1. This makes the class of functions with the wished assymptotic behavior
of the integrals fol f(x)**1 dz much larger.
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4780. Proposed by Florica Anastase.

Let0<a<bm= %b and f: [a,b] — R differentiable with derivative continuous

on [a,b] such that f(m) = 0. Prove that

2a3 /ﬂ (f’(gg))*z dr > 3( ’ f(x) da:)Q.

—i —a

Solution to problem 4780 Crux Math. 48 (8) 2022, 484

Raymond Mortini, Rudolf Rupp

The assertion is not compatible with the hypotheses. So we prove the following two results:

Example 17. Let a >0 and f € C'[—a,a]. If f(0) =0, then

[zt ([ rww)

Example 18. Let 0 < a,b < oo and f € Cla,b]. If f((a+b)/2) =0, then, with C = ﬁ,

/:(f’(gc))2 dx > C (/abf(x) dx)z.

Proof of Example 1. Let p be a polynomial. Then, using The Cauchy-Schwarz inequality

I::(Aﬂf¢Xan)gs;(Aau%x»%m) ([ oto2ar)

Using partial integration,
a a 2
- [ o)
0 0

a

= za°. Hence, by noticing that

1= (U@t

1
3

3

Now choose p(z) = « — a. Then [ p(z)*dz =
p(a) = £(0) =0,

(-

= (/Oaf@;) dz>2 < (/Oa(f’(a:))wx> %ag

If we choose p(z) = « + a, then p(—a) = 0, and we similarily obtain the appropriate estimation
for fi)a f(x)dz. Hence, using that (z +y)? < 2(2? + y2),

( " f@) dx>2 < §a3 / (F (2)? da

—a —a

O

Proof of Example 2. Just use the affine transformation ¢ given by ¢(x) = = + “T“’. Then
(—25%) = a and ¢(25%) = b, as well as ¢(0) = “F2. Let ¢ := (b — a)/2. Hence, with
F(t) := f(¢(t)) for —c <t < ¢ we obtain

tfwwfmzﬁFWWﬁz;([}mﬁfzwfm([ﬂmmf.
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Of course Example 1 is a special case of Example 2. Is C best possible? Let

(137@)2 3 (b*a)Q jfaﬁmg(a+b)/2

— 2 8
q(z) = (x = b)? - (a —b)?
2 8
Then ¢ is continuous on [a, b], ¢((a +b)/2) = 0 and

b b 2
/ <q'<x>>2dm=(bi)3< / q(x)dx> .

Unfortunately, ¢ is not C'. How to modify?

if (a+b)/2<z<b.




4777 Proposed by Goran Conar, modified by the Editorial Board
Let n € N and x4, T2,

,Tn > 1 such that Y i, = = 1. Prove

1/2—1—712 ; 1

Solution to problem 4777 Crux Math. 48 (8) 2022, 484
Raymond Mortini, Rudolf Rupp

The assertion is not correct. In fact, let x := (21,

"7xn7

), Rt ={z eR:z >0}

$ = { (@1, a0) € ®Y)" Zmi _
and

: 1},
i=1 1

We prove that for n > 2

[W glelgf()<supf(x)— a}

2
x€S 3
and that for n =1, S = {1} and so

1 2

Proof Wlog n > 2. First we note that ) ., 1/x; = 1 for z; € R implies that z; > 1 for
every . Now max <

ax o5 = %, since the function is decreasing on [1, co[. Hence, for x € S
1 - 2~ 1 2
;%Jrzf leJrQa;z g;xi:g’
since for n > 2, no z; can be 1. If for k > n

X = (Jrgk),...,xnk)) = (ﬁ,k,...,k),

) and f(xx) — 2/3. Hence supg f = 2/3
To prove the assertion on the minimum, we use Lagrange. It is preferable to work with the
extrema). So let

new variable y; := 1/x; (to get a compact definition set, guarantying the existence of the global

then Z?:l(l/xz(-k)) =1, x; — (1,00

Sl {(yh '7yn)€Rn7 ngOZyg—l}
and

j=1

n
9153 Yn) : Z

Then S’ is compact and inf fg = inf gs» = mingg: =: m Say 9(
!

Nm—t

. x') = m for some x’' € §’
In order to apply Lagrange, we need to show that x’ is an interior point of S’ (in symbols
€ (8°). Lety := (1/n,...,1/n). Then y’ € (5')°.

b
Now on 0S5’ at least one of the

281



282

coordinates of these points y := (y1,...,yn) € 95" is 0. Say, y, = 0. But then Z?;ll yi =1
and (via induction on n, starting with the trivial case of one-tuples)

o(y) > — 1 =g(y").

n
“12t (12 12+n?

Hence the absolute minimum of g on S’ does not belong to the boundary.
By Lagrange’s theorem, there exists A € R and (y1,...,y,) € S’ such that

V(Q(yl,n-,yn) +>\(1 - i:yﬂ) =0.

That is, for every i € {1,...,n},

2y
(112) A=
1+ 39)
Unfortunately, the function y — ¢(y) := (Hiiyyzy is not injective on [0,1] (note that the
2

derivative vanishes at y = £4/2/3). So we must discuss several cases (see figure 18):

=057

FIGURE 18. Non injectivity of ¢ on [0, 1]

(1) If8/9 = q(1) < X < maxj 1) ¢, then the equation ¢(y) = A has two solutions 0 < y;,y2 < 1.

(ii) If A = maxg )¢ or if 0 < X < ¢(1) = 8/9, then the equation ¢(y) = A has exactly one
solution 0 < yo < 1.

(iii) In all other cases, there is no solution with y > 0.

We first show that the case (i) does not yield minimal solutions. In fact, for fixed A €
[q(1), maxp 1] [, equation (112) has 2" solutions of the form P := (a,...,a, b,...,b ) and
k-times (n—k)-times
their permutations, where £k =0,...,n and 0 < a < b < 1. Note that
3

(13) o1/m) = g <a(1/2) <all) = § < a(V29)

Hence 1/n < 1/2 < min{a, b} (see figure 18).
Let A:=(1/n,...,1/n). Then A € . Since the function y — y*/(1 + 1y?) is increasing on
[0, oo[, we deduce that
a? b?
P)=k———+(n—k)——= > g(4),
9P) = b s + (= K > 94
so P does not yield a minimum. Thus only the second case occurs. That is, we need to consider
only a solution of (112) of the form (y1,...,yn) = (a,...,a) with 0 < a < 1. Using the
constraint condition Y ;- , y; = 1, we obtain that a = 1/n, hence (y1,...,y,) = (1/n,...,1/n).
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Consequently, x’ = (1/n,...,1/n) is the unique point where g takes its absolute minimum on
S’. We conclude that n
mingg = —.
gs % T n2

For completeness, we observe that M := maxgs g necessarily is obtained on the boundary of
S’ (for instance, M = ¢(1,0,...,0) = 2/3), as Lagrange only yields a single stationary point of
the Lagrange function in (S)°.

A second way to see that case (i) does not occur goes as follows:
We first show that the case (i) does not yield minimal solutions. In fact, for fixed A €
[q(1), max(g 1} q[, equation (112) has 2" solutions of the form P := (a,...,a, b,...,b ) and

k-times (n—k)-times
their permutations, where k =0,...,n and 0 < a < b < 1. Note that ¢(1/2) = (8/9)% and that
n > 2. Thus

(114) q(1/n) < q(1/2) <q(1) <A <q(v/2/3).

Hence 1/n < 1/2 < min{a,b} = a (see figure 18). Since for such a point P = (y1,...,¥yn) we
have

" 1
> v =ka+(n—k)b> ks +(n—k)
i=1
P does not belong to S’; that is such a solution of the system
the constraint P € S’.

n
—>1
2_7

1
5=
(112) of equations does not satisfy
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4763. Proposed by William Weakley.

Let K be a field and let 5§ be a nonempty subset of K that is closed under
subtraction.

a) For all K and S, characterize the functions f : S — K such that

flz)f(y) = flz —y) for all z,y € 5.

b) As K and S vary, what finite cardinalities can the set of such functions have?

Partial Solution to problem 4763 Crux Math. 48 (7) 2022, 421
Raymond Mortini, Rudolf Rupp

Here we give our thoughts on this not very precisely formulated problem.

First we note that S C K necessarily is an additive subgroup of the field K. Note that
{0,1} C K. In particular 0 =z —x € S and with € S we have -z =0—z € S.

If

(FE) fle—y) = fx)f(y) for all 2,y € 5

then we get the following:

(1) y =2 = f(0) = f(x)?

(2) y=0= f(z) = f(2)f(0) = f(z)(1 - f(0)) =0

Case 1 There exists g € S with f(zg) = 0. Then, by (1), f(0) = 0 and so f(z) = 0 for all
xeS.

Case 2 f has no zeros. Then (2) implies that f(0) =1

We claim that f(2z) =1 for every x € S (note that ZS C 5).

In fact, f(z) = f(2x — x) = f(2z) f(z), hence f(2z) = 1.

We conclude that for S = R e.g., the constant function f(y) = 1 is the only solution, as
every y € R writes as y = 2z for some .

Next we show that f is even and that f(z) € {—1,1}. In fact, by (FE), for z = 0,

fly

f(=y) = F(0)f(y)
Hence 1 = f(2u) = f(u — (—uw)) = f(u)f( ;L) f(u)? for any u € S.

) for every y € S.

If S = Z, then we have three solutions: f =0, f =1 but also
1 if n even
flm) = {1 if 1 odd.

In fact by the claim above, f(2m) = 1 for every m € Z. Now let o := f(1). We already
know that ¢ = £1. Now for every m € 7Z,
o= F(1) = f((2m+1) = 2m) = f(2m +1)f(2m) = f(2m +1).

Let P:=P;:={zx€S: f(x)=1}and R:={x € S: f(z) = —1}. Then P is a subgroup of
S since x,y € P implies that © — y € P, because f(z —y) = f(x)f(y)=1-1=1.

As shown above, 25 C P C S and 2S is a subgroup of S. Here S = 25 if and only if all the
translation operators 7, : S — S,y — = — y have a fixed point.

Also note that R has the following property:

(PR) (R—R)CPand (R—P)U(P—-—R)CR.
Conversely, if P is a proper subgroup of S and R := S\ P such that (PR) holds, then the

function g given by
1 ifreP
9=V itrer’
satisfies the functional equation (FE) g(z —y) = g(x)g(y) for z,y € S.
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Note that P may be strictly bigger than 2S: in fact, let K =C, S :=Z +iZ, P = 2Z +iZ
and R =S\ P. Then S, P, R satisfy (PR), but P := 2S5 does not satisfy (PR).

If S = K is a field of characteristic 2, then P = R = S (note that 1 = —1), and so only the
constant functions 1 and 0 satisfy (FE).
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ATA47T. Proposed by Stanescu Florin.

Determine all the functions f : R — R such that

(@2 f(2) + f(y)) = f(f(=®) +y
for all z,y € R.

Solution to problem 4747 Crux Math. 48 (2022), 282 by
Raymond Mortini, Rudolf Rupp

We claim that all solutions of the functional equation
fl@®f(@)+ f(y)) = f(f(2°) +y, 2,y eR
are given by f(z) =z and f(z) = —=.

Claim1 f is injective:
Put = 0. Then

(115) F(FW)) = F(F0) + .
Now if f(y1) = f(y2), then by (115)
() = () + 3 and F(Fa)) = F(F(0)) + s

Hence Y1 = Y2.

Claim 2 f is surjective:
Let w € R. Then, by (115),

w = f(f(0)) + (w = f(f(0))) = f(f(w = F(f(0))).

Claim 3 f(0) = 0:
Take y = 0: then f(2%f(x) + f(0)) = f(f(23)). Since f is bijective, we conclude that
22 f(x) + £(0) = f(23). Now put z = 1: then 12 f(1) + f(0) = f(1). Hence f(0) = 0.

Claim 4 f o f =id (that is, f is an involution).
This follows from (115).
Hence our equation becomes

(116) f@?f(@) + f(y) =2° +y (z,y €R).
In particular, for y = 0,
(117) f(z2f(z)) = 2® or equivalenty 2% f(x) = f(z?).

Claim 5 f is additive:
In fact, the surjectivity of f and z + 3 now imply that x — 22 f(x) is surjective, too. Hence
f@f(@)+ f(y) =2 +y = f@®f(2) +y = fla) + £(b)
——

~—~—

=a =b
yields the additivity of f.
Claim 6 f(—x) = —f(z).
Just use that with f(0) = 0 and f additive,
0=/f(0) = flz + (=2)) = f(2) + f(-2).
Claim 7 Let f(a) = 1. Then a = +1.
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Recall that by (5) and (6), f(a+b) = f(a)+ f(b) for a,b € R and f(mz) = mf(z) for every
m € Z. Hence, by (117), for x = a + b,

(a+b)%f(a+b) = f((a+0b)?>).

Expansion yields:

(a® + b +2ab)(f(a) + f(b)) = f(a®)+3F(a®b) +3f(ab®) + f(b7)
a’f(a) + b f(a) + 2abf(a) + a® f(b) + b* f(b) + 2abf(b) = f(a®)+3f(a®b) + 3f(ab®) + f(b*)
b2 f(a) + 2abf(a) + a* f(b) + 2abf(b) 3f(a®b) + 3f(ab?).
e Let b =1 and note that a = f(1). Then
1+ 2a+a®+2ad® =3f(a®) +3 =30+ 3 <=
20° —2a* —20+2=0 <= d*(a—1)—(a—1)=0 <= (a—1)(a*-1)=0 < ac{-1,1}.

—
—

Claim 8 If the additive function f satisfies 22f(z)) = f(23), then f(z) = f(1)z. To see
this, we consider four cases:
e Let a=2, f(1) =41 and b = x. Then

(118) (£2® + 4w — 4f (2) + 20 (2) - 3f(2%) =0
e Let a=1, f(1) = £1 and b = z. Then,

(119) (22 + 20— 2f(x) + 20/ ( %) =0}
Calculating (118)-(119), yields +22 — 2f(x) = 0. Hence f( ) =42 = f(1)z.

One can also prove Claim 8 without using Claim 7, and then deducing Claim 7 from Claim
8 if additionally we assume that f is an involution.

In
(120) b2 f(a) + 2abf(a) + a® f(b) + 2abf(b) = 3f(a®b) + 3f(ab?).
choose a =1, resp. a =2 and b= 2. Then f(2) = f(2-1) =2f(1) and so
(121) 22 f(1) +2f(D)a + f(z) 4+ 22f () — 3f(x) = 3f(2%) =0
(122) 202 (1) + 8f(1)x + 4f(x) + 4x f(x) — 12f(x) — 6f(2?) =
Hence, by calculating (121)-1(122), we obtain
(123) —2f(Dz = f(Wz +3f(x) =
Hence f(z) = f(1)z. Using (117), that is f(z2f(x)) = 23, we have

FWa?f()a = 2°.
Hence f(1)2 =1 and so f(1) = £1.



288

4657. Proposed by George Stoica.
Let us consider the equation f(z) + f(2z) =0, =z € R.
(i) Prove that, if f is continuous at 0, then f(z) =0 for all z € R.

i1) Construct a function f, discontinuous at every = € R, that solves the given
(ii) : ry : g
equation.

Solution to problem 4657 Crux Math. 47 (2021), 301 by
Raymond Mortini, Rudolf Rupp

a) Suppose that the function f satisfies f(x) 4+ f(2z) = 0 on R. Then the continuity of f at x =0
implies that f = 0. In fact, fix x € R\ {0}. By induction, f(z/2") = (—1)" f(z). By taking limits, the
continuity at 0 implies that for n even we get f(0) = f(x) and for n odd, we get f(0) = —f(z). Hence
2f(xz) = f(0) — f(0) =0, and so f =0.

b) Define the function f: R* — R by f(0) =0, f(z) = 1if 1 < z < 2 and z rational, f(z) = —1 if
1<z < 2and x irrational. If n € N and 2" <z < 2"" put f(z) = (=1)" f(x/2"). If T < Z < 3w,
put f(z) = (=1)"f(2"x). If z < 0, then let f(z) = f(—=z). Then f is discontinuous everywhere and,

by construction, f(z)+ f(2z) = 0.

c¢) All solutions to f(z) + f(2z) =0 on R:
Let g : [-2, —1[U[1, 2[— R be an arbitrary function. Put

0 ifx=0
fl@)=q(=D"g(z/2") if 2" <[] <27
(=1)"g(2"z)  if 5ty < ol < g
This functional equation and its companion f(z) = f(2z) appear multiple times, see [71, 72, 73, 74,
75, 76, 77, T8, 79, 80]
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4636. Proposed by Mihaela Berindeanu.

Solve the following equation over the set of real numbers:

(3% 4 7)o8e3 _ (4= _7)lomsd g7 _ 37 _ 14,

Solution to problem 4636 Crux Math. 47 (2021), 200 by
Raymond Mortini, Rudolf Rupp

The equation
(3z + 7)10g43 _ (4z _ 7)10g34 — 4z _ 31 — 14

has on R the unique solution z = 2. In fact, first note that a :=log, 3 = iggi >0 and log;4 =1/a.

Then with A := 3% + 7 and B := 4° — 7 we have to solve A* — BY/* = B — A or equivalently,
A® +A= (Bl/a)a +B1/a.

Since the function =z — z® + z is strictly increasing, we deduce that A = B'/®. In other words,
3% + 7= (4° — 7)"/2, or equivalently
(124) log 4log(4” — 7) = log 3log(3" + 7).

The curve y(xz) = log4log(4” — 7) — log3log(3” 4+ 7) is defined for > log7/log4 := zo with
lim, 4, y(z) = 0o and its derivative

1

/ 2

y (@) =log e —
is strictly decreasing with limy_., %' (z) = oo and limy—e0 %' (z) = (log®4 — log?3). Note that the
asymptote at infinite is the line y = (log2 4 —log? 3)z. In particular, ¥’ > 0 and so the curve is strictly
increasing and its unique zero is 1 = 2 (observe that log(4)log(9) = 4log(2) log(3) = log(3) log(16),
so (124) holds).
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4634. Proposed by George Stoica.

[ w]
Let E a, <ocotora, >0,n=1,2,... Find lim n- ¥a;---a,.
o T—F >0

Solution to problem 4634 Crux Math. 47 (2021), 200 by
Raymond Mortini, Rudolf Rupp

For a, > 0, let Gy, := n(a1---a,)"™. Then lim,_y0c Gn = 0 whenever 3 a, is convergent. In
fact, given € > 0, choose N so big that Y >~ \ an < e. Due to the arithmetic-geometric inequality, for
n >N,

n—N
G = (ar-+-an)/" —" (<n — N)(an41-- aw”‘”‘N) RO b
n—N
n n—N
< 0n< Z aj) 5
j=N+1
where "
owi= (o)t S (= MY
n—N

Since lim,, 0, = 1, we have limsup, G, < limsup,, e » = ¢, from which we deduce that G\, — 0.



291

4615. Proposed by Anthony Garcia.

Let f be a twice differentiable function on [0, 1] such that fol f(z)dz = @ Prove
that

1
/ (f"(@))dz > 30(£(0))>.

0

Solution to problem 4615 Crux Math. 47 (2021), 301 by
Raymond Mortini, Rudolf Rupp

If p is a polynomial, we have (due to Cauchy Schwarz)

/ Fpda| < (/Ol(f”fdx) (/(;lp2da:),

Now, by using twice integration by parts,
[ oo =1+ ep— ((F 4ot ' = [(f+ cat o)

Now let p(z) = z(x — 1). Evaluation at the end-points and using the hypothesis that fol fdx = f(1)/2,
yields

1
/ f"pdz = —£(0).

0
Since fol pidx = fol (z* 4 2% — 22%)dx = 1/30, we deduce that

/O (F")2de > 30£(0)%.

Equality is given if f” = p and f(1) =2 fo fdx; for instance if

1, 15 1
F@) =357~ 5% 300

Here f(1) = —7/60.

Generalizations appear in [9].
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6. EMS NEWSLETTER

Aufgabe Q68, EMS Newsletter 25 (1997), 27.

Q.68 A function f satisfies the equation f(z + 1) 4 f(z — 1) = /2 - f(z) for all real z.
Prove that this function is periodic.

First Solution (Raymond Mortini, Luxembourg, Université de Metz, Département de
Mathématiques)

~Ed. It is the first time that I received a submission in German language, and astoundingly it came to me from
France. The overtures of friendship between Germans and Frenchmen aforementioned appear to work. So, it is
fortunate that Mathematics can amplify such advances; hence this solution is presented true to the original.

Behauptung. Es sei f eine Funktion auf R welche der Bedeinung geniigt:

f(z+1)+ f(z — 1) = V2f(z)

Danp hat f die Periode 8.

Beweis. Es sei z € R beliebig aber fest gewahlt. Dan ergeben sich aus der Voraussetzung die folgenden
Gleichungen:

f(z+8) =V2f(z+7) ~ f(z+86) = V2[~f(z +5) + V2f(x +6)] — f(z +86) = —v/2f(z +5) + f(z +6) = —f(z +4).

Damit ergibt sich sofort die Behauptung f(z + 8) = —f(z + 4) = —(—f(z)) = f(z).
Bemerkung. Alle Lésungen der obigen Funktionalgleichung haben die Form

fz4n)=r(z) sin(8(z)+n-I) firze[0,1], nekZ,
wobel r(z) > 0 und #(z) beliebige Funktionen sind.

Also solved by Dr. J N Lillington.
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7. MATH. GAZETTE

109.H (Toyesh Prakash Sharma)
Evaluate
2

oo

i}

2 oo
e™ cos (Inx) dx) - (J. e sin (In.x) dx
0

Solution to problem 109.H, Math. Gazette 109, Issue 575 (2024), p. 354
by Raymond Mortini and Rudolf Rupp
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109.B (Sedn Stewart)
Prove that

z%ﬂ sechz( i ) = i - cosechz(i).
n=12 on+1 2 2

Solution to problem 109.B, Math. Gazette 109, Issue 574 (2024), p. 169
by Raymond Mortini and Rudolf Rupp
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108.H (Mark Hennings)
Prove the following:
@ [H=ar - 7203
0 sinx
ol 7
(b) j_m tan”" (") tan”' (¢ V) dx = 263

Solution to problem 108.H, Math. Gazette 108, Issue 572 (2024), p. 364
by Raymond Mortini and Rudolf Rupp

(a) We first consider the Fourier series of the function

( z(r—z) f0<z<n
xr) =
g z(r+z) f—-7<z<0

(the odd extension of z(m — x)), and extend it 2w-periodically. Then

o(z) :% Z sin(nm).

n3
n=1
n odd
Hence
Iy = /7T 7m(7r—m)dw = 8 i 1 /7T Ln(nx)dm
" Jo sinz T 4= nd J, sinz
n odd
8 w— 1 7
= — — 77 =8=£(3) =7¢(3
2 T =80 =)
n odd

Note that the integrand coincides with U,_1(cosz), where U, is the Chebyshev polynomial of the
second kind. To see that for odd n,
I = / sin(na) ;o _ o
0

sin x
(a well known result), it suffices to show that J, = Jp4+2. This holds, though, since
Tosg — ™ sin(nx) cos 2z + cos(nx) sin 2z de - T M(l — 2sin?2) + 2cosnw cos x ) da
nr 0 sinx o sinx

= Jun+ 2/ (—sin(nz) sin x 4 cos(nz) cos x) dz
0

= Jn+2/ cos(n + 1)z dx
0
= Ju.
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(b) We shall work with suitable variable substitutions to regain the integral in (a). We use arctan
instead of the ambiguous notation tan™' z. Note that arctan(1/y) 4 arctany = 7/2 for y > 0.

oo . e Ty % arctany arctan 1
I ::/ arctan(e”) arctan(e”*)dx = / —Ydy
oo r=logy 0 Yy

0

arctan y=s tan s cos? s

= 2\/”/2 S(% - S)’dS
o sin(2s)
25::t /ﬁ%(g_%)dt
0

sint
1
= ~ 1.
7t
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108.G (Sean M. Stewart)
Letl, = f;”z sin” x dx where n is a positive integer. Evaluate:

2

lim n(ﬁlk)”.
k=1

n—ee

Solution to problem 108.G, Math. Gazette 108, Issue 572 (2024), p. 364
by Raymond Mortini and Rudolf Rupp

‘We suppose that the I in the integrand should be the I, that is

/2
I, = / (sinz)"da.
0

So let
n\=
Sn =N (H [k>
k=1
We claim that
lim S, = —e
We shall use that
7 (%)
Ie="3" pEe
NG

Now S, is a telescopic product; hence

—r) o

n 2/n"
2 5+1)
Using (the non-discrete) Stirling formula, which tells us that
T CO N

we obtain with I' (% + 1) = 2T'(2) that
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108.F (Peter Shiu)

let z = x+ iy and w = u + iv be complex numbers satisfying
22 + w? = % where r > 0. Show that if (x, ¥) runs over an ellipse with
foci +r, then (u, v) runs over the same ellipse.

Solution to problem 108.F, Math. Gazette 108, Issue 572 (2024), p. 364
by Raymond Mortini and Rudolf Rupp

This is entirely trivial: Note that an ellipse with focii +r, r > 0, in the z-plane is given by |z — 7| +
|z 4 7| = 2c for some positive constant ¢. Hence, as |2% — r?| = |w?|, respectively |w? — r?| = |2?|, and
through squaring,

2|z|° 4 2r® + 2|2° — r?|
= 2z +2r° +2w|?

|z—r|2+|z+r\2+2\z—r| |z + 7|

As the latter is symmetric in z and w, we obtain
(lz=rl+ [z +7)* = (lw =7+ w +r])*

As the terms are positive, it follows that |z — 7| + |z + 7| = |[w — r| + |w + 7.
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108.E (Ovidiu Gabriel Dinu)
Find all positive integers such thateach of n,n + 2, n + 6, n + 8 and
n + 14 is a prime number.

Solution to problem 108.E, Math. Gazette 108, Issue 572 (2024), p. 364
by Raymond Mortini and Rudolf Rupp

We claim that only n = 5 yields the desired prime quintuplets.

Suppose that n,n + 2,n + 6,n + 8,n + 14 are prime numbers. Say n = ao + Y ;- ax10%, with
0 < ar <9. Obviously ao € {1,3,7,9} or ap =5 and all a, =0 for k > 1.

Case 1 ap = 1. Then n + 14 is not prime since n +14 =5+ (a1 + 1)10+ > 7, a,10% is divisible by
523
Case 2 ap = 3. Then n + 2 is not prime sincen+2=5+> ;" ar10* is divisible by 5.

Case 8 ap = 7. Then n + 8 is not prime since n+8 = 5+ (a1 +1)10+ 7", ax 10" is divisible by 5.
Case 4 ap =9. Then n + 6 is not prime since n+6 = 5+ (a1 +1)10+ 37", ax10* is divisible by 5.
So it remains ag = 5: (5,7,11,13,19), the only prime quintuple of this form.

23Note that a1 + 1 may be equal to 10; that does not alter the divisibility property, though.
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108.D (Toyesh Prakash Sharma)

Lo

= Lop Sinfx 7w

(a) ShowthatJ- (1-e )T -2
(b) Show thatj cos” (tanx) Sl?_.ld,\ g(l + el-) J.l sin”(tanx) C(ii.ld,h

Solution to problem 108.D, Math. Gazette 108, Issue 571 (2024), p. 167
Raymond Mortini, Rudolf Rupp

We give for (a) two proofs.

(al) This is done via the Laplace transform F(s) := L[f = [ f(t)e™*'dt for certain admissible
1— —2z 2 B A
functions f. First note that - / e *“ds. Then, due to the convergence of the integrals,
T s=0

and Fubini’s theorem,

oo 2 0o 2z
_ox\SINT T 176 sm .’E _STSIH T
I Z:/ (1 — € 2 )?dx = / - / / ———dsdz
0 0 z=0 J s=0
2 oo 2
/ (/ e " SQO dm) ds.
x=0 T
1

0
Starting with L[sin®#](s) = L[*=322](s) = £ — L 5

CIF()/H](s) = / F(o)do,

we see that the Laplace transform of the function S(z) := S'?E# is given by

and using twice the formula

slogs  slog(s® +4)

2
+ arctan(=) .
s

2 4
———
zgfarctan%
Hence
2 2 2 2
I= %T—i- a lzgs . ;r log(s* —|—4)—|—%—sarctan2 + log (%4—1)]0: g

(a2) Note that
1 [ _9ay 1 — cos(2z)

So we need to apply the residue theorem to the function

£(2) = (I —e")(1—e***)

23

and the contour
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L(r,R) = 71(r, R) @ v2(R) ® v3(r, R) © 7a(r, ),

where v1(n) = [r, R], 72(R) = Re®,0 <t < 7/2, v5 (r) =it, r <t < R, v; (r,R) = re’, 0 < t < 7/2.
Observe that fl"(r ) f(2)dz = 0. Since

/w‘(r,m fz)de /TR Fityidt = /TR (1- 6’?25;3— o

- [t
Y1 (rR)

we have

/ f(z)dz —l—/ f(z)dz =2 Re f(2)dz = 4/R(1 - e,%)sin? L dz.
71 (r,R) T

3
v3(r,R) v1(rR) x

Now I(R) := / f(z)dz — 0 as R — oo. In fact,

7v2(R)

13

H(R)| =

s

/2 ) )
/ f(Re™MYiRe dt
0

/2 —2Rcost —2Rsint 4
S/ (I1+e )(21—|—e )dt§
0 R

5

=

f(z)dz — —2m as r — 0. In fact, since the Taylor expansion of zf(z) =

Moreover, J(r) := /

) va(r)

(176722)(].*6212)
2

= at the origin equals

—4i + (44 4i)z — 42° + O(2%),

we have

/2 _ —2orett _ 2irelt . i /2
Jr) = - (1-e A= e ) jgingy =9 —(—4i)i ldt = —2r
0 r2e3it o

(note that lim,,o [ = [lim,_0 since the integrand is uniformly continuous for (r,t) € ]0,1] x [0, 27].)
Now

0 = lim f(z)dz
L% Jrem)

= Jim ([YI(T,R) f(z)dz + /~,3(T,R) f(z)dz) + ngnoo f(z)dz + lim f(z)dz

P v2(R) 720 )4

= 41 40— 27.
Consequently, I = /2.

(b) We first observe that due to the majorant 1/z? for |x| > 1, the integral exists as Lebesgue integal
as well as improper Riemann integral (note the discontinuity points at —w/2 + km, k € Z).
Since f(x) := cos?(tanz) is m-periodic and even, we may use the Lobashevski integral formula

o0 sin® x /2
/o f(x) 2 dx:/o f(x)dx

(see e.g. [86] ?*) to conclude that

oo 2 /2
cos®(tan z) 02 dx = 2 cos® (tan z)dx
—o0 z? 0

s::gnz 2/00 COS2 st _ /oo 1 + COS(QQS) ds

de= 1122 s=0 1+ s=0 lts
o 1 [ 2

= arctan s’ + < / cos( S)d

0o 2 )_ o 1482

2iz
= ngm'Res (ﬁ;z:i)
N S
o 2 2% 2 e2)’

24 The proof there is also valid for the case of all even Riemann-integrable w-periodic functions.
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Here we have applied the residue theorem to evaluate the classical integral f oooo C(l’jg; ) ds, which used
to be an exercise in many complex analysis courses (see e.g. [87, p. 210]).

Now we have the following identities:

o) 2 o) 02
/ sin®(tan z) €5 2L — / cos® (tan z) S0 2 e

2 2
Rl A cos® x L9 sin’ x <, sin’ x 2 sin? z
= sin”(tan ) + sin”(tan ) dx — sin”(tan ) + cos”(tanx) dx
x? x? x? x?
— oo —o00

> gin?(tan x) ® sin®x
— [ AT, - Zda.

The latter difference, though, vanishes. In fact, since Y [ = [ > (note that all terms are positive),we
obtain in view of the classical formula (see e.g. [86]),

1 1
sin?z ;oo (km 4 x)?

that
/°° sin? (tan ) d _ i / TR gin? tanx) o
— o0 LE2 "'+k7r
k=—o0
2=— T 4 kntu > sin®(tan(u — =
21 Z / 2 ))du
o Jo (=5 kT tu)?

oo

T g !
_ /0 sin”(— cot u) Zoomdu

k=—

™ 1 T il t
= / sin®(— cot U) —5——du = / w du
0 sin®(u — ) 0 cos?u

.2 2
— cot u=s > sin“s . o > sin“ s

= 5 sin“u ds = 5 ds.
du=sin? uds 0o COSTU J -0 S

Amazing! Hence the second formula

*© sin?(tanx) cos? ™ 1
T

— 00

holds, too.
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108.C (George Stoica)
Find all continuous functions f : [0, e2) — R with the property that, for
any a > 0, the function x =f (x) f (@ — x)is constant on the interval [0, a].

Solution to problem 108.C, Math. Gazette 108, Issue 571 (2024), p. 167
by Raymond Mortini

We claim that all solutions f continuous on [0, co[ are given by

(Ae®, where A, B R ,

or equivalently

[f =0 or 5% where o, 8 € R. ]

To verify this, we first note that, trivially, all these functions are solutions, since for 0 < a < z
- 2
AT AePlam®) = \2ehe

Conversely, let f be a solution to the problem, that is, f(z) - f(a — z) =: ¢(a) is independent of x
whenever 0 < z < a, and this for any a > 0.

e Let z = 0. Then f(0)f(a) = ¢(a). Now let x = a/2. Then f(a/2)f(a/2) = c¢(a), too. Hence, for
every a > 0,

(125) f(a/2)* = f(0)f(a).
Thus f has everywhere the sign of f(0) or f =0 if f(0) = 0. Since f is a solution if and only Af is a
solution, we may assume wlog that f(0) = 1. Hence, by (125), f > 0 on [0, co].

e Let F(z) :=log f(x). Then, for any a > 0, F satisfies on [0, a] the functional equation

(126) F(x)+ F(a— ) = C(a)

for some (continuous) function C(a).
Now, by (125), C(a) = 2F(a/2) = F(0) + F(a) = F(a). In particular, for b = a/2,

(127) 2F(b) = F(2b)
Moreover, if we take z = a/3,
F(a/3) + F((2/3)a) = C(a) = F(a).
Thus, for b= a/3,

0= F(b) + F(2b) — F(3b) = F(b) + 2F(b) — F(3b),
and so
(128) 3F(b) = F(3b).
We conclude that for every > 0, and n,k € N:={0,1,2,...},

2" 2"
since, by induction, F(2"z) = 2" F(z) and F(z/3") = 3i,cF(gU) Now replace x by 2" .

Since the set {g—: :n, k € N} is dense in [0, o[ (see e.g. [16, p. 1879]), continuity of F in [0, oo yields
that F(uz) = pF(z) for every p > 0 and = > 0. Therefore, for z = 1, F(u) = pF(1). Consequently,
with 8 := F(1),

flp) = e
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